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Summary. — The ionization at the origin of a high energy (E > 50 GeV) 
electron positron pair is calculated, and the results are compared with 
experiment. 


The effect of decrease in the ionization of electron positron pairs of extre- 
mely high energy at the origin was suggested by D. T. Kine (') and first 
measured by D. H. PERKINS (?). 

The electron and the positron of an extremely energetic pair are produced 
into a very small angle and they travel together for a considerable length. 
According to BORSELLINO (*), the members of a 200 GeV electron positron 
pair will depart from each other by less than 5:10-7em at a distance of 
500 um from their origin. The impact parameter for distant collisions of re- 
lativistic singly charged particles in emulsions is extended up to about 107$ cm. 
Thus a large number of electrons in the medium along the first few hundred 
microns of a 200 GeV electron pair will gain energy from the mutual electro- 
magnetic field of the electron positron pair. In most of these cases the pair field 
will be weaker than twice the field of a single electron, and the electron positron 
pair will lose less energy by ionization than two independent electrons. This 


(1) Private communication to PERKINS. 
(2) D. H. Perkins: Phil. Mag., 46, 1146 (1955). 
(3) A. BORSELLINO: Phys. Rev., 89, 1023 (1953). 
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will make the total ionization of an electron positron pair near its origin less 
than twice the ionization of a single electron. As the electron positron pair 
travels further away from its origin less electrons will be within the mutual 
collision range of the two, and the ionization of the pair will increase. When 
the pair will be separated by more than twice the maximum impact para- 
meter for distant collisions of a relativistic singly charged particle, the ionization 
of the pair will reach its saturation value of twice a single electron. 

In what follows we shall calculate the energy loss of an electron positron 
pair by ionization. We shall assume that the electron and the positron are 
travelling parallel to each other with the same velocity v (v —c) along a 
short distance x. They are separated from each other by b cm; b is assumed 
to be larger than twice the atomic radius o,. The pair will lose energy to the 
electrons of the medium in two types of collisions (1) close collisions: collisions 
with electrons at distances less than o, from one of the members of the pair, 
and (2) distant collisions: all other collisions. We shall see later that most 
of the contribution to the pair effect comes from distant collisions. 

The contributions from distant collisions are calculated according to the 
Fermi model (‘). The energy transmitted per unit time to the medium at 
distances larger than o, from both the electron and the positron, is given by 
the Poynting vector (c/4n)[ExH],. through the two cylindrical surfaces of 
radius ©, having their axes on the paths of the electron and the positron. 
The eleetron-positron pair gives rise to a charge density 


Jo = € O(w — vt)Löly) Ô(z) — (y — b) d(2)] 


and a current j =vj,. The electron positron pair induces an electromagnetic 
field (A,, A) in a medium of a dielectric constant e(w). Solving the Maxwell 
equation for this pair, one finds that: 


dA, 
do : 


ea and thus Wa SEN) =: 
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D, = = |: = B+) [Ko(ko) — K,(ke')] expfio (< — i) © do , 


— © 


are the solutions fcr A, and Æ, (5) on a cylinder of radius o with the positron 


(4) E. Fermi: Phys. Rev., 57, 485 (1940). 
(5) Compare M. SCHÖNBERG: Nuovo Cimento, 8, 159 (1951). 
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as an axis (see Fig. 1), 0?= 0? + b?— 
— 2bo cos0, o' is the distance to the 
electron, k?(w) = (w?/v?)(1 — B?e(w)) and 
== al). 

The energy AW transmitted through a 
eylinder of radius o, along Ax cm of the Rio. 
positron paths is: 


€ ae dA, 
2 AREA, Ren | 
(2) w el] a Mead 


— © 0 


An equal amount of energy is transmitted through a cylinder of radius 0, 
around the electron. Inserting in (2) the expressions of A, and E, from (1) 
and integrating on t and w’ the total energy loss by the pair in distant col- 
lisions per unit length is: 


oO 27 


| dw ae 16705 4 2 ! LT 
(3) | de Sr hl: B | [Ko(k 00) an K,(k 03) 
ENTE 
‚[dK,(koo) dAK,(ko,) 
where k'(») = k(— w). 


The modified Bessel function K,(ko’) can be written as 
(4) K,(o'k) = I,(ke) Ko(kb) + 2 > I, (ko) K,(kb) cos md . 
m=1 


Inserting this form of K,(ke’) under the integral, the integration on 9 is 
carried out. 

If o, is of the order of magnitude of atomic dimensions, and b is not much 
larger, the corresponding arguments ko, and kb of the modified Bessel functions 
have moduli smaller than one, and the Bessel functions may be replaced with 
their asymptotic expansions for <1 (compare with BuDINI (f)): 


2 — 1)! 1 [2\” 
(5). Kw) = log aa K,,(#) = ae (5) ae Tala) = 55 (5 | 


Neglecting all second order terms one finds: 


= + (2 te 


(5) P. Bupinr: Nuovo Cimento, 10, 236 (1953). 
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Following BUDINI (°) 


f al Age? e? 
hes p ) iodo ; 
€ m 


— © 


where M is the electron density in the medium, and m the electronic mass: 
finally 


) EMA eae ey e(, | +08 1-(2) 1. 
| | 


| de "= mv? le b 


— 
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We shall use the Bohr classical model as a guide for calculating energy 
losses in close collisions. The momentum transferred to an electron in a plane 
normal to the motion of the pair is 


2e? 
(8) r,-(& tay 


where o and 9’ are the impact parameters of the two members of the pair 


0 < 0) < 0! (see Fig. 1). The energy transferred by the pair per unit length is: 


| daw None! es 4e4N +8) 
9 pees wee ee > 
(9) en [je In) "940 do 
min 0 
Now bd? = 0? + 0? -- 2/9, 9 ) and 
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The first term is twice the contribution of a single electron. We shall replace 
it by twice the expression (27Ne*/Mv?) log (mnosy?/2%?) given by Bour (?) for 
the energy loss with energy transfer smaller than 7 at distance smaller than ©. 
In spite of the fact that we cannot determine 0, we may infer that 
Onin € Lo < db, and thus the last term tends to zero and shall be neglected. 
Finally the contribution from close collision is: 


(11) ou — log |1 


| AW |» » 47Net lo . MN 06)* 


| da |<. mv? 


(9) N. Bonr: Det. Kngl. Dans. Vid. Sels., 18, 8 (1948). 
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The total energy loss of an electron positron pair in distant and elose col- 
lision is obtained from (7) and (11): 


| dw ae 4nNe:_ mmb?y? 
12 en = 
2) | da | mo? log 2h? 


To compare with experiment we define R: 


dw by? 
| aw pee 
(13) aa = de joue 2h? 
| aw a | men | + 
de single ; hav A 


The ionization of a single electron was taken from BUDINI (°). 
For emulsion the three parameters are: 7 = 5 keV, « = 5.41:10%%s-1 and 
A & 1. And we have for R: 


(14) Fr ME AU 


The separation b between the two members of the pair at distance x from its 
origin is function of its opening angle wm and the multiple scatterings of the two 
electrons. According to BORSELLINO, the most probable angle for à pair of 
E MeV is w,— 2o(a)/E, oan g(a) is function of the energy taken by the 
positron E; (a = E,/E); q(a) is a slowly decreasing function of a, that changes 
from o(1/2) =1 to an —1.2. We shall take y =1. Thus the separation 
of the pair, e at x em from its origin due to an opening angle «, is € = 20/H. 

At the same time the pairis separated by multiple scatterings. The separation 
a, due to multiple scattering at distance x from the origin is governed by nor- 
mal distribution law (%) P(a)da= (1/0?) exp [— a?/20°Jada, where o? —(96/£?)x°; 
xis in em and Æ the pair energy in MeV. The total separation at «x, is 
= Va: + ¢? — Zac cos, and the expected R is: 


4 log (b? 
(15) te nr om 


a da 


20 Ge 


co 27 
ÿ 2 
(16) “log (b2)) -{ pos (a? + c? — 2ac cos ¢) = exp E (= al 
0 0 


(8) W. T. Scorr: Phys. Rev., 76, 212 (1949) and 8. ROSENDORFF: private com- 
munication. 
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Now 
(17) df = 10x (a? + ce? — 2ac cos y) dp = 2x log (a?) INA Oe 
0 
Cie df= Pl) ie OS ws 
Thus, 
A ee 1 a? |ada logan ox a? jada 
8 © (b?)> = log (c? xp | — — | — & (a?) exp | — —|—- , 
(18) og (b*) og (c?) [exp 20?! oP & D le 
0 © 
or 
: c? 
(19) {log (b2)> = log (c?) — Ei (- | : 


Using the expressions for ce =2x/E and o? = (96/H?)x*, and inserting (18) 
in (15) one gets 
40.7 + log (4a2/B2) — Bi(— 0.021/x) 


20 AP SRE AU, RTE VAS SES SE US œil 
(20) R 13 


We have to bear in mind that the above derivation of the ionization loss by 
an electron positron pair is restricted only to pairs with a separation b not 
much larger than the atomic dimensions 0, — 10-* cm. In the case of 180 GeV 
pair, this restricts us to the very first 100 um from the origin. For c= 100 um 
the multiple scatterings contribution to <R) is only 0.3% and can be neg- 
lected. Further away from the pair’s origin, i.e., for « > 210 um the multiple 
scattering becomes a dominant factor in the separation of the electron po- 
sitron pair. The ionization of an electron positron pair in the region beyond 
100 um from its origin will be treated elsewhere. 

PERKINS (?) measured in emulsion the ionization at the origin of a group 
of electron-positron pairs with energy between 80 and 400GeV, with an 
average of 180 GeV. In Table I the experimental results of PERKINS for the 
group is compared with our calculation (20), for H = 180 GeV. 


TABLE I. 

54 R = |AW/dx]|gar/2 | AW Jr | singe 
> Experiment Theory 
15 0.50 SE .06 | 0.46 
50 0.77 + .08 | 0.65 
100 QE = 2 | 0.75 
200 0.86 + .09 | 0.86 
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The agreement between experiment and theory displayed in Table I sug- 
gests that R as expressed in (20) is a good approximation even at 200 um. 

WOLTER and Mresowicz (?) measured the ionization of an electron po- 
sitron pair at the origin in photographie emulsion. They obtained an average 
R of 0.60 + .03 for the first 260 um from its origin. Comparing this measu- 
rement with R of (20) averaged on the first 260 um from the pair’s origin, 
we may estimate the opening angle w, and the energy E of this pair. In this 
way we find m,=2-10-* radians and Æ = 980 GeV, for the opening angle 
and the energy of the pair respectively; in good agreement with WOLTER and 
MIESOWICZ. 


The author is very grateful to Dr. H. J. Lipkin and Mr. S. ROSENDORFF 
for stimulating discussions in connection with this work. 


() W. Wozrer and M. Mixsowicz: Nuovo Cimento, 4, 648 (1956). We learned 
from this publication that A. E. Cupakov estimated theoretically the ionization at 
the origin, of an elect on positron pair. 


RIASSUNTO (*) 


Si calcola la ionizzazione all’origine di una coppia elettrone-positrone di alta energia 
(E > 50 GeV) e si confrontano i risultati con l’esperienza. 


(*) Traduzione a cura della Redazione. 
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Examples of the Production 
of (K°,K°) and (K’,K°) Pairs of Heavy Mesons. 


W. A. Cooper, H. FILTHUTH, J. A. NEWTH, G. PETRUCCI, 
R. A. SALMERON and A. ZICHICHI 


C.E.R.N. - Geneva 


(ricevuto il 14 Gennaio 1957) 


Summary. — Two simple nuclear interactions that produce pairs of 
K-mesons are described and discussed. They are interpreted as examples 
of the processes n +p— K°+ K®+ n + pandn + p— Kt+ Ron n 
where K° is the anti-particle of the K°-meson. 


1. — Introduction. 


The production, in elementary reactions, of pairs of K-mesons without 
other strange particles has been predicted theoretically by GELL-MANN and 
PAIS (1). Two examples of (K*, K~) pairs, interpreted in this way, have been 
observed in emulsion experiments (#3). One event seen in a cloud chamber 
attached to the Berkeley accelerator has been interpreted as a (K°, K°) pair 
in which only one of the K°-mesons was seen to decay (1). 

During a systematic study of the associated production of heavy measons 
and hyperons in a cosmic-ray cloud chamber we have found two examples 


(1) M. GELL-MANN and A. Pats: Proceedings of the Glasgow Conference on Meson 
and Nuclear Physics (1954), p. 342. 

() M. W. FRIEDLANDER, D. Kerrr and M. G. K. Menon: Nuovo Cimento, 2, 
666 (1955). 

() M. CECCARELLI, M. GrirLı, M. MERLIN, G. SALANDIN and B. Secur: Nuovo 
Cimento, 2, 828 (1955). 

(*) W. B. FOwLER, G. MAENCHEN, W. M. Power, G. Sapuir and R. W. WRIGHT: 
Phys. Rev., 103, 208 (1956). 
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of very simple nuclear interactions that give rise to pairs of K-mesons. In 
one case both the K-mesons are neutral, in the second case one is neutral 
and the other positively charged. The three neutral K-mesons are all seen 
to decay. 

The importance of these observations is that they provide evidence to 
support the theoretical prediction that K°-mesons should exist in two states 
with opposite « strangeness » (15). 


2. — Selection of events. 


In studying the production of heavy mesons and hyperons we have drawn 
heavily on the earlier work of JAMES and SALMERON (°). They pointed out 
that nuclear interactions of low multiplicity occurring inside a cloud chamber 
were the most profitable ‚to study. The probability of detecting V-particles 
produced in such interactions is relatively large and the chance of two V-part- 
icles being plurally produced, that is, produced in separate elementary reactions, 
is small. They also showed that nuclear scattering, at least of A°-particles, 
made the interpretation of production processes occurring in heavy nuclei 
extremely difficult. For this reason, and to reduce further the probability 
of plural production, they proposed the use of a light material inside the 
cloud chamber. 

We have a collection of 60000 cloud chamber photographs taken at the 
Jungfraujoch for all of which there was a solid plate placed across the centre 
of the chamber. For 5000 photographs the plate was of lead, 30 mm thick, 
for 35000 it was copper, 12 mm thick, and for the last 20000 photographs 
a graphite plate 25mm thick was used. 

Nine nuclear interactions in these plates produced two strange particles. 
Table I lists these events giving the nature of the strange particles and the 
type of interaction. 

The neutral V-events have been classified as compatible or incompatible 
with A°-decays. Events that cannot be A°-decays are assumed to be the decays 
of neutral K-mesons. All these K°-decays could be due to 6°-particles but the 
measurements do not exclude any of them being «anomalous » decays. In 

‘fact, among the thirteen neutral V-events of Table I there is no identified 
A°-decay. Eight of the V°-events are K°-decays and the other five could be 
either A°- or K°-decays. 

Three of the nine nuclear interactions listed in Table I produce two 
K-mesons. Of these three, two have no fast charged secondary particles; 


- (°) Discussion in Sect. 8, Proceedings of the Sixth Rochester Conference (1956). 
(5) G. D. JAMES and R. A. SALMERON: Phil. Mag., 46, 571 (1955). 
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therefore the probability that these interactions are elementary is very high. 
The description and discussion of these two events are given in the following 
sections. 


TABLE I. — Interactions in the cloud chamber producing associated strange particles. 


Identity Details of Interaction 
Picture à ie = == = = 
Ne: Rue rs Material | Primary pee cae 
on APE | ” | Secondaries | Secondaries 
er ee an TER = | er = 
| VB 536 K° + K° Graphite Neutral 0 1 
| SN 1534 KO Kt Copper Neutral | 0 0 
MS 00 Kor ye Graphite Charged | 0 1 
TF 1561 K° + K° Copper | Charged | 1(+9 3 (+ 2) 
TD 1183 K° + Vo Copper Charged 1-ep. 0 
SO 1073 | K++ Vt Copper Charged 1 1 
TB 249 K° + Vt Copper Neutral 3 0 
| TH 1018 yo + Vo Copper Neutral | 5 +e.p. 8 
SL 496 VO + Vt | Copper Neutral 5 4 
(*) In this column K® stands for a V°-particle that cannot be a A’-particle and V° for a 
neutral V-particle that could be either a A°- or a K°-particle. The two K*-mesons are slow- 
moving particles whose decay is not observed; they are identified from momentum and ionization. 
| The three V*-particles could be either K-mesons or hyperons. 
| In event TF 1561 the position of the interaction in the cloud chamber makes it unlikely 
| that all the charged secondary particles are observed. The abbreviation «e.p. » stands for 
« eleetron-positron pair >». 


3. — Description of the events. 


31. Event VB 536 (Plate 1). — This event shows two neutral V-particles 
and à single slow proton coming from an interaction in graphite. The inter- 
action is produced by a neutral particle, presumably a neutron. The two 
V-events are not A°-decays. All the four decay products of these K°-particles 
have high momenta and we can only give lower limits to the Q-values of the 
decays. Assuming decay into two r-mesons, these lower limits are 77 MeV 
and 31 MeV. 

On the assumption that the two particles are 6°-mesons, their momenta 
can be calculated quite accurately from the geometry of the decays. The 
values are 1400 MeV/c and 2550 MeV/c. The corresponding times of flight 
are 1.3-10-%s and 0.4:10—-%s. 

In the cloud chamber there are also the tracks of two fast particles that 
enter the chamber from above. These tracks are nearly vertical and if we 
assume that the neutron causing the interaction in the graphite plate was 


associated with them it is possible to make a dynamical analysis of the inter- 
action. 
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Plate 1. — Event VB536. A, B and 0, D are two K -decays and P is the track of a 
proton from the nuclear interaction producing the K°-mesons. The nuclear interaction 
and the primary particle is presumably a neutron. The two 


occurs in a graphite plate 
fast particles entering the chamber at the top suggest that the neutron was part of a 
nearly vertical shower. The measurements of the various tracks are given in Table IT. 
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i 2 A a 2 
A le B 
Plate 2. — Event SN 1534. A K+-meson and a K°-meson are produced in a nuclear 


interaction in copper. Track © is that of the K*-meson, A is a heavily-ionizing positive 
light meson and B is the negative secondary from the K°-decay. Track D is that of 
a K*-meson which stops in the copper plate and decays into a charged secondary 
particle (#7). The similarity between tracks © and D makes possible the identification 
of particle © as a K*-meson. The measurements of the event are given in Table III. 
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32. Event SN 1534 (Plate 2). — In this event a non-decaying K+-meson 
and a V°-particle are the only visible products of a nuclear interaction in copper. 
The primary of the interaction is again neutral but there are no fast charged 
particles to indicate its direction. 

The identification of the K*-meson from this interaction is based on measu- 
rements of momentum and ionization and is extremely convincing since, on 
the same photograph, another K*-meson which stops in the copper plate pro- 
ducing a characteristic S-event has similar momentum and ionization. 

The positive secondary particle from the V°-decay is a slow light meson 
and the decay cannot, therefore, be a A°-decay. The negative secondary part- 
icle has a high momentum and, again, only a lower limit to the Q-value of 
the decay can be calculated. Assuming decay into two r-mesons this lower 
limit is 146 MeV. If the V-particle is a 0°-meson, the momentum of the 
6°-meson is 1090 MeV/c and its time of flight before decay is 1.6-10-1°s. 

The detailed measurements made on the two events and the method of 
identifying the various particles involved are given in the appendices. 


4. — The production reactions. 


Accepting the phenomenological theory of strange particles (!) and its 
predictions about the allowed processes of associated production where the 
total «strangeness » (S) is conserved, there are three ways in which two 
K-mesons may arise from a nuclear interaction. 

First is the possibility of plural processes. In our events one could assume 
that each K-meson (S = + 1) was produced with a &- or A-hyperon (S=—1) 
in the well-established reactions leading to (Y, K) association. The strietness 
with which we have selected interaetions of low multiplieity is strong evidence 
against this interpretation. If it were correct, four strange particles would 
have been produced in each interaction but no fast charged particle. More- 
over, if a charged Y-hyperon had been produced either it or its charged decay 
product would certainly have been seen. The hyperon most likely to escape 
detection is the neutral A°-particle and it is improbable that we should see 
no AP-decay if, in fact, a A°-particle was produced with each of the four 
K-mesons. 

A second possible interpretation involves the production of a &-particle 
(S =—2) and two K-mesons each with S = +1. An example of this pro- 
cess has been observed (7). The known &-particle would almost certainly 
have been detected in either of our two events. But there are theoretical 


(7?) J. D. SORRELS, R. B. Letautron and C. D. ANDERSON: Phys. Rev., 100, 1457 
(1955). 
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arguments for the existence of a =°-particle whose immediate decay products 
(AP, x°) are also uncharged. The reactions 


n+p—> #+K° + K’+p (VB 536) 
(1) and 
n+p—=+K’+K'!+n (SN 1534) 


could thus account for our two events. These reactions are rather elaborate 
constructions to explain our events and since the events can be interpreted 
without introducing unobserved strange particles we prefer not to invoke 
the hypothetical H°-particle. 

The third, and most plausible, interpretation is that the events show 
the production of pairs of K-mesons with opposite strangenes (S = + 1 and 
S = — 1). If we follow the tkeory of GELL-MANN and Pais (!) these pairs 
would consist of a particle and an anti-particle and the production reaction 
would be 


and 
[| n+p>K++K?4+n+n (SN 1534). 


n + p—K° + K° +n1p (VB 536) 
(2) 


From the point of view of the dynamics of the reactions only there is little 
difference between (1) and (2) since both the #°-particle and the neutron 
are heavy particles. 

Assuming that reactions (2) are the correct interpretation of the two events, 
a lower limit may be set to the energy of the incident neutron in each case. 
For event VB 536 this limit is 5.7 GeV and for SN 1534 it is 3.8 GeV. If, 
further, we assume the direction of the incident neutron in event VB 536 to 
be that of the two fast particles in the top of the cloud chamber the dynamics 
of reaction (2) can be fully analyzed and the neutron energy is uniquely de- 
termined as 7.3 GeV. These values may be compared with the threshold energy 
of 2.5 GeV for reaction (2). 

More detailed calculations of the dynamics of the reactions are not very 
reliable but one can say with confidence that the inelasticity of the neutron- 
proton collision is not more than about 50% in either of the events. In VB 536. 
this means that the secendary neutron travels forwards with considerable 
energy (— 2 GeV) after the interaction. The same conclusion would hold for 
the &-particle from reaction (1) and this is the reason for our confidence that 
a E--particle would have been observed had it been produced. In event 
SN 1534 one of the two heavy particles that are not observed must be fast 
but the other can have a low energy. 
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5. — Discussion. 


It would be of great value to know whether the K°-mesons produced in 
our two events could be identified as 0°-particles or not. Unfortunately the 
experimental measurements are not very helpful. 

Concerning the dynamics of the decays, only lower limits can be set to 
the Q-values in all three cases. For the two V°-decays in event VB 536 the 


Q(rx)-values are > 77 MeV and > 31 MeV. The Q(rx)-value for the V°-event 


in SN 1534 is > 146 MeV. All one can say, therefore, is that the K°-decay 
in SN 1534 is not a 7°-decay. 

The geometry of event VB 536 is of interest since the planes of the two 
V°-decays intersect in a line which, itself, intersects the proton track within 
the limits of experimental error. If either V°-decay were a three-body decay 
this would be an improbable situation. It therefore seems likely that both 
are decays into two bodies or, at least, that any third, neutral, particle is 
produced with a low momentum. 

The lifetimes of the three K°-mesons are all of the order of 10-205. This 
provides no direct evidence for identifying them as 6°-mesons whose mean 
lifetime is 10-1°s since the cloud chamber would not have contained the 
decays if the lifetimes had been much longer than they were. Indirectly, one 
can argue that if one of the K°-mesons had a very long mean lifetime (~ 10-8 s) 
the probability of observing an event like VB 536 would be extremely small. 

From the above points it is clear that all three K°-mesons could well be 
00 mesons but there is little direct evidence for this identification. In our 
calculations we have assumed that they are all 6°-mesons. 

Finally, it is worth commenting on the general importance of the pair- 
production of K-meson. In an earlier paper ($) we showed that the positive 
excess among charged K-mesons in the cosmic radiation was about 3.5:1. 
We pointed out that this implied that the frequency of reactions in which 
pairs of K-mesons were produced was comparable with that of processes 
leading to a hyperon and a K*-meson. For the neutral V-particles we find a 
similar situation. The observations in Table I include more K°-mesons than 
A°-hyperons. Among single V°-events we also find an excess of K°-decays. 
Considering only V-particles produced in carbon, the K°-particles exceed the 
A°-particles by a factor of two or three. This excess is not simple to interpret 
but processes of the type recorded in this paper could clearly explain it. 


(>) W. A. Cooper, H. Fizraurx, J. A. Newrn and R. A. SALMERON: Nuovo Oi- 
mento, 4, 390 (1956). 
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6. — Conclusions. 


The two events reported in this paper extend our knowledge of the pro- 
duction processes of heavy mesons. To the best of our knowledge, they are 
the first examples that have been observed of (K°, K°) and (K*, K°) pairs 
produced in simple interactions where the K-mesons have been identified 
directly. 

The events are evidence that K°-mesons with both positive and negative 
strangeness exist. That this should be so was predicted by GELL-MANN and 
Pais who suggested that the K*- and K~-mesons were particle and anti-particle 
with S = +1 and S =—1 and that, likewise, the K°-mesons should exist 
in two states as particle and anti-particle with $S = + 1 and S =—1. 

We interpret our observations, therefore, as being examples of (K°, K°) 
and (K*, K°) pairs produced in elementary neutron-proton interactions. 

There seems to be good evidence that the production of K-meson pairs 
of this type is an important process at cosmic-ray energies. 


Ok Ok 
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APPENDIX A 
Event VB 536. 


The measurements made on this event are given in Table II. None of the 
four tracks from the two neutral V-events shows a measurable curvature and 
the lower limits to the momenta of the four particles are given by the max- 
imum detectable momentum. This is assumed to be proportional to the square 
of the track length for tracks less than 22 em long and is equal to 4 GeV/c 
for tracks of this length or longer. 
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TABLE II. — Measurements made on event VB 536. 
a) Tracks. 


Track + Jonization Length Momentum Calculated 
Tack sıen r B 
22 (Ip) (em) (MeV/c) Momentum (MeV/c) (*) | 
A + 2 8.0 530 | 540 + 40 | 
B + ay, 707 | = “40 | 930 + 50 
C + A 12.5 = PU | 1450 + 150 
D a: <2 13.0 > 1400 | 1160 + 150 
5 | 3 to 6 11.5 230% — 
b) Angles. | 
x 
Tracks Angle (°) Tracks Angle (°) | 
= 4 — — — — S| —— | 
| 
| A-B 33.01 O-D 18.5 +1 | 
Vaz A 20.8 22 VO 70253 
VB | 12.5 +2 Vop'D 115 +3 | 
Wise Wer 5.0 + 1 Plane (AB)-Plane (CD) | 55 +2 | 
| 
The ionization densities given in column 3 are visual estimates. The momenta in column 5 | 
are, for tracks 4, B, C and D, the values of the maximum detectable momentum calculated for | 
tracks of different length as explained in the text. | 
The angles have been calculated on the supposition that the V-particles come from an inter- | 
| action in the graphite plate located by track P and the planes of the two V-decays. | 
(*) The momenta in column 6 have been calculated using the angles giver in the table | 
and assuming that the two V-decays are 0°-decays. | 


Neither V°-event can be a A°-decay since the value of P_ sing (where P_ 
is the momentum of the negative secondary and œ is the opening angle of 
the V°-decay) are both greater than 120 MeV/c (°). This criterion is completely 
satisfactory for V,, but for V,, the value of P, sing is > 217 MeV/c if the 
value of P, is taken equal to the maximum detectable momentum. If P, were 
half the maximum detectable momentum the value of P, sing would be less 
than 120 MeV/c allowing interpretation of V,, as a A°-decay. 

If we accept the interaction in the carbon plate as the origin of the V-part- 
icles there is complete certainty that V,, is not a A°-decay. From the angle 
measurements given in Table II the momenta of particles A and B can be 
calculated assuming V,, to be a A°-decay. One finds that either A or B should 
be the track of a proton with momentum 260 MeV/c or less. A proton of this 
momentum has an ionization of 107, and would easily be recognised. 

Using the measurements in Table II lower limits to the Q(rr)-values for 
the two V°-events can be calculated. The values are 106 MeV for V,, and 
236 MeV for V,, if the momenta of the four particles A, B, C and D are all 
taken to be equal to the appropriate maximum detectable momentum. If we 


(2) J. P. AstBuRY: Nuovo Cimento, 12, 387 (1954). 
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make the pessimistic assumption that all the momenta are, in fact, only half 
the maximum detectable momentum the lower limits to the Q-values become 
31 MeV and 77 MeV respectively. It is thus possible that the two V-particles 
are §°-particles with Q(zz) = 215 MeV but they could also be « anomalous » 
decays. If we assume that they are 0°-particles their momenta and also the 
momenta of the secondary particles can be calculated from the angles in 
Table II. The momenta of the V-particles are found to be 1400 MeV/c and 
2550 MeV/c; the corresponding momenta of the secondaries are given in 
column 6 of Table II. 


APPENDIX B 


Event SN 1534. 


The measurements made on this event are given in Table III. The V°-decay 
cannot be a A°-decay since the positive secondary particle has a mass less 
than 500 m.. Assuming the negative particle to have a momentum equal to 
the maximum detectable momentum the Q(rx)-value for the decay is 276 MeV. 
If the momentum is half the maximum detectable momentum, the Q(zz)-value 
is reduced to 146 MeV. Again, the V-event could well be a 0°-decay and, in 
this case, it could not be a 7°-decay (Q(x) < 80 MeV). If the decay is assumed 
to be a 0°-decay the negative particle’s momentum is found from P, and @ to 
be 1050 MeV/e and the momentum of the 0°-particle is 1090 MeV/c. 


V°-particle intersects track C in the copper plate. 


TABLE III. — Measurements made on event SN 1534. 
MAL AE SE Toll | 
ane a Ionization | Length | Momentum | Mass 
rack | sign | | 
2 | = | (Lo) | (cm) | (MeV/e) (m.) 
| 
A + 3 to 6 | 13.0 | 64+ 5 | 220 to 430 
B + <2 | 13.0 > 1400 | u 
6) | alt | BO 23.0 | D0E | 770 to 1400 
D + Atos » Id OM RITES | 560 to 1400 | 
E ER | ER N OO Ess Tan) < 520 
| 
—~ es | 
| Angle AB = 26° + 1° Angle V,,0 = 69.5° + 2° | 
| | 
| The measurements of this event have been made as described in the text. The masses of 
| the various particles have been found by combining the estimated ionization densities with the 
| measured momenta. The angle V4,C is found on the assumption that the line of flight of the 
| 
| 


The track C cuts the plane of the V°-decay in a point which lies inside 
the copper plate. This point lies very close to the continuation of track R 
as would be expected if the V-event were a 0°%-decay and the 0°-particle 
were produced with particle C in the copper plate. 
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From the measurements made on track C it is apparently due to a heavy 
meson. An isolated track of this sort could not be reliably identified because 
of the uncertainties attached to visual estimates of ionization. Fortunately, 
event SN 1534 shows à second heavy meson (track D) which stops and decays 
in the copper plate giving a single charged secondary (E). The resemblance 
between tracks C and D is so close that C can be confidently identified as 
a K+-meson. | 

Analysis of the S-event shows that the particle # was emitted from the 
decay point of D with a momentum of (204*]5) MeV/c if E is assumed to be 
a u-meson or with (20733) MeV/c if it is assumed to be a x-meson. The decay 
is probably an example of K,.-decay (p* = 205 MeV/c) but could also be 
K,.-decay (p* = 236 MeV/c). 


RIASSUNTO (*) 


Si descrivono e discutono due semplici interazioni nucleari producenti coppie di 
mesoni K. Si interpretano come esempi dei processi n+p—K°+K’+n+p e n+p— 
— K++K°}n+n, dove K® è l’antiparticella del mesone KV. 


(*) Traduzione a cura della Redazione. 


89 - Il Nuovo Cimento. 
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Meson Production by a Meson Nucleon Collision 
in the Heisenberg Representation. 


G. R. SCREATON (*) 


Emmanuel College - Cambridge 


(ricevuto il 17 Gennaio 1957) 


Summary. — A relation between the interaction operator, the Heisenberg 
operator and the interaction Hamiltonian is established. The matrix 
element for the production of mesons by a meson nucleon collision is 
obtained with all its renormalization terms. A causality condition is 
shown to be involved in this matrix element. 


1. — Introduction. 


The causality condition has recently been used with considerable success 
in obtaining dispersion relations for pion nucleon scattering. The method 
for obtaining these relations is essentially to use the Low equation (!) for the 
scattering amplitude in terms of Heisenberg operators and to relate this to 
an amplitude which is causal. Then from the properties of the causal ampli- 
tude, usually as a function of the meson energy in the Briet frame, dispersion 
relations are obtained (2). 

For inelastic scattering it is much more difficult to see what the causal 
amplitude should be. Part of the difficulty lies in the absence to date of à 
notation and technique which can readily handle the inelastic case. In this 
paper we give a notation which enables us to express the inelastie scattering 


(*) Grant provided by the Department of Scientific and Industrial Research. 

() F. E. Low: Phys. Rev., 97, 1392 (1955). 

@) M. L. GOLDBERGER: Phys. Rev., 99, 979 (1955); M. L. GOLDBERGER, H. Mrya- 
ZAWA and R. OEHME: Phys. Rev., 99, 986 (1955); A. SALAM: Nuovo Cimento, 3, 424 
(1956); A. Sanam and W. GILBERT: Nuovo Cimento, 3, 607 (1956); R. OEHME: Phys. 
Rev., 100, 1503 (1955). 
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amplitude, with all its renormalization terms, in a concise way and at the 
same time allows us to give a generalized causal amplitude in. a simple form. 
Finally we give a relativistic form of the condition for the scattering and causal 
amplitudes to be equal. The casual amplitude obtained here reduces, in a 
neater form, to that obtained by Polkinghorne (5) for one incoming and n 
outgoing mesons, when put in the Breit frame. 


2. — Interaction representation. 


We define interaction representation operators in terms of Heisenberg 
operators by a unitary transformation in the usual way. If A(x) is a Heisen- 
berg operator then the interaction operator A (#) which is equal to A(x) at 
time t, is given by 


(1) A(x) = 8,(t) A(x) S!(&) x” = (t, x) 
with S_(t) satisfying 
ON). 7% 
(2) | An DE S,(t) H(t) , 
(3) S(t) =1. 


A(t) is the interaction Hamiltonian. It follows from (2) and the boundary 
condition (3) that 


(4) S,(t) = S,(t) S,(t) , 
(5) (*) SOS), = S2(t) U 1. 


OS, (t) = à 
(6) in = Hilt) x(t) 
and so 
(7) S(t) = 1 — i fe) Satis 


We are now in a position to show that if Q is any operator 


t 
(8) Si(t)QS.(t) = Q + i Jar Si(t')[ Ht), Q18S,(€) 
_ (*) The unitarity of S,(t) is true for finite { and t but we know that in the meson 


nucleon case S,(t) becomes indeterminate when t= + © or t= + co. To get over 
this difficulty we will introduce the adiabatic hypothesis. 
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this we do by substituting for $,(t) and SÂ(t) their integral equation forms 
((7) and its Hermitian conjugate). Then 


(9) EL —Q + à fur )Q — QH,(t’) S_(t’)} dt" + 
+ | dt’ dt’ Sit) H,(t')QH,(t" )8,(t") ; 


if t >r the last integral is split into integrals over the two regions tT <t’<t'<t 
and 7 <t’<t<t. lit >t we make the splittv Sv St’ Standt2>t° St et. 
Integrating w.r.t. t’ or t’ for the two regions respectively and using equation (7) 
and its Hermitian conjugate we obtain (8). If Q is an interaction operator 
introduced at time t, the integrand in (8) is independent of t because 


(0) SX) [H,’), Q,(a)] SU) = Hit) 87) 8) OR) Si) 8, (4) — 


T 


— 8) 8, Q(x) SiH S(t) H(t) = [H(t'), Q,(x)] 


and so we can rewrite (8) as 


iz 


(1) [SAD Qu] = — 147) [ae HU) Or]. 


T 


This equation will be used in à discussion of the meson nucleon problem. 
There the interaction Hamiltonian in the Heisenberg representation is 


= | (x) dex , 


(12) Ka) = GP(a)tiysyp(a)pi(w) — 3 dug (vw) — IM p(x) p(x) — Hp;(x)l , 


with 


this leads to the equations of motion 
(13) (iyo, — M)y(a) = — dM y(2) + Gry ,y(x)p,(x) = — J (a), 
(14) (O + up) = — Gp(a)ysrip(~) + durp,(@) + Api(x)lp:(x) = — j:(x) - 


From the commutation relations for the interaction field variables we obtain 


(15) v(x), F(y)] = iS(a—y) FLY), 
(16) [pa(æ), Æ,(y)] = 1A(a — y)j; (y). 
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Thus from (11) we have for 9,(x) 


7 


(17) ST), Pr(@)] = — ST) fac — «')9,(@") Ara! . 


T 


We notice that when T=t this gives the relation for the interaction operator 
in terms of Heisenberg operators 


(18) lei N NEE 


Two similar equations hold for y(z). 


3. — Matrix element. 


The matrix element for the scattering of mesons by a nucleon into a nucleon 
and mesons will be considered. We wish the word scattering to be understood 
as including inelastic processes in which mesons can be created or annihilated. 
The scattering matrix element for incoming mesons Q,41%n+ı3 Int2&nt23 ++» Im&m (*) 
and a nucleon Q going into an outgoing nucleon P and mesons 91%, e%2, «++ 
Inn 18 


(19) EB AıXı, F2 ++, Ann |Q; Only nier Cntansesss mamie 


We will drop the reference to the isotopie spin states of the mesons whenever 
we can without causing ambiguity. (19) is related to 


(20) CP |G re (Fn) Poce en) Ya) (A) Pin (Tae) Pin (nr) QD » 


the superscript (+) refer to the + ve frequency parts of the «in» and «out» 
meson field operators. Following YANG and FELDMAN (?) we relate the «in » 
and «out» fields to one another by the «S» matrix 


(21) Patte) = Sy, (t)S : 


Introducing the adiabatic hypothesis we have S = S_,(co); having used this 


2 


__(*) gx denotes a meson with four momentum q and isotopic component «. 
() ©. N. YANG and D. FELDMAN: Phys. Rev., 79, 972 (1950). 
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we cannot consider initial or final states in which bound states are present (1). 
Only those matrix elements are considered in which the mesons in the final 
state have different values for their charge and momentum states from those 
in the initial state. This does not cause any loss in generality, as we are only 
interested in this case or the limit of it, as it approaches the excluded case. 
The restriction is equivalent to taking the commutator of g!*(x) and go (y) 
to be zero. Using (21) we can write (20) a 


CHER PSP) (re) Rob ca Ba CE 
= =)" PS" CS IES, | X mls 9 Pin Tm- D ber ( Lo), Y; len, )] |Q> ; 


because all unwanted terms on the right hand side vanish as g{’(«)|Q> 
and qu ) give zero. 
We a . convenient to introduce the symbol (y)” defined by 


(23) (— i)” Ay — y) Ag: — y) ++ Ayn — Y)y)" = 
=» IR [[ae(y), Plyı)), Pul Y2) | #2]; Pal Yn JE 
the subscript y means the operators are the interaction operators introduced 


at time y,. It will be noticed that (y)” is a Heisenberg operator at the space 
time point y and that 


(24) La) pr AN A (T7) US 


(y)" is zero for n> 4, the non zero values are 


Wr = Ia(Y) = F057, VY) — dup, (y) AP, (y) 
be) | Gauss TOM asa, — APAY) Duras — 2APa(Y)Pa (9) 
| en 
ee On ter oy 0e 


It can now be proved by induction (see the Appendix) that 


(26) [1-1 at): Pina) 2b GaGa) | = 


= ys] [fay dys... AY, ACY. — Yı) A(Yo— Yo) «+» A(Yn — Yn) CDE (Ys) U). (Ye) , 


(*) S. 8. SCHWEBER, H. A. Berne and F. pe Horrman: Mesons and Fields, Vol. 1. 
Sect. 16d. 
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the integrals are to be taken over all space time, D is Dyson’s chronological 
operator and C stands for the sum over all contractions. When we contract 
(Yn) Yard Yen) We insert (1)°6(y, — Ye, 3)0(Y, à — Vera) ve OY p+ 5-1 — Yeas) 
in the integrand and replace (CAL OI LE (y...) by gr. 

Thus 


(27) Pa ID = 
= = pif. fax da, .. dr, Ag, — d Ne APG, ~~ x n)° 


1 


APE, EE Ce DAT (Ty FE Da )CD{( 3) May ® «+ (2m) $1Q> 


and as a,(g), the interaction annihilation operator for mesons of type q, is 
‘ given by 


a;(q) = VE frire (av) exp [ige] dx , 


we have for the matrix element (19), after doing the space integrations, 


(28) (— i)"{(27)°"(2q:0) (2020) --- doa)? | far, da... de„exp RI, 
2 EXP [19,0] EXP [— iQaHı&n41] ++. XP [— Qu IP | CD a) (22)... (ID + 


As an example we give 


(29) CRUE CE IQ; (in = (eS 4)®{ (27) (2410) (2420)(2P0)}" À 


eo.) «el {{ {Jon dan, des exp Line] exp [ign] exp [— ip Ole. May) 
(29.2) + if far, dy exp [i(q + qe] exp [— ipy]P{(2,)?(y)"} 

(29.3) +4 | | da, dy exp [iq,7,] exp [— Up — Ey) (y)?} 

(9.4) + N | dar, dy exp [igure] exp [— ip — DR") 

(29.5) — | dy exp [— ip —% — @)Y] >} |Q> : 


The terms arise as follows: (29.1) no contractions ; (29.2) (2): and (a#,)* 
contracted; (29.3) (x)! and (y)! contracted; (29.4) (x,)! and (y)! contracted ; 
(29.5) (2), (%)" and (y)! contracted. 
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4. — Causality. 


The matrix element is now further specialised to the physically most inte- 
resting case; one incoming meson p and n outgoing mesons q,, qo, +. n- The 
corresponding matrix element in terms of Heisenberg operators is 


(30) {(2)(210)(24a0) «++ (qm) are) rt Art | | = | da, day... da, dy: 
“exp [iga,] exp [iqæ.].… exp [ig,æ,]exp[— ipyKP| CD) (2). (@n)(Y)} |Q- 
In the Heisenberg representation 

(31) A(x) = exp[iMx]A(0) exp[—iMa], 


M is the energy momentum four vector operator. Using this and at the same 
time making the transformation æ > #— y in (30) we extract the 6-function 
corresponding to overall energy momentum conservation, i.e. we have 


BDV Gal HE Eg, tae 
“£(2p4)(2do)(2da0) «== (2qno)(2ae) 8D} (— der | Î ve be De 
ep [ide exp ele cola ele nena 


For the moment we omit all the contraction terms and use 2 to denote all 
the factors occuring in front of the integral. We pick out from (32) the term 
Sa Om en DU SS Winn SS WP ney SS >>) mi 


(33) Q fe fac da, … de, exp[iq.#.] exp [19.72]... exp [iq,æ, 9 (m > &% > 
> Wy So Ogg an ECE en) O0) CS) C0) (a aa Gh oa 
where O(@>y>2...>a>b) means 6(2—y)6(y—2)...0(a—b). We now 


show that I >>. > >0>=>2,>..>:,, can be replaced by 
er rm > n> >> 06, > 2, a 0) Because 


1 fexplikx,] 1 es [tka] 
34 NG) = - 10 
a @ =) Be = k + ie ù 


— œ — © 


and so replacing e by — e is equivalent to changing (x) to —0(— x). Intro- 
ducing a set of intermediate states |y1», |y?>, ..., |y™, which are eigen states 
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of energy and momentum for the complete Hamiltonian, we have for (33) 


(35) D off. fa da, ... dx, exp [iq,x,] exp[iqgæ,]… exp[iq,æ,]: 
7 


“<P exp [iM &,](0)! exp [— 1Ma]|y"><y" |... |y™><y" |exp [iMz,](0)*- 


; 1 \*" exp (2k, (2, —x exp [ik, (2, — Un 
4 exp [— iMx,] |Q> (+) pP È 1 = 2)o] 2 p [ z ( = al 
— Las CT RER n 


dk, dk, ... dk, - 


Doing the space time integrations for 7,, 2,..., x, we obtain a product of 
ö-functions which are equivalent to requiring that 


(36) ki = (yi + —Q), yi =Q—a’ 
where 

C= Oh = Obs) sp cto ae OF vn 
and 
(37) ki = (y' + BP), v=Pp-p 
where 

fi = (dir det et 4a) Vs 


Using overall energy momentum conservation we can rewrite (37) in the form 
of (36) with 


= ln eee PE Grn E> Fra b<r. 


The states |y> which are going to contribute will contain at least a nucleon 
and so taking into account the momentum equations for the intermediate 
states, we have 


(38) (Yo Lo)? — Qi = vi + 29% as (M? v 2Y:a a’ > 2y-a a. 


For i>r, y and « are timelike vectors with positive 0-th component and so 
2y-a+07>0. Thus k,>0 for i>r, and because k; is the real part of the 
denominator in the integrand (35), we can change ¢; to —e, without altering 
the value of the integral. This shows that m, >, >..>,>0> 44, > 
> Wri, >. >) Can be replaced by ("9m > m >... > &, > 0)0(t,> 
ne een =) 

Now we can replace the D product in the integral (32) by what we call 
a 9 product i.e. instead of Dil) (0)... (æ)'(0):} we can write OL (&1)!(@,)! 
-(a,)!:(0)']. The 0 product is a sum of multiple commutators in which the æs 
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are put in a time ordered sense but with 0 always occuring earliest. Explicitly 


(39) BL (a1)? (&e)… (@n)*3(0)?] = 
He > O(a, >>... > Ly > 0)[ (a), [(&), 7 Meese, [(@n)*, (0)111... 11], 


where the sum is over all permutations of 7,, 7, ..., æ,. To sce this we notice 
that the coefficient of (2,)!(&2)! ... (2,) (0) (&@,) (1)? -.. (21): in 


O(x,) >40, > >27 0)[(æ,,), Les)? [= Le, 9 [(@,,)* (0)']] all] ) 


where 1, %, ..., 1, 18 a permutation of 1, 2,..., n, is 


AO ee a x“, > COCK iy Sy Soa See ern >). 


for either the second two 6 functions are, (a) consistent with the first and are 
consequently equivalent to unity, or (b) not consistent with the first and so 
equivalent to zero. In case (a) the term we are considering can occur with 
coefficient (—)""0(x, > x, >. > æ, > 0) but in case (b) the term cannot 
occur. Hence the coefficient of this term in OT (a)? (82)T.-- (@n)2:(0)2] is 


(41) RE. >) Os > Uefa > > Dp)” 


> 6x, > 0, >... > 4, > 0), 
i 


where the sum is over all 7 corresponding to permutations of 1, 2,...,n. But 


(42) >o@ non x, > 0) = O(a, > 0)0(x > 0) ... (a, > 0) 


i 


and so the coefficient in the 6 product is 
(43) (yO (Ce as SS DORE een) 


but we have already shown that the coefficient 0(@,>4a,>..>%,>0> 
>t, >... > y) of this term arising from the 9 product in (32), can be 
replaced by (43). Hence we can replace the D product by the 9 product in (32). 

We have not used the fact that the (x)°s are identical operators and so 
the above argument will go through unchanged for the contraction terms. 
However care must be taken to be sure that when a contraction is made with 
(0) the associated contraction term is written to the right of the colon. The 
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matrix element in our new notation can be written 


(44) a] |... fae dz, ... dx, exp [19,4] exp [79:22] ... exp [14n0n]- 
“CP COT (ay) (EE) (ONO ne 


We now establish a property of the 6 product, the proof of which depends 
on a simple property of the commutator, namely 


(45) [ (en); (er); Er [ (22), (1) ]] val ar [ (na); [(24=2) Les ler) (2) ]] al oF 
PTE [ony tte) @s) 1] [| 


When 2z, is separated spacially from 2,, 2, ..., &n-ı 


(46) [ (en), [@n=1)5 ioe { (22), (21) ]] = = 0 ’ 


for we can use (45) to give a proof by induction as the result is certainly true 
for the case n — 2 by the causality condition. We use this to show that we 
do not get a contribution to the 9 product in (44) unless all the points of 
is #yy .… L, Which are left after the contractions are made, lie in the future 
light cone of 0. We select for consideration a particular term of the 0 product 
with time ordering given by 0(%, > æ, >... > æ, > 0) where x,, %,.... æ, are 
the space time points occuring in this term. Suppose that a°>0 for 
i=r+1,r+2,.,N but that x? <0, then (x, — x)? < 0 for 


(47) (a2, — 0) — (<a) (a — 2)? < 0 


and so using (46) the term will be zero. Therefore we obtain the interesting 
result that after the ö-functions due to the contractions have been eliminated 
in (44) the integrations for the remaining x’s need only be carried out over 
the future light cone of 0. This the gives us a generalised causality condition 
in our definition of matrix elements. 


5. — Discussion. 


The expression (44) provides us with a relativistic covariant causal ampli- 
tude, which we have shown to be equal to the scattering amplitude for all 
physically possible initial and final states involved in the production of mesons 
by a meson nucleon collision. We can use it to obtain dispersion relations for 
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this process. In fact if with POLKINGHORNE (5) we write 


Po = — OPati Pre (D 

Io = OV; Vi Osuna oars re 
(48) 

P+Q=0 P, =Q, = 4/M°? + P? 


Va + D +... 4m + = 0, 


where v’s are fixed but « is allowed to vary, we find a dispersion relation of 
the form 


) M(w') da!’ 
(49) Ho eae ee 
IT WI D ) 


where 
(50) M(w) = BE, [?9,%,] exp [%9:%.] ... exp [19,%,] dx, dx, ... dx, 
> (— ii P|CO (x) (a)... (82:09) + «PO |O - 


The first term is related to the scattering amplitude while the second is a 
constant due to renormalization. 

The situation in which there are more than one incoming and more than 
one outgoing mesons is more complicated. We saw it was impossible to change 
6(x) to —9(— x) when there existed a real intermediate state |y> with 


y — OX". 


We have only had to consider the case where « was the sum of a series of 
meson four momenta and was consequently time like with positive 0-th com- 
ponent. The proof that a real intermediate state did not exist was then easy. 
However in the more general case we are interested not only in sums of meson 
four momenta but also in their differences, if we wish to obtain dispersion 
relations by the method due to Polkinghorne. Unfortunately it does not follow 
in the general case that if « is greater than zero a real intermediate state does. 
not exist, as POLKINGHORNE would seem to assert in his paper. 

A causal amplitude similar to (44) will exist for the case of n incoming 
mesons going into one outgoing meson. 


3 S303 


The author wishes to thank Dr. J. HAMILTON and Dr. A. SALAM for the 
continued interest they have shown in this work. 


(5) J. C. POLKINGHORNE: Nuovo Cimento, 4, 216 (1956). 
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APPENDIX 


Here we prove equation (26) by induction. From (11) and (24) we have 


(Al) [(Y)*, Pina) = [S}(— 00)[8,(— 009), g(a], (+, g,(æ)] = 


Uo 


=| far ae —a yey, wy] + HA nn, 


where the integration is over all space but only over the time range — co 
to y. We have then to consider the expression 


(A.2) rs ff. pee „Ay — N) 


Ay Ys) «++ A(Yn — Y)CDE (y) a +++ (Yn) Fs Pin(Ynt1)| » 


to simplify the argument we take only one time ordering in the integrand, 
together with all the contraction terms that are consistent with it. For con- 
venience take the term corresponding to the time ordering O(y; > y, >... > %), 
for consistent contractions only consecutive (y’)’s in this ordering can be 
contracted. Thus the term in the integrand that we are considering is 


A(y, — Y) Ay — 23) «+» An - Up) OY, > Yq > vee > Ua) D (ya). er, 


where 
8e = TI &« 
Oe = (4)¢-14(y; — Yi 41) OMY: — Yıra) OY: — Yıra-ı) 


and the contractions have been labelled by the (y') with the lowest suffix. 
The sum is over all e corresponding to the various contractions, this implies 


a. FT rt... +, =n 
& <n+1—i 


and that if e,>1 the next e; — 1, e’s must be zero. Whenever an e, is zero 
(y;)* together with the 6% associated with it has to be omitted. Using equa- 
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tions (11) and (A.1), (A.2) for this time ordering becomes 


© Ua Y Un— 1 
ka rear in (Yı — y) A(y— Ye) .. NW, — ¥,)- 
er fae ana — Int) Yn (492) (gr) + 
vy 
Sr 2 fu Alyarı Gr Grea, (y1)®] GAG. = PTS) (Ya... (ya rs 
Ue 
+ m“ {— dYnti Alyntı — Yarı)L (Ynta)4y (Y2)*] + tA lyarı — DITES 


(Ya. (ga) + + (pa) (ge) (Una) 
Un 


We | ya A (Yi Ya) (Un 1) er] + FAlyarı — Ya)lYyn sr) ; 


— © 


the first term in each of the { } gives rise to the term in which (y) is not 
contracted and the second those terms in which it is contracted with the various 
(y')’s. When we add the terms together we get the appropriate term in the 
expansion of 


yrs | [ fanay, … Dynix Ayı — Y2) A — Yo) «+» 
 Alyarı — ya) PM) «+ (Yuta)? « 


Now (17) shows that the equation (26) holds when n = 1 and so by induction 
the equation holds for all n. 


RIASSUNTO (*) 


Si mette in evidenza una relazione tra l’operatore d’interazione, l’operatore di 
Heisenberg e l’hamiltoniana d’interazione. Si ottiene elemento di matrice per la pro- 
duzione di mesoni da parte di una collisione mesone-nucleone con tutti i suoi termini 
di rinormalizzazione. Questo elemento di matrice sembra implicare una condizione 
di causalita. 


(*) Traduzione a cura della Redazione. 
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Review of the Experimental Evidence for the Law 
of Variation of the Electron Mass with Velocity. 


P. S. FARAGO and L. JANOSSY 


Central Research Institute for Physics - Budapest 


(ricevuto il 18 Gennaio 1957) 


Summary. — The paper reviews the actual experiments in which the 
dependence of electron mass on velocity is investigated. It is found 
that the most precise verification of the relativistie formula follows from the 
fine structure doublet separation of hydrogen-like spectra. Regarding 
the direct experiments on the behaviour of free electrons, the results do 
not contradiet the relativistie formula, although the experimental error 
of the available measurements is rather high; i.e. it is in most cases com- 
parable with the difference between theoretical formulae derived from 
different assumptions, Recent measurements on the velocity dependence 
of the mass of protons are also reviewed. 


1. — Introduction. 


One of the most important consequences of the special theory of relativity 
is the relation expressing the dependence of mass on velocity : 


(1) ae eat, 
1 — (v/c)? 


For velocities v not too near the velocity ¢ of light, (1) can be expanded in 
a power series: 


v\2 p\4 
(2) m |! + Ya f) +n() +), 


with y: =4, y = $, etc. 
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As is well known this formula for the electron was derived already by 
Lorentz on the assumption that the mass of the electron is of electromagnetic 
origin, and that when moving with high velocity it suffers a contraction in 
the direction of the velocity. By assuming the electron to be a perfectly rigid 
sphere, another law is obtained, namely that due to ABRAHAM: 


si mm 3 [Lt wor „2 + (w/e) 


°4w/e)?| 2(v/e) >34 (ofe) 


al - 


which again is given approximately by the power series (2) with 


Other formulae could be obtained by postulating for the electron types 
of structures different from those postulated by Abraham or Lorentz. 

It is generally asserted that the validity of equ. (1) is completely con- 
firmed by a number of experiments (see e.g. M@LLER (!), footnote § 32, p. 89). 
Furthermore, it is often claimed that the successful operation of high-energy 
particle accelerators gives an indirect confirmation of the validity of (1). 

Analysing the available experimental material, the authors of this artiele 
have come to the conclusion that the experiments carried out so far support 
the validity of (1) far less than is usually supposed to be the case. As a matter 
of fact it is only a study of the fine structure of hydrogen-like spectra which 
confirms equ. (1) with high precision. Regarding the direct experiments on 
the behaviour of free electrons, although there is no experimental evidence 
which would contradict equation (1), the experimental results we were able to 
analyse seem in most cases to be compatible not only with (1) but also with (3). 
In fact we were at a loss to find results in this field which would prove the va- 
lidity of (1) with a margin of error much smaller than, say the difference between 
expressions (1) and (3). We are, however, indebted to Prof. W. PAULI for 
drawing our attention to a little-known paper by ROGERS, MCREYNOLD and 
ROGERS which seems to be the only one giving results with an accuracy suf- 
ficient to distinguish clearly between formulae (1) and (3). Even so we have 
to conclude that it would be highly desirable to carry out further direct ex- 
periments proving the validity of (1) quantitatively and with still greater 
precision than obtained up to now. Should new experiments on the subject 
be forthcoming, the publication of a detailed treatment of the experimental 
results would be welcomed, similar to e.g. the classical papers of KAUFMANN. 
This seems the more indicated as equ. (1) is one of the most fundamental 


() C. Morrer: The Theory of Relativity (Oxford, 1952). 
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relations of modern physics and—after all—should an experiment lead even 
to the slightest discrepancy between the theoretical formula and the actual 
behaviour of a particle, such a discrepancy would present a serious problem 
for the theory. 

Analysing the results of direct experiments the following facts can be re- 
garded as established beyond doubt: 


1) mass does change with velocity; 
2) the velocity of light is an upper limit; 


3) quantitative results do not contradict equ. (1). 


In fact the first two of the above statements must be expected from any 
kind of theoretical assumption, and they follow from equ. (1) just as from 
equ. (3). So as to obtain a quanti- 
tative proof of the validity of equ. 
(1) it is necessary to carry out 
precise measurements on particles 
with velocities v well in between 
zero and c. To show the deviation 
of Abraham’s formula (3) from Lo- 
rentz’ formula (1) we have plotted 
both in Fig. 1. In the (m,/m)? is 
plotted against (v/e)?. 

In Sect. 2 we shall give an ac- 
count of the results of fine-structure 
measurements in relation to the pro- 
blem of mass variation of electrons. 
In Sect. 3 we shall briefly review 
those experiments whose results were Fig. 1. — Deviation between Abraham's 
already critically discussed in the li- and Lorentz’ laws over the full range of 
terature, as well as those which can- variation of vje. 
not be analysed because of the lack 
of detailed experimental data. In Sect. 4 the results of the experiments of 
GUYE, RATNOWSKY and LAVANCHY (2)—usually considered to be the most 
exact experiments existing— will be analysed. The result of the latter analysis 
will be found to show that the experimental errors are comparable with the 
difference existing between the theoretical formulae derived from different 
assumptions. Finally, in Sect. 5 and 6 further indirect experimental evidence 


will be considered. 


(2) €. E. Guxe, 58. RATNOWSKY and C. Lavancuy: Mém. Soc. Phys. Genève, 39, 
fase. 6, 273 (1921). 


90 - Il Nuovo Cimento. 
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2. — Fine structure separation and the change of mass with velocity. 


The technical difficulty of measuring the exact form of the law governing 
the change of mass of the electron with velocity led the SOMMERFELD school 
to look for indirect methods of approach. For this purpose use was made of 
the close relation existing between the fine-structure splitting of spectral lines 
and the variation of mass of the electron in the course of its motion in an 
atomic orbit; in particular, for the hydrogen atom and also for hydrogen-like 
atoms quantitative predictions could be made as to the expected magnitude 
of the fine-structure splitting for any given law of mass variation. 

As is well known, the original non-relativistic theory of Bohr does not 
give the fine-structure splitting of atomic spectral lines. It was shown by 
SOMMERFELD that the fine-structure separation can be accounted for if the 
momentum and the energy of the electron are considered in their relativistic 
form; thus splitting is connected with the relativistic change of mass with 
velocity. If, however, the variation of the mass of the electron is considered 
according to some other theory, e.g. according to the theory of Abraham 
instead of the theory of relativity, a different splitting up has to be expected. 
Thus the experimental determination of the fine structure provides evidence 
as to the form of the law of variation of the electron mass with velocity. If the 
two theories lead to different values for the fine-structure splitting, the choice 
between the two competing theories could be made experimentally. 

A detailed study of the problem was carried out by GLITSCHER in 1917 (?). 
He used the power series expansion of the expression for the kinetic energy 
and the momentum as first approximation, considering only terms up to the 
order of (v/c)*. In this case the corresponding expressions obtained from the 
theory of relativity and the Abraham theory, respectively differ only in the 
coefficients of the terms retained. The calculations were carried out along the 
lines of the old Bohr theory and an expression for the fine-structure splitting 
in terms of the coefficients of expansion (2) was obtained. If the mass of the 
nucleus is assumed to be infinite, the expected fine structure separation is 
thus found 


Z 2 
(4) IND) es PUY (5) Rew. 
where y is the coefficient of (v?/c?) in (2), ie. y,=4 for the relativistic case 
and y, = 2 for the Abraham case, R, is the Rydberg constant without cor- 


rection for the motion of the nucleus and « = e?/he Sommerfeld’s fine-structure 
constant. 


(5) K. GLITSCHER: Ann. d. Phys., 52, 608 (1917). 
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To decide between the two theories Glitscher proceeded as follows. Using 
the fine-structure splitting Av of He+ as measured by PASCHEN and the values 
of the constants e, c, # and R,, he compared the value of « in terms of e, ¢ 
and % with those obtained from (4) putting once y, —+ and then y,=2. 

Agreement could only be obtained for y, = 4. 

Our knowledge as to the precise values of the universal constants has greatly 
inereased since the publication of the above investigations, it seems thus 
reasonable to repeat the above analysis using more recent values for the 
constants involved. 

In doing so we must of course be careful not to be involved in a vicious 
circle, i.e. we must use values of e and % obtained by experiments other than 
the fine-structure measurements. 

Great efforts have been made to determine the « best » adjusted values of 
the fundamental constants, that is to form a consistent set of the values 
themselves and their standard errors, least violating experimental results from 
any known source of information. The latest achievements in this field are 
due to DUMOND and COHEN (1). Selecting—to some extent arbitrarily—a set 
of «primary » unknowns, their best adjusted values were determined with 
the aid of the method of least squares, other atomic constants being evaluated 
by combining the primary ones with certain auxiliary constants. 

The success of such a procedure greatly depends first on the choice of 
quantities to be taken as auxiliary constants, i.e. constants known with suf- 
ficient accuracy relative to the rest and treated as known quantities and 
secondly on the choice of as many independent equations as there are reliable 
determinations of the unknowns. Evidently both conditions are satisfied the 
better, the more exact the experimental data made use of. It should be em- 
phasized, however, that in the majority of experiments one does not measure 
one of the primary unknowns but rather some function of several of: them. 
The primary unknowns and the experimental data actually chosen by DUMOND 
and COHEN made necessary the use of some relativistic relations in setting up 
the system of equations to be solved for the «best » compromise values of 
the unknowns. In fact they use both the relativistic expression for the fine- 
structure splitting of hydrogen-like spectra and the relation « = e?/ch in 
setting up their equations. Thus, as already mentioned, it would be a logical 
fallacy to use their results for the proof of the validity of the relativistic change 
of mass with velocity. 

For the above reasons we used data which were obtained more directly 
from experiments. Such values of ¢, e, h/e, R, and Av, are given in Table I. 
The authors referred to in the last column of the Table derived the values 


(4) J. W. M. DuMonp and E. R. Cowen: Rev. Mod. Phys., 25, 691 (1953). 
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given by careful analysis of experiments of one type for each constant. (It 
should be mentioned that the values given in Table I are compatible with 
those derived by DuMond and Cohen within the error limits stated.) 


TABLE I. 

| Symbol Value Experimental source Ref. 
| 
| & (299 792.6 + 0.7):10° cm s+ Free space microwave interfero- (a) 
| metry 
| e (4.8029 + 0.000 4)-:10-1 e.s.u. | Ruled grating (b) 
| hle (1.379 38 + 0.000 08)-10-17 cgs | Excitation energy limit in con- (e) 
| tinuous X-ray spectrum 
Fi 109 707.419 + 0.012 cm! Spectroscopy (d) 
| Av, 0.365 969 + 0.000008 em- Atomic beam magnetic resonance (e) 

(a) K. D. FROOME: Proc. Roy. Soc., A 213, 123 (1952). 

(b) F. G. DUNNINGTON: Rev. Mod. Phys., 11, 68 (1939). 

(ec) J. A. BEARDEN and G. SCHWARZ: Phys. Rev., 79, 674 (1950). 

(d) E. R. COHEN: Phys. Rev., 88, 353 (1952). 

(e) E.S. DAYHOFF: Preprinted Report No. VI on Fine Structure of the Hydrogen Atom (Columbia 
| University, 1952), referred to by DUMonD and COHEN ({). 


With the aid of the data given in Table I, we calculated the value of y, 
from the measured fine-structure splitting of the spectrum of deuterium 
CASA 


A Ayly = 0.0002. 
Jr Ce 

The discrepancy between the theoretical value and the observation amounts 
to 2.4 %,, and is equal twelve times the standard error. The deviation is in 
itself not very small since the elementary constants are claimed to be known 
with accuracies of the order of 10-5. 

One might try to attribute the discrepancy to the fact that the expres- 
sion (2) is only approximate in so far as it is derived by neglecting higher powers 
in e?/he. The exact energy for the state of quantum numbers n and j is 
given by 


n—G+H)+VG 492-22 


Hime? = ‘ + 


Developing in powers of «Z/n, we get 


1/aZ ne BEZ Lane ln 
one 2 2 $ why 

i eS a ee 
nn 
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So as to get the energies of the fine-structure components from which we may 
determine y, we have to insert 


Liles =e jet. TeRp jet: 


We thus get for the energy difference between the fine-structure components 
in suitable units 


2 Ne 
AEJm ee _ 3 de (3) — 0.50003 , 


(«2% 2 


instead of the value 4 of the approximate procedure. We see that the dis- 
crepancy between the exact formula and the observed fine-structure splitting 
is practically the same as the discrepancy between the approximate formula 
and the measurement, and therefore it is not caused by the approximate 
nature of equ. (4). 

In conclusion it would seem desirable to investigate the above discrepancy 
more elosely. At any rate, the best confirmation of the relativistic formula 
for the change of the mass of the electron with velocity was obtained by the 
above method of Glitscher. 

As, however, there seems to exist à numerical discrepancy between theory 
and measurements, furthermore as the theoretical formula is based on several 
assumptions, one of which is the mass law (another assumption is that the 
magnetic moment of the electron is exactly a Bohr magneton), it seemed highly 
desirable to check the mass law with high accuracy by more direct methods. 


3. - Direct experiments on the velocity dependence of mass. 


31. Experiments with B-particles. — As is well known the first experimental 
investigation concerning the dependence of mass on velocity was carried out 
by KAUFMANN (5) with the aid of the parabola method. His results yielded 
no decision between the competing theories of Abraham and Lorentz. Soon 
after the publication of Kaufmann’s paper PLANCK discussed the results in 
detail (*), ie. he re-evaluated them in a manner slightly different from that 
of Kaufmann. Planck’s examination of Kaufmann’s results showed that they 
justify the theory of Abraham more than that of Lorentz—if the phrase 
«more » or «less» has any meaning in this connection. PLANCK himself says: 
«The fact that the deviations from one theory are less than those from the 
other does not favour the first one». It is worth mentioning that the problem 


(5) W. Kaurmann: Ann. d. Phys., (4), 19, 487 (1906). 
(6) M. Puanck: Phys. Zeits., 7, 753 (1906). 
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is nowhere exposed so clearly as is done by PLANCK in the discussions following 
his article. Among others he emphasizes that the final word in the debate 
between competing theories must be that of the experimental facts. 

For a long time the greatest precision was claimed for the measurements 
of BUCHERER (7), although they were criticized by BESTELMEYER (8). The 
experiments were repeated and continued by NEUMANN (°). The principles 
of the method can be summarized as follows (see Fig. 2). In the centre between 

the circular plates of a condenser there 

is a source of B-particles. The system is 

+ placed in a magnetic field which is perpen- 

ARTE wax dicular to the electric field between the 

condenser plates. Thus only such electrons 

can leave the condenser whose velocity has 

a certain value defined by the electric and 

magnetic field intensities: those electrons 

for which the effect of the two kinds of 

field is just compensated. Outside the con- 

Photographic Ground-plan denser the motion of the electrons is in- 

Fig. 2. — Scheme of the experimental AN ue sys Magneue fisldvand 

arrangement used by Bucherer repro- thus their deflection is inversely propor- 

duced from (7). tional to their momentum. Consequently 

the electric and magnetic field intensities 

define the velocity of the escaping electrons and their momentum as well, 

and with the aid of a ß-source of continuous energy spectrum, the mass of 
the particles as a function of their velocity can be determined directly. 

It was ZAHN and SPEES (1) who in 1938 called attention to the fact that 
the most important feature of the experimental device of BUCHERER and 
NEUMANN, its resolving power, has never been properly studied, excepting 
some notes on the effect of the scattering of ß-particles along the condenser 
plates and on the asymmetries of the experimental arrangement. With the 
aid of elementary electron-optical considerations ZAHN and SPEES obtained 
the following results. 

The velocity filter under consideration, even for the case of negligible scat- 
tering of electrons along the condenser plates, must have completely broken 
down for values of v/e > 0.7. For the lower velocities observed the resolution 
width was approximately as great as that equivalent to the whole relativistic 
mass effect. Besides it was found that, with a certain choice of geometrical 


Elevation 


) A. H. BUCHERER: Ann. d. Phys., (4), 28, 585 (1909); 30, 974 (1909). 
) A. BESTELMEYER: Ann. d. Phys. (4), 30, 166 (1909); 32, 231 (1910). 
°) G. NEUMANN: Ann. d. Phys. (4), 45, 529 (1914). 
) €. T. Zaun and A. H. Sprrs: Phys. Rev., 58, 357 (1938); 53, 511 (1938). 
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constants, a very poor resolving power may be concealed by spurious focusing 
effects—and it was just this choice that NEUMANN, by trial and error, found 
necessary to make in order to obtain sharp lines. Thus quoting the conclusion 
of ZAHN and SPEEs verbally, «it seems fair to say that the Bucherer-Neumann 
experiment actually proved very little, if anything more than the Kaufmann 
experiments. The uncertainties of interpretation are so great as to give one 
very little feeling of certainty as regards a 10% effect ». 

Electron-optical considerations led ZAHN and SPEES to a modification of 
the experimental arrangement of BUCHERER and NEUMANN, which, based on 
the same principle, greatly improved its re- 
solving power, even if secondary effects (as 
scattering of electrons on the condenser plates) 
are considered. The source of electrons was 
placed within the magnetic field but outside the DA 
condenser, and the electrons after passing the 
crossed magnetic and electric fields were de- 
tected by a G.M.-counter tube (see Fig. 3). The Fig. 3. — Scheme of the experi- 

| Fire mental arrangement used by 
authors claim to have found the variation of ginny and a: re Ha 
mass with velocity in accord wity the Lorentz from (1). 
expression within 1.5% which is well within 
the limits of experimental error. It is unfortunate that their papers do not 
contain the numerical data obtained directly from the measurements, and thus 


d # 4 
eo PEF 
DI ZTFZTZZZZZZZZZZZZ LEI 


one cannot follow the calculations. 

The same reasons which led ZAHN and SPEES to the investigations out- 
lined above, caused also another experiment to be undertaken. ROGERS, 
McREYNOLDS and RoGERs (!!) made use of the high-precision absolute value 
of Ho = mv/e of the most intense lines of the RaB ß-particle spectrum (de- 
termined by one of the authors mentioned) and measured XR = mv?/e for 
the same electrons in a radial electrostatic field X. From these one gets 
» = (XR)/(Ho) and mje = (He)?/(XR). Because of the focusing action of the 
radial electric field the chief source of uncertainty discussed by ZAHN and 
SPEES can be avoided in the new experiments. The maximum errors in the 
Ho values are no more than 0.03 %. The accuracy of XR depends on the pre- 
cision with which the geometrical constants of the experimental set-up, the 
voltage on the deflecting electrodes, and—last but not least—the corrections 
due to the stray fields can be determined. The authors quoted—without giving 
a detailed discussion—estimate the maximum relative error of » to be less 
than 0.9% and that of m/e to be well within 1%. The values calculated from 
equ. (1) agree with the experimental results within these error limits, and 
the possibility of the validity of equ. (3) is clearly excluded. 


(1) M. M. RoGERS, A. W. MCREYNOLDS and F. T. Rocrers: Phys. Rev., 57, 379 (1940). 
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In the period between the experiments of BUCHERER and NEUMANN and 
those of ZAHN and SPEES, TRICKER (!?) carried out measurements with a mo- 
dified B-spectrograph (see Fig. 4). The method makes use of the focusing 
effect of a longitudinal magnetic field, the focal 
length depending on the velocity of the elec- 
trons. The ß-source applied had discrete mo- 
mentum spectrum accurately known from other 
measurements. Although the author himself 
considers his results to be of a preliminary 
nature and does not claim them to be final or 
exhaustive, we do not know whether he ever 
continued his experiments. As a matter of fact, 
repetition woud have been very interesting as 
in the velocity range of the measurements ex- 
pressions (1) and (3) differ only by about 5% 
and the error of the results is estimated by the 
author as about 2%. This error, however, is not 
a consequence of the limitations of the method, 
but results rather from the lack of sufficient 
experimental data: the results published were 
derived from measurements on some nine pho- 
tographs, the lines on which are sharp and 
Me 4 Scheme of helene easily seen and which were taken under stan- 
mental arrangement used by ard conditions. Five of these, however, were 
Tricker, reproduced from (12), probably not quite so accurate as the others. 


3°2. Experiments with cathode rays. — The first experiments on the variation 
of mass of artificially accelerated electrons were carried out in 1908 by 
Hupxa ("?). At that time high-voltage and high-vacuum techniques were in 
their infancy and electron optics was nowhere at all. The experiments were 
carried out up to about 90kV accelerating voltage. In spite of the primitive 
experimental set-up, HUPKA applied a very ingenious null method, thus in- 
creasing the accuracy of the results. The electron beam was deflected by the 
magnetic field of a pair of coils. The deflecting field was varied in such a 
manner that for each value of the accelerating voltage the deflection was kept 
constant. Since the deflecting coils did not contain iron, the deflecting field 
intensity was proportional to the coil current. By measuring the accelerating 
voltage and the coil current, the relation between mass and velocity could 
be determined with the aid of the expression for the momentum and the kinetic 


(2) R. A. TRICKER: Proc. Roy. Soc., A 109, 384 (1925). 
(3) E. Hupxka: Ann. d. Phys. (4), 34, 169 (1910). 
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energy. One can also calculate the rest mass from the values obtained for the 
various velocities. Doing this, HupkA found that by using the relativistic 
formulae throughout, a constant value is obtained within the limits of a very 
small error, while Abraham’s theory leads to a «rest» mass, which is de- 
creasing systematically, if values corresponding to increasing energies are used. 
Thus the relativistic theory is confirmed, the plots published by HUPKA seem 
to be most convincing. 

Not much later, however, HEIL analyzed the above experiment critically (14), 
and pointed out serious difficulties as regards the reliability of the results 
obtained. 

It is obvious that the accuracy of the results chiefly depends on the pre- 
cision with which the coil current and the accelerating potential is measured. 
There is no difficulty with the first one. As to the second, it is shown that 
the two kinds of mass variation can be distinguished only if the error in the 
measurement of the accelerating potential is below 1%. It is about this error 
which occurs in the measurements of HupKA. Thus the assumption underlying 
the treatment of the experimental data is of greatest importance. While with 
the aid of certain assumptions as to the error distribution HUPKA obtained 
results confirming the Lorentz expression, HEIL has shown that the same 
experimental data can be evaluated in favour of the Abraham theory as well. 
Thus it is safe to state that the investigations of HupKA do not add anything 
to the experimental facts in favour of or against the relativistic expression 
under consideration. 

Several series of experiments carried out with artificially accelerated elec- 
trons, which are claimed to have confirmed the Lorentz expression with a 
very high degree of accuracy were performed by GUYE, RATNOWSKY and La- 
VANCHY in 1907-1915 (2). Their result is quoted by a number of modern text- 
books as the most precise experimental evidence of the validity of the rela- 
tivistie variation of mass. 

The principle of the experiment is the following: Electrons accelerated in 
a cathode ray tube to a high velocity (up to vje~ 0.5) are deflected once by 
an electric field and once by a magnetic field. The two kinds of deflections 
are measured separately, thus two values are obtained, one being inversely 
proportional to the kinetic energy, the other to the momentum of the electrons. 
The electrical deflection is 


mo’ 


. (4) W. Hem: Ann. d. Phys. (4), 31, 519 (1910); 33, 403 (1910); E. HupKa: Ann. 
d. Phys. (4), 34, 400 (1910). 
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and the magnetic deflection: 
ii 


(ang es 
(6) à mv’ 


where m is the mass and v the velocity of the electron, V is the voltage applied 
to the defleeting plates. I is the magnetizing current through the air-cored 
deflecting coil; A and B are constants depending on the geometry of the 
experimental arrangement. From the above expression we have 


_AYV 
Seats) ew ba! 
_BX 7 
TETE 


(7) © 


Thus from the experimental values X, Y, I, V quantities proportional to velo- 
city and mass respectively are obtained. 

Two measurements at different accelerating potentials result in two sets 
of values X,, Y,, Vi, I; X,, Y,, V2, Iz. From these the ratios of the velo- 
cities v,/v, and the corresponding masses m,/m, can be determined indepen- 
dently of the «form-factors» A and B. At low velocities the accelerating 
potential can be measured with great accuracy. Thus the absolute value of 
the kinetic energy is obtained. If the other quantities are measured at the 
same accelerating voltage, the absolute value of the velocity may be deter- 
mined as well, i.e. the constant A can be determined. Using the value of the 
rest mass m, from other experiments, values of m/m, for various velocities are 
obtained. If the experimental data are evaluated according to the relativistic 
relations, the results for the variation of mass with velocity agree with the 
Lorentz expression within 0.02%; if the experimental data are treated ac- 
cording to the theory of Abraham a systematie deviation occurs and an aver- 
age deviation of 1.12% is found. 

The results of the relativity theory seem thus to be confirmed in a most 
convincing way. However, the method followed in the treatment of the ex- 
perimental data can be seriously criticized. 

The method followed by all authors mentioned above can be summarized 
as follows. The experimental data are evaluated twice; namely on the as- 
sumption that either the one or the other theory is valid. The correct theory 
is then deemed to be that one for which the values derived from the exper- 
imental data are in accordance with those expected theoretically, or in other 
words for which the calculated values of m/m, plotted against v/c fall on the 
theoretical curve. Owing to the experimental errors, however, the experimental 
points do not fit exactly in either of the cases: The experimental values lie 
closer to the one than to the other theoretical curve. 

The method followed is reminiscent of that which PLANCK criticized in 
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connection with Kaufmann’s experiments. Regarding the paper of GUYE 
et al. further difficulties can be found. The deviation of the experimental 
results from the theory is characterized by these authors by evaluating the 
arithmetic mean value of the difference between some averaged experimental 
values and the theoretically expected values. In our opinion this procedure 
does not reflect clearly upon the validity of the assumed theories. 
Fortunately the paper referred to contains all the experimental data ex- 
plicitly and thus we were in a position to re-evaluate the material in a more 
satisfactory way. We presently give our analysis of the original data. 


4. — Analysis of the results of Guye et al. 


41. — The experiments of GUYE et al. were carried out in a rather small 
range of velocities (v/e < 0.5). We assume the dependence of mass upon 
velocity in this region to be given by a polynomial in powers of q = (v/e)?; 
we determine the coefficients of this polynomial (and their respective exper- 
imental errors) from data given by GUYE et al. and compare the values of the 
coefficients obtained from the analytical approximation of the theoretical 
formulae by polynomials; the analytical approximation must of course be 
carried out for that interval of velocities in which the measured values were 
obtained. For convenience of the numerical work we make use of the ap- 
proximation through orthogonal polynomials as described e.g. by RUNGE and 
Könıg (15). As the method employed for the analysis of the experimental 
data seems to be of paramount importance for the reliability of the result 
of the analysis and as in our opinion too little stress has been laid on this 
side of the problem, we reproduce our analysis in some detail. 

From equ. (7) and (8) it is seen that the experimental data yield a quantity 
proportional to the mass of the electron 


xX 
(9) 1 =F: I: = km, 


and another quantity proportional to the square of v/e 


(10) = e 7) = hy (:) 


k, and k, being constants. 
Having obtained from the experiment n sets of quantities ¢;, #:, one 


(5) C. Runge and H. Konia: Vorlesungen über nwmerisches Rechnen (Berlin, 1924). 
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can define the following quantities: 


ie 


(11) xX, = bi — ne 
> In 

9 AR ee ee 
(12) 2 Ni n ’ 


with the property 


(13) Sx Sey = 08 


jel i=1 


Plotting the points Y, 


zu 


against X, one has to find that function 
Y= f(X) 
which best fits the points (X,, Y,), ie. for which 


(14) o = > (f(X;) — Y;)}? = minimum. 


a 


If the expression Y = f(X) is found, (9), (10), (11) and (12) yield 


aya m at 
ts = LEE . A Pa 
(15) 3 nn me 1 > nm I[ks(q — @°)] , 
where 
123 1 2m 
RESTES (NN CA 
His RENTE ag Br‘ 


are the mean values of the quantities q = (v/c)? within the range of the ex- 
periment and that of the mass resp. It is this expression, whose explicit 
form will be compared with the theory. For this purpose the determination 
of the constant k, is of course also necessary, this will be done later. 

Let the function Y = f(X) have the form 


(16) Y=a,X + 4,P,(X), 
where P,(X) is a polynomial of second order, orthogonal to X and normalized: 


(17) P(X) = Ay + A,X + A,X? 
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satisfying the following conditions: 
2 EC) br 
(18) > XPı(X) = 0, 
> PX, =1. 


The condition expressed by equ. (14) yields two equations for a, and a, 
respectively : 


2 
= SL ml) M0; 
a! 
2 
_ — 2 > [uX;: LE AB) Se 
2 


Taking the relations (18) into consideration, the above equations are found 
to be independent, and give 


_ 2 AY: 
(19) a = “Sy 


and BED BR): 


Using the explicit form of P, and remembering the relations (13) and (18), 
one can write also 


(20) a, = > Y,P.(X;) = Ay = X,Y;, +4, > XY; - 


The constants in P,(X) are determined by solving the simultaneous equa- 
tions (18), remembering equ. (19): 


A © — — 


ADP KT 4 


6 (S x3)}? -3 
ee DA D 'A ag 


n > Xi 
(21) A, = Ao CBOE ’ 
n 
A, = — Ay sr : 


With the aid of the relations derived above and the numerical results of 
the experiments published by GUYE € al., the explicit expression for the 
function Y —f(X) can be given. jhe authors mentioned carried out two 
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series of measurements, the tables giving the results contain 85 sets of data 
for the first, and 67 sets of data for the second series. The original diagram 
showing the relation of m/m, to v/e as found by the authors is reproduced 
in Fig. 5. In the course of the numerical calculations we found that two data 


@ LORENTZ-EINSTEIN 
o ABRAHAM 
@OCOMPARISON ‘RAYS 


Fig. 5. - Change of mass with velocity according to Lorentz-Einstein (L) and Abraham (A) 
reproduced from Guye, Ratnowsky and Lavanchy (?). Circles and dots represent 
measured values. 


of Series 1 and one of Series 2 are likely to be misprints. If we were to include 
these results in the calculation we would obtain a decrease of mass with ve- 


locity. Leaving out these data we 
y obtained the results given in Ta- 
oo ble II. They are shown also gra- 
| 0.03 phically in Fig. 6. The dots repre- 
0.02 sent the points (X,, Y,) as caleu- 
| con lated with (11) and (12) from the 
-40_ so 120 Sosa 
le, flo* 70 130 
o” 0.01 
ge x Fig. 6. — Normalized values of mass 
5 versus normalized values of velocity. 
-0.03 The fully drawn thick line through the 
origin represents the linear relation best 


fitting the experimental values of Se- 


ries 1. The two lines parallel to the fully drawn thick line are obtained by a shift 
of the latter by + 5Y, the broken „lines by changing the direction of the thick line 
by + da. 
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N 


REVIEW OF THE EXPERIMENTAL EVIDENCE FOR THE LAW ETC. 


Na a Bar a ee EE er a 


Pa 


experimental data. The thick solid lines represent 


i. e. the straight lines best fitting the experimental points. The other straight 
lines in the Figure characterize the dispersion of the experimental errors and 


Y=a,X with 


a, = 5.2+108 


and 


its consequences, as will be explained presently. 


a WARE RER VS 


TABLE II. 
| Series 1, n = 83 Series 2, n = 66 
| 2 He = Mc = a 4 2 
| 

pce Xe 3.0343- 104 4.3415-10° | 
ES — 1.8295: 10% —1.2330:105 | 

> Xi 3.0444: 10° 1.4817: 10° 

(> ni)/n 0.731 0.783 6 

SL 15.82 | 27.049 

DEN, 54.407 799.56 

> Er 1.0404-10 1.8537-10-* 
| À 0.0831 | 0.071 8663 
| Ay ho ne 0031028 10 
| 4, TOT i en LOK 21.092622 21074 
| > X;P,(Xi) — 0.01453 0.003426 1 
| a, 5.2137 :10-4 6.23034 -10-4| 
| @ — 0.014 53 0.003 426 1 


Using the numerical results given in Table II, the function Y=f(X) can 
be written as follows: 


(22) Y(X) = 6.21-10-4X + 3.30-10-*(X* + 0.6X — 365.8) for Series 1, 


(23) Y(X) =623:1 +X 3.74-10-7(X? + 28.4X — 657.8) for Series 2. 
Evidently these are the most probable functional relations compatible with 
the two series of experimental results. However, the dispersion of the exper- 
imental results does not allow the determination of an exact relation of the 
quantities considered. The most important feature of the method followed 
here is the fact that the errors and the uncertainties characterizing the ex- 
periment can be estimated quantitatively. 
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The mean square deviation of Y is 
0? il 2 2 2 2 
(24) SB = Yi— ai > Xi— a), 


from (14), (16), (17) and the orthogonality relations. Using the data of Table II, 


we get: 
for Series 1: (SM) 2 2 34210 


for Series 2: (OEY) =D OO noes 


It is interesting to see how the mean square deviation (SY)? decreases with 
increasing order of the approximating polynomial. Let the mean square de- 
viation for a linear approximation be (5,Y)? and that for a second order ap- 
proximation (6,Y)?. For these quantities (24) gives the relation 


Se k Ay 
95 3 asp cS 
(25) (3, Y) = (BY) f rook 
from which 
(0, Y)? = 0.903(8, Y)? for Series 1, 
and 
(3 Y)? = 0.997(8, Y)? for Series 2. 


It is seen that the approximation is not improved essentially when proceeding 
from the linear to the quadratic approximation. The physical meaning of 
this result is that the spread of the experimental data within the relatively 
small interval is rather high, and there is not much sense in fitting a parabola 
to the experimental points instead of a straight line. It should be noted that 
this is evidently a property of the actual experimental data, and not of the 
theoretical formula to be verified. 

As a matter of fact, it is not (SY)? we are interested in, but rather the 
uncertainty of the parameters a, and a,, where a,—contenting ourselves with 
the linear approximation—gives the direction of our straight line. Supposing 
that the X, values are exact and only the Y, values possibly erroneous, all 
having the same standard error $Y, one obtains 


> Oa 2 Na v4 
(da)? = % |] (8Y.)°; ESCHE 
which together with (19) gives 


(3a,)? = CRE and (as)? = (SY)?. 


SE 
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Substituting the necessary numerical data from Table II, we get for Series 1 


5 Sa, 
ons and m _ 633, 
a, A, 

and for Series 2 
S41 _ 9.039 and 008) a 
a, Ay 


We note the very high relative error Ôa,/a, in both series showing that the 
experimental data give no real information beyond the first approximation. 
The uncertainty of our linear approximation is characterized by 3a,/a,. This 
quantity enables us to judge the reliability of the whole experiment, i.e. how 
far its results are decisive for our problem. 

Returning to Fig. 6 the two lines parallel to the thick line are obtained 
by a shift of the latter by + SY, the broken lines are obtained by changing 
the direction of the thick line by + da,. 


42. — As shown by equ. (15) our empirical formula for the change of mass 
with velocity within the velocity range covered by the experiments can be 
written as 


(26) fl + Pk), 
where g° is the mean value of the quantities q = (v/e)? within the range of 
the experiments and m° the corresponding raass. In order to compare (26) 
with the theory, the constant k, must be eliminated and corresponding ap- 
proximations for the theoretical formulae derived. 

For a direct determination of the constant k,, i.e. without using the method 
of evaluation of GUYE et al., the experimental data given by them are insuf- 
ficient. However, at the beginning of the velocity range studied, the velocity 
is so low that the values obtained for it from the accelerating potential and 
the deviation of the cathode ray agree within 1 %,, no matter whether constant 
mass or any of the formulae for the velocity dependence of mass are assumed. 
Thus it seems justified to take k, as the ratio of the smallest value of ¢; and 
the smallest velocity oceurring among the data given by the paper under con- 
sideration. In this way 

ky — 730 


is obtained. Using this value for k, (26) with (22) and (23) yields 


(27) 1 —1 = 0.52(q — 9°) + 2.48[(q — 9°)? +8.35-10-4(q — 9°) — 6.87-10-4], 


(28) = —1 = 0.58(q — q°) — 0.255[(q — 9°)? +3.9-10-2(q — g°)+1.29-10-%], 


ai 91 - Il Nuovo Cimento. 
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as the empirical formula for the variation of mass with velocity within the 
experimental range. Regarding the value of the coefficient of the linear term 
the relative error da,/a, determined earlier must be taken into consideration. 
As is usual in the statistical treatment of observational data, the possible error 
is taken to be 3 times the root mean square deviation. Thus the coefficient of 
the first term is found to be 


0.52 + 0.09 and 0.58 + 0.08 


for the respective series. 

In order to compare equ. (27) or (28) with the theory, a corresponding 
approximation of the theoretical expressions is necessary. Although an ana- 
logous approximation would be the expansion of the theoretical formulae 
within the range of the experiments into a series of spherical harmonics, it 
will suffice to determine the parabola passing through the points corresponding 
tO G1, G2 and q’ = (q,+4q2)/2, i.e. the lowest, highest and the mean value of 
(v/e)? occurring in one series of experiments. In this manner an expression 
of the following form is obtained: 


m 


(29) et = Bila— 9") + Ba P)%; 
where 
Ma — M 
Bi eee 
j m°(qo — qr) 3 
and 
m = Ms 
Be == = SE 
5 m (qd, — qi) : 


with m, = (Mon 

In consequence of the simplified method of approximation in (29) only a 
second order term occurs instead of a second order polynomial. This term, 
however, does not play an important role at all, partly because the interval 
of the approximation is very small and partly because of the uncertainty of 
the corresponding terms in the empirical formulae. 

Table III gives the coefficients of the linear terms of the approximate 
formulae derived above. In the second and third column no errors are given 
because they are negligible as compared to those given in the first column. 

The results shown in Table III justify the statement that the experimental 
results published by GUYE et al. are compatible with the theory of relativity; 
the spread in the measured data, however, produces an error which is com- 
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parable with the difference existing between the relativistie and Abraham’s 
expressions. 


TABLE III. 
AL | 5 i F | 
Empirical | Lorentz | Abraham 
ay: | 
Series 1 0.52 + 0.09 | 0.55 | 0.44 
Series 2 0.58 + 0.08 | 0.59 | 0.47 


It must further be added that in our analysis we have taken into con- 
sideration only the errors caused by the straggle of the measured points around 
a parabola; we were unable to consider errors which are involved in the deter- 
mination of k,. The value of k, is, however, most critical because any change 
of it would influence the value of B,. Thus the limits of error given by us 
represent lower limits. It is curious that the two series of measurements which 
were actually evaluated give better agreement between the individually ob- 
tained B, values than might be expected from their comparatively large stan- 
dard errors. 


5. — Collision of electrons in a cloud chamber. 


The collision of fast electrons with atomic electrons can be observed in 
a cloud chamber. These collisions can be regarded in first approximation as 
elastie collisions between two free particles. By measuring the momentum of 
the colliding particle before and after the collision, and also the momentum 
of the recoiling particle, conclusions concerning the law of collision can be 
drawn. CHAMPION (15) carried out such measurements in an attempt to" verify 
the relativistic laws of collision; as the theory of relativistic collisions is closely 
related to the relativistic law of change of mass with velocity, the measure- 
ments of CHAMPION can be regarded as an experimental investigation into the 
relativistic mass law. 

Denote the momentum of the incident particle P,, that of the incident 
particle after collision P, and the momentum of the recoil particle P,. In 
case of the non-relativistic collision the vectors P, and P; are expected to be 
perpendicular upon each other; the observation of CHAMPION showed clearly 
that the actual angle between the track of the particle and the track of the 
recoiling particle deviates strongly from 90°, thus the observations prove in 
a qualitative manner that the mass of the electron changes with velocity indeed. 

Regarding the quantitative analysis, CHAMPION estimates the error of his 


(6) F. C. CHAMPION: Proc. Roy. Soe., A 136, 630 (1932). 
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measurements to be about 2% and he claims them to be in agreement with 
the theory of relativity inside this margin of error. It seems, however, that 
CHAMPION has greatly overestimated the accuracy of his measurements. 
CHAMPIONS work appeared before the investigations of E. J. WILLIAMS (1°) 
upon spurious curvature of cloud-chamber tracks caused by scattering; thus 
the latter source of error was not taken into account in CHAMPION’s work. 

CHAMPION measured the momentum P, of the primary particle by means 
of its curvature in a magnetic field inside the chamber. The momenta P, 
and P, are not measured but instead the angles 


DH SE), P= (Ey ees) 


between primary direction and scattered direction and also between primary 
direction and recoil particle. 
Supposing the law of conservation of momentum to hold, we have from 
simple geometry 
sin sin Ÿ 


(30) RE nn 


the latter assumption holds for both the classical and the relativistie theory; 
therefore by postulating (30) we do not assume anything which would pre- 
judice the answer as to the exact form of the law of mass change. A check of 
the relativistic theory is obtained if we evaluate from the measured values P,, 
gy, Ÿ the momenta P, and P; according to (30) and investigate to what accuracy 
the momenta thus obtained obey the relativistic law of the conservation of 
energy. Thus we must investigate to what accuracy the relativistic energy 
equation 


LAVER Ar pvp, 


where we have chosen as the unit of momentum me (m mass of electron), is 
fulfilled. Substituting (30) into the above equation, we may write 


RE TRE / in? J 
31 ner \/1 | 2 | 2 Sin Pp | ji P? sin 
SI) ee ne | bes (g +9) TS SECTS) 


where the theory demands e = 0 within the accuracy of measurement. 
Denoting by dP,, 30, dp the standard errors of P,, Ÿ and y, the standard 


(7) E. J. WILLIAMmS: Phys. Rev., 58, 292 (1940). 
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error of e is determined from (31) by 


= ff Be)? gps à (8e) ge 4. (eV sal? 
se = {( Fr spt + (55) 398 En DE 


As a typical example we consider numerical data which have the same order 
of magnitude as those considered by CHAMPION: 


P,=Vv8, ÿ — 450, gy = 250 


(the above data correspond to a velocity of the primary of v/e — 0.94 and a 
mass increase by a factor of 3). We find thus 


de = (0.01 SP? + 1.3 Sy? + 0.87 59)? . 


While it is difficult to estimate the errors dy and 3ÿ of the angles from the 
published data, a minimum estimate of the error $P, of the momentum measu- 
rement can be obtained directly from Williams’ theory of scattering. Ap- 
plying this theory we obtain for a track of about 10 em length in a magnetic 
field of H = 280 Gauss 


SP,/P,~ 0.15 . 
Thus 


se 2 4%.- 


The above estimation gives a lower limit of the uncertainty involved in the 
method discussed, the actual uncertainty must be larger as the errors of 
measurement of angles are not considered in the above estimate. € is measured 
in units of the rest energy of the electron. Thus allowing for errors of the 
order of 3 times the standard error, deviations from the energy law amounting 
to 12°% of the rest energy of the electron are compatible with any of the col- 
lision measurements. Thus we conclude that on account of the considerable 
uncertainties involved in the interpretation of the results, these measurements 
do not add much to our knowledge of the relation between energy and mo- 
mentum and thus the law of the change of mass with velocity. 


6. — Remark on some further experimental evidence. 


6'1. — In this cathegory we discuss first the arguments which can be de- 
rived from the operation of high-energy particle accelerators. 
As is well known, mass and velocity of a particle moving in a cyclic re- 
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sonance accelerator are given by 


1 


and D1) Or 
@ 


e 
MH 
c 


where H is the magnetic field, o the radius of the orbit and © the angular 
velocity, the other symbols having their usual meaning. Resonance occurs 
if the angular velocity of the particle and the angular frequency of the acce- 
lerating field are equal. In the synchro-cyclotron we have H= const, the 
energy of the particle is increased—through increasing its mass—by decreas- 
ing ©; of course g increases at the same time. In the synchrotron obtains 
through increasing the 


o =const, and the energy of the particle is increased 
mass—by the simultaneous variation of H and o. 

Since the quantities m, o and H can be measured with an extremely high 
accuracy, it seems reasonable to suppose that the relation between mass and 
velocity can be studied very precisely in an accelerator. As a matter of fact, 
however, the situation is not quite so simple. 

If m means the angular frequency of the accelerating field, the relations 
given above are the expressions for resonance. The accelerated beam, how- 
ever, contains also particles which, oscillating around the resonance particle, 
do not satisfy exactly the condition of resonance. The angular frequency of 


the individual particles in a beam is varying in an interval © + Aw and the 
radius of their orbits is varying in a corresponding interval o+Ao. Further- 
more the magnetic field is more or less inhomogeneous, inhomogeneity is deli- 
berately introduced so as to improve the focusing of the beam and its stability. 

One of us (P.S.F.) was informed that when the 1 GeV proton synchrotron 
was put into operation in Birmingham, there were carried out measurements 
which are supposed to confirm the relativistic mass-velocity relation to a high 
degree of accuracy. The method used for these measurements was also com- 
municated in a private discussion, but no detailed results have been given, 
and thus no analysis could be carried out from the present point of view. 

As far as the authors know, the only report of experiments devised for the 
study of the mass variation of protons with velocity is that of GROVE and 
Fox (%). They determined the angular velocity of the protons in a 140 in. 
synchrocyclotron, and by measuring the magnetic field intensity along the 
orbit they calculated the e/m ratio. The same quantity was determined from 
the relativistic formula with the aid of the known orbit radius and angular 
velocity. The authors claim an accuracy of 0.1%, but on account of the 
extremely short communication, the validity of this claim cannot be assessed. 

FARAGÖ, TYAPKIN and ZRELYOV have recently determined the mass of 


(®) D. J. Grove and I. C. Fox: Phys. Rev., 90, 378 (1953). 
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660 MeV protons by measuring simultaneously their momentum p and ve- 
locity v in the external beam of the 6m synchrocyclotron of the International 
Institute for Nuclear Research, Dubna, USSR. The momentum was measured 
with the aid of a current carrying wire and an accuracy of 0.2% was obtained. 
To determine the velocity of the protons the absorption of protons in copper 
was measured. The Bragg curve thus obtained was compared with similar 
curves obtained in earlier experiments with protons of approximately the 
same energy whose velocity was directly measured with the aid of their Ce- 
renkov radiation. Thus, although not quite directly, the velocity of the protons 
was determined by means of Cerenkov radiation. The accuracy of the value 
thus obtained is well within 0.1%. The mass m, = p/v is obtained therefore 
with an accuracy of 0.2% and its value can be compared with m, the mass 
given by the Lorentz formula. The discrepancy is found to be (m, — m,)/m,— 
— 0.004(1 + 0.8). Although this discrepancy is somewhat greater than the 


experimental error, it is not significant, as three times the standard error is 
still compatible with the experimental results. A more detailed report on 
these experiments will be published soon in the Acta Physica Hungarica. 


62. — It was shown by JANossy (1°) that there is a close connection between 
the transversal Doppler effect and equ. (1) applied to electrons. The measu- 
rements of OTTING (2°) are compatible with the theory and thus with the 
validity of (1), but the experimental error of the measurements is too large 
to permit stricter conclusions as to the validity of the formula (1) than those 
which can be drawn from direct measurements. 


6°3. - Finally we mention that the negative outcome of the Michelson- 
Morley experiments allows certain conclusions as to the law of the mass va- 
riation of the electron. It was shown (2') that the relativistic length con- 
traction can be derived as a change of equilibrium distance between the atoms 
of a lattice when the relativistic properties of the electromagnetic field and 
the relativistic properties of the electrons are taken into consideration. If we 
were to suppose a deviation from equ. (1) this would cause a perturbation 
and would affect the equilibrium distance in a lattice under translation, and 
this should be detectable experimentally. Preliminary caleulations show, ho- 
wever, that the equilibrium distances depend to a much greater extent on the 
purely electromagnetic forces than the kinetic energy of the electron and 
therefore a large deviation from equ. (1) would lead to a relatively small 
correction in the contraction formula. 


(19) L. JANossy: Acta Phys. Hung., 5, 215 (1955). 
- (20) G. Orrine: Phys. Zeits., 40, 681 (1939). 
(21) L. JANossy: Uspechi 62 (1957). 
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7. — Conclusions. 


Analyzing the available experimental material, we have come to the con- 
clusion that it is the fine-structure splitting in the spectra of atoms of the 
hydrogen type which give the only high-precision confirmation of the rela- 
tivistic law of the variation of electron mass with velocity. This evidence, 
however, is a rather indirect one, and it does not cover a range of velocities 
which is wide enough. 

Regarding the fairly large number of direct experiments on the behaviour 
of free electrons we could hardly find such results which would prove the 
validity of the relativistic relation with a margin of error much less than, say, 
the difference between the results of the relativity theory and the theory of 
Abraham. 

Quantitative experimental results concerning particles other than electrons 
or protons are not available. 


RIPASSIUN ALO (ss) 


Il lavoro passa in rassegna gli attuali esperimenti coi quali si investiga la dipen- 
denza dalla massa elettronica dalla velocità. Si trova che la verifica più esatta della 
formula relativistica segue dalla separazione dei doppietti degli spettri idrogenoidi. 
Gli esperimenti diretti sul comportamento degli elettroni liberi danno risultati che non 
contraddicono la formula relativistica, per quanto l’errore sperimentale delle misure 
disponibili sia abbastanza elevato, nella maggior parte dei casi dell’ordine della diffe- 
renza fra le formule teoriche derivanti da differenti ipotesi. Si passano in rassegna anche 
misure recenti sulla dipendenza della massa protonica dalla velocita. 


(*) Traduzione a cura della Redazione. 
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P. GOSAR 
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(ricevuto il 28 Gennaio 1957) 


Summary. — The theory of the multiple small angle scattering of waves, 
published by the author in a recent paper, is extended to be applicable 
in the case of the inhomogeneous medium composed of the equal and 
centrally symmetrical scatterers embedded in an homogeneous medium. 
Further, a new method is developed for the numerical calculation of the 
angular distribution of the scattered waves. As an example the multiple 
scattering by dielectric spheres is discussed. In this case the angular 
distribution of the scattered waves is similar to the angular distribution 
of the electrons passing through thin metal foils. It proves that the 
mutual interaction of the spheres has an influence on the angular distribu- 
tion, if the average distance between neighboring spheres is of order 
of their diameter. 


1. — Introduction. 


In the previous paper (1) we developed a theory of the multiple small angle 
scattering of scalar waves by a special type of the inhomogeneous medium. 
This theory is applicable to an inhomogeneous medium having the following 
properties: 


1) The inhomogeneous medium is non-absorbing and the differences of 
the dielectric constants between different parts of the medium are very small. 


2) The medium can be divided in domains of fluctuations of the di- 


electric constant, called scatterers. The dimensions of domains are great in 


(1) P. Gosar: Nuovo Cimento, 4, 688 (1956). References to formulae of this paper 
will be proceded by the symbol G. 
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comparison with the wave length. The space between individual scatterers 
is filled with homogeneous matter, the dielectric constant of which is equal to 
the average value <e>, taken over the whole inhomogeneous medium. 


3) The distribution of the dielectric constant in scatterers is such, that 
equal positive and negative phase shifts g(r, s) and equal positive and ne- 
gative total phase shifts (p) of the rays emerging from the scatterers occur 
with equal frequency. 


In this paper we shall extend the theory for another case of the inhomo- 
geneous medium, which does not fulfill the third postulate and a part of the 
second. We shall investigate the multiple scattering of waves by an inhomo- 
geneous medium composed of the equal and spherically symmetrical domains 
of the fluctuations of the dielectric constant embedded in an homogeneous 
medium. Let these domains or scatterers be distributed in some random way 
through the volume of the medium. The dimensions of the scatterers are 
great in comparison with the wave length and the above first postulate is 
fulfilled. 

The theory developed in the previous paper needs some modifications to 
be used in this case. We further shall show here a new method for solving 
multiple scattering problems. 

In the last section we shall give an example for the application of the 
theory. We shall examine the multiple scattering by the dielectric spheres 
embedded in a homogeneous medium. 


2. — Statement of the problem and its solution. 


A plane wave, which propagates in a homogeneous infinite medium in 
the direction of the 2 axis of the space co-ordinate system, falls upon a plan- 
parallel sheet of the inhomogeneous medium. The boundary planes of this 
medium are parallel to the co-ordinate plane (x, y). The thickness of the sheet 
is d, the area S, and the volume V. 

The inhomogeneous medium is composed of N equal and spherically sym- 
metric scatterers embedded in the homogeneous medium of dielectric con- 
stant e. Additionally we choose the dielectric constant of the medium 
surrounding the sheet also equal to e. The radial distribution of the dielectric 
constant in a single scatterer is given by the function 


(1) e(r')—é = g(r"), 


where e(r’) is the dielectric constant at the point r’ in the co-ordinate system 
with the origin in the center of the chosen scatterer, and r’ is the radial 
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distance. We assume, that the function q(r') is regular and finite in an interval 
from 0 to r, and zero for r’ > r,. r, is the radius of the scatterer. 

In our calculations we do not need to know the exact distribution of the 
scatterers through the volume of the inhomogeneous medium. It is enough 
to know the average distribution of the scatterers around some chosen one. 
We obtain this average distribution, if we plot in the same co-ordinate system 
the distribution of the centers of the scatterers around each scatterer being 
in the origin of the co-ordinate system. We assume, that the average density 
D(r') of the centers of scatterers in the relative position r’ to the center of the 
chosen scatterer is only a function of the radial distance r’ and is given by 


PS 
bo 
— 


DD (nom) 


where D is the average density of the scatterers in the inhomogeneous medium, 
ie. D — N/V. If the distance r’ is greater than the average distance between 
the centers of scatterers, the probability function w(r') approaches zero. It 
follows from the definition of the function w(r’) that 


(3) fee) dr’=1, 


where dr’ is the volume element and the integral extends over all space. The 
value of the function w(r’) at r'— 0 is N/V. 

We are interested in the angular distribution of the scattered waves emerging 
from the sheet of the inhomogeneous medium. Following the way of the cal- 
culation outlined in the previous paper we must first choose the reference 
dielectric constant &, so that the average value of the quantity As(r)g(r, s) taken 
over the whole inhomogeneous medium is equal’ to zero. Ag(r) is e(r) — & 
and g(r, s) is the macrostructural correction factor defined by the équation 
(G11). The reference dielectric constant &, is complex 


CAPE ire 


As the differences of the dieleetrie constants between different parts of 
the medium are small and as the scatterers are large, we approximate g(r, s) 
with the expression (G 13). The phase shift g(r, s) of the wave passing through 
the point r, due to the fluctuations of the dielectric constant, is here given by 


— 
or 
— 


pr, s) == | [n(s)—n'Jds, 


where n’ is Ve’. This integral extends over the variable s, which measures 
the distance along the line passing through the point r in the direetion s of 
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the propagation of the chosen macrostructural wave, from an initial point, 
which we shall determine in the following, to the point r. In the integrand 
n(s) is the refractive index of à given point s of the line. The initial point 
or the lower limit of the integral (5) is determined in the following way. We 
divide the whole inhomogeneous medium in cells in such à way, that in each 
cell there is one and only one scatterer. This division in cells should be per- 
formed by the construction of the symmetry planes between pairs of the neigh- 
boring scatterers. Thus we obtain the division of the medium in polyhedra. 
Now we determine the lower limit of the integral with the first intersection 
of the line, going through the point r in the direction s, and the surface of 
the polyhedron containing the point r. In this way we can determine the 
factor g(r, s) for every point of the medium. This method of determination 

'ather arbitrary, but is reasonable. 

Using the above approximation for g(r, s) the reference dielectric constant 
&, is determined from the equations 


<{e(r) — &'] cos[y(r, s)]> + x<sin[q(r, s)]> = 0, 
(6) 
<[e(r) — e’] sin [p(r, s)]> — x<cos[ g(r, s)]> = 0. 


It is easy to see, that for cases in which this theory is applicable the real 
part of the reference dielectric constant €, is very near to the average value 
<e). The theory can only be used in the cases, where the product of the 
extinction coefficient for macrostructural waves u, which is equal to 27x/n/2, 
and the average distance e between the centers of the neighboring scatterers 
is rather below 1. We derive from we < 1 the following restriction for the 
value of x 
nA 


HEC 
270° 


mn 
— 


On the other hand we obtain from the second equation of (6), taking into 
account that e(r) —e' is nearly equal to 2n'[n(r) — n'| and considering the 
expression (5) for g(r, s), 


| _wh > J {1 — cos [p(p)] }AS 
fo} ay m=1 Sm US WP tek eee 
©) 4 TT V <cos [p(r, s)]> 


Here we evaluate the average value <[e(r) — e’] sin[y(r, s)]> in such a way, 
that in each cell of the medium we perform the integration over one space 
co-ordinate of the direction s. The m-th integral in (8) is evaluated over the 
plane S,,, which passes through the center of the m-th scatterer and is per- 
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pendieular to the direction s. The function q(p) in the integrand represents 
the total phase shift of the ray emerging from the m-th cell and passing through 
point pe of the plane S,,. The function o(p) is equal to zero for the rays, which 
do not traverse the m-th cell. We can write the expression (8) also in the form 


(9) , — PAS cos[ le) 
"ae <cosfptr SD ? 


where e’ is a distance nearly equal to the average dimension of the cells and 
the average in the numerator, denoted with the subscript 8, is evaluated over 
the planes S,,. 

Comparing the expressions (7) and (9) we see, that the phase shift o(p) 
must be smaller than 1 over a great part of the area of the cross-sections S,, 
of the cells, if we wish the restriction (7) to be fulfilled. This is the case in 
a very dense packing of scatterers only, if the differences of the dielectric con- 
stants are so small, that the phase shifts of rays passing through a single scat- 
terer are in the average smaller than 1. We shall investigate here in more 
detail another case, where the system of scatterers is not too dense. Here 
the phase shifts of the rays passing through the scatterers can be also greater 
than 1, but the phase shifts of the rays, which do not pass through the scat- 
terers must be much smaller than 1. The phase shifts of the rays, which do 
not pass through the scatterers, are only due to the mutual influence of the 
scatterers. Here we assume a relatively small mutual interaction. 

The next step in the theory is the evaluation of the autocorrelation function 
y(r", s) for Ae(r)g(r, s) defined by the formula (G 24). The vector r” is the 
autocorrelation distance vector. The integrals in (G 24) are performed over 
the whole volume of the inhomogeneous medium. We now divide these in- 
tegrals in the sum of the integrals over the volumes of the individual cells 
of the medium. Thus 


N 

> fAe(r'}g(r, s)Aë*(r'+ r')g*(r'+ r", s)dr” 

(10) pre) tee — ; 
> HA Ae(r')Ae*(r') dr’ 


m=lV»h 


where V,, is the volume of the m-th cell. 

The evaluation of y(r", s) can be here very simplified due to the smallness 
of the difference e(r)—e’ for the points outside the scatterers. This dif- 
ference is for r’ > r, in the average much smaller than for the points in the 
scatterers. It follows from this reasoning, that those volume elements of the 
cells, which do not belong to the scatterers, contribute only little to y(r”, s). 
Hence we make a very small error in the e raluation of y(r”, s), if we take all 
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the cells mutually equal with the average dimensions. In this approximation 
let the cells be spheres of radius R,, where R, is determined from the 
equation 4aR,/3 = V/N. Further the factor xg(r, s), which appears in y(r”, s), 
is generally so small in comparison with the other terms, that it can be dropped 
or, if we wish, changed to x<g(r, s)). 

The part of the autocorrelation function, which is due to the correlations 
of Ae(r')g(r',s) between points in the same cell, is thus 


fle(r!) — gt, s)[etr' + 7") — eg *(r + r", 8) dr’ 
© E f [e(r’) — e']? dr’ 


The dielectric constant e(r') is here equal to e + q(r') and the integration 
extends over the volume V, of the sphere of radius R,. The numerator 
of (11) represents the convolution of two functions [e(r') — e’]g(r',s) and 
[e(r') — e']g*(r', s) and can be written, with the use of the Fourier transforms, 
in the form 


(12) fein. s)G*(n, s) exp [ir'n] dy , 


where the integration extends over all space and the function G(y, s) is the 
Fourier transform of the function [e(r’) — e’]g(r', s), i.e. 


(13) G(n, s) = = : ae: [te —e'|g(r', s)exp[—inr']dr'. 


The integration field is here the volume of the sphere of radius R,. Thus we 
obtain 


| G(n, s)G* ar s) exp [ir'n] dy 
(14) (r’, s) = Le 
is J Gq, s)G*(n, s) dy 


We must now evaluate that part of the autocorrelation function, which 
is due to the correlations between the points in different cells. In cal- 
culating the integrals in the numerator of (10) we consider only those volume 
elements of the cells, for which the points in the relative position r” lie in 
some of the neighboring cells. Further we substitute the sum of the integrals 
over individual cells with the product of the number of cells and the average 
integral over the volume of one cell. By this procedure the average value 
(Ae*(r)g*(r, s)),,, appears in the integrand of the average integral instead 
of Ae*(r' =r’) g*(r'-Er’, s). The subscript r’ +r” denotes that the average 
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is here taken over all points, which are in the position r'+r" in reference to 
the center of each scatterer, and not over the whole medium. We write 


(15) (Ae*(r) g*(r, sy = <Le(r) —E]g*r, spi + Gy rar 


In this expression we replace the last term, which is very small, by in<g*(r, S)); 
where the average is taken over the whole medium. The term ix<g*(r, s)> 
is on the other hand equal to — <[e(r) — e’]g*(r, s)>. Thus we have 


(16) <Ae*(r)g*(r, sr © Cer) — &' 19% (rs Wr ae — Lelr) — #19" rs 


Using the probability function w(r ') for the distribution of the scatterers 
around a chosen one and taking into account the relation (16) we obtain 


(17) <Ae*(r)g*(r, Sir" © = [lew Seer shw(r;) dr, . 


Here, r, IT) ars (ake and the integration extends over all space; further 
e(r,) — e+q(r r,) for r, <R, and e(r JE. for > = Bas The integral (17) re- 
presents the convolution of the function [e(r’) — e']9*(r', s) and w(r') and can 
be written in the form 


(18) — fore. s)W() exp [— ir’ + r')Ë] der 


where the integration extends over all space and W(E) is the Fourier trans- 
form of w(r'), 1.e. 


1 ; I a ! / 
(19) W(é) = aap ft )expliër']dr’, 


the whole space being the integration field, and @(&, s) is the transform (13). 
The part of the autocorrelation function y(r”, s), which is due to the cor- 
relations between different cells, is thus 


SLT G*, s)W(E) exp [— tr’ + JE] de} [e(r’) — e']g(r', s) dr" 


(20) -yn(r", s)= fle) Se" Par 


For the evaluation of the convolution in the numerator of (20) we need the 
Fourier transform of the function (18) 


D — | {fer (&, s)W(&) exp [— ir'é] Er exp[inr']dr'— 
— (v2a)G*n, s)W(n) - 
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The integration extends here over all space. Hence, 


2x)" J An, s)@*tn, 8) W(n) exp Lir'nldn 
Sem, s) s)@*(n, s)dn 


(22) Yulr', Ss) = 


The approximation, which we made in (17) and (20) taking all the cells 
as mutually equal, is here quite justified. Namely those volume elements of 
the scatterers, for which the points in the realtive position r” also lie in some 
of the neighboring scatterers, contribute far most to the value of y„(r”, s). 

Summing (14) and (22) we obtain the final expression for the autocorre- 
lation function 


J Gy, s)G*(q, s)[1 — (4/27) W{(n)] exp [ir'n]dn 
| Gin, s)G*(y, s) dy : 


We have now the needed data for the calculation of the angular distribution 
of the flux of waves emerging from the planparallel sheet of the inhomogeneous 
medium. The angular distribution is given by the formula (G 43) 


(24) Ike) = x jesp | d(H (a) — H(0)) JJ (da) da , 


where J, is the flux of the incident waves and 0 the angle of scattering. Further 
H(x) is the Bessel-Fourier transform of the function h(#) defined by (G 38) 


(25) nd) = 


The function ÆZ(Ÿ) is the transform (G 25) of the autocorrelation function 
y(r", s), Ÿ being the angle between the directions s and s, and k’= 2zn’'//. 
We consider here only small angle scatterings so that the vector s— s, is 
nearly perpendicular to the direction s, and |s— s,| nearly equal to 3. We 
have 

(26) NO) SIS, Si) = 


ge) 2 
may, = (2a EG (k'(s — s,), 8,)@*(k'(s — s,), s,)[1 — (27) W(k'(s — s,))]} : 


Due to the fact, that e(r') —e' is the spherically symmetrical function, 
the evaluation of G(k'(s—s,),s,) can be very simplified. The function 
[e(r’) — e']g(r', s,) axially symmetric with regard to the line passing 
through the origin of the co-ordinate system in the direction s,. We may 
perform the integration in (13) first over the surface of a cylinder, whose axis 
is the line of the direction s, and whose radius is 9. Thus we obtain, taking 
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into account the relation between e(r')—e and g(r',s) as is given by 
(G13) and (5), 


(27) G(k'(s — sı), s,) = ver a Lox Lip(o)] — 1 J,(k ‘do)odo, 


where g(o) is the total phase shift of the ray passing through the cell at the 
distance o from the center. 

Substituting the expression (27) in (26) we obtain the following formula 
for h(9) 


= 1 
(28) h(?) UT (Gy { 2 lero (o)] — 1 }Jo(k 0)o do: 


2x {ex [— ip(o)] — 1 HZ (k'd0)o do-[1 — (Var W(K'0)]| . 


0 


The transform W(k ‘(s — s')) is only a function of the absolute value |k’(s — s,)| 
and so we may write W(k'9) instead of W(k'(s — s;)). 
Putting (28) in the formula for the Bessel-Fourier transform (G 39) and 
introducing a new variable u = «a/k’ we obtain 
Ry Ry © 
29 H = N 9 Sexn I: 3} 1 
(29) (u) = 55 2m [exp [ip(é)] — 1 }{ exp [— ip] — 1}- 


000 


[1 — (27) WC) To (EE) Toll) To(uc Ene dé dy dc . 


It is convenient for the later calculation of H(u) to divide the integral (29) 
in two parts 


(30) Hu) = TA — Haw] 
where 
(31) H,(u) = 2x [ [tenon )]— 1} 


{exp [ig] — 1 JE) (ne) (ut) Ent dé dy dE , 


and 
(2) Hw) = 20 || [fexlip@l 1} 


{exp [— igly)] — 1 20 W (CTo(EL)Tolnc yFo(usyEne dE dy AL . 


92 - Il Nuovo Cimento. 
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The term H,(u) is due only to the influence of the neighboring scatterers on 
the scattering of a single isolated scatterer. The important part of this in- 
fluence is included also in the first term H,(w), namely indirectly in the value 
of «’ and Ry. 

Before we proceed to the discussion of the methods for the evaluation of 
the integrals H,(w) and H,(u), we wish to derive another expression for H(z), 
which is of some interest. 

In the formula (G 39) we substitute h(?) by the expression (G 38) with 
E(9) given by (G 26). Changing the order of the integration we have 


ge? Ae(r) As* 
ie 4 


(33) H (a) tr) sm | Jar dßy(r, cos B)r? sin B- 


f J(k'r sin B9)J, (09) ad. 


The value of the last integral is ö(k’r sin 6 — «)/x, where ö(k’r sin B — x) de- 
notes the Dirac 6 function. Integrating over 6 we obtain 


77° <Ae(r) As*(r)) m ren 
(34) H(u) 72 = = A = % (vu + Ss”, Vas _ ds 


This integral represents the integration of the autocorrelation function y(r”, s) 
along the line with direction s and distance wu = a/k’ from the origin of the 
co-ordinate system. The formula (34) gives a simple connection between the 
autocorrelation function y(r’, s) and H(«). 


3. — Evaluation of A, (uw). 


In the formula (31) we first perform the integration over ¢. The value of 
the integral containing three Bessel functions of zero order under the in- 
tegral sign is 


co 


(35) | TEE) nE NT LUEE dE = 


0 


1 
QnA’ 


(WATSON (?), p. 411), where A is the area of a triangle having the sides &, 7, u, 
if the construction of such a triangle is possible. In the contrary case the 


(2) G. N. Watson: A Treatise on the Theory of Bessel Functions (London, 1952). 


1446 


A NEW METHOD FOR SOLVING MULTIPLE SCATTERING PROBLEMS ETC. 1447 


value of the integral is zero. Hence, 
we have 


(36) Hu) = [fer [ip(é)] — 1} 

-fexp[— ip(r) 1-1) ag an. 
The field of integration in the (&, 7) 
plane is shown in Fig. 1. 


Using new variables a= (&+n)/V2, 
y = (€—n)/V2 and writing 


7) a 5) 1) fox tw (7) 1), 


we obtain from (36) that 


f(w, y)(x? — y?) da dy 
38 H,(u) = 
ee) 2 We erde 


where w = u/V2. 

The evaluation of the integral (38) is usually difficult. Fortunately it suf- 
fices, if the thickness d of the inhomogeneous medium is great enough, to known 
the function H(w) only in the immediate neighborhood of the point u — 0. 
In this case the field of integration is a very narrow strip along the axis æ of 
the co-ordinate system. We divide the field of integration in three parts His qu 
and III. The division is made with the lines # = e” and # = VOR, ee 
being some small constant, but greater than a. 

To perform the integration in the first integration field we substitute in (38) 
f(x, y) by its expansion in Taylor series of ascending powers of x and y, if this 
expansion is possible. We choose the constant €" small enough to ensure the 
convergence of the series. Integrating over # from w to e” and over y from 
— to +m term by term we obtain 


2 Ds 2f(0, 0 0°f(0, 0 
(39) Aal a) F 00, ) 0?f(0, \ | 


1614 cx dy? 


+ log 
16 7 0) 


Here O(c") represents the series of powers of e«” and terms with loge”. As 
the value of H,(u) does not depend on the choice of e”, all the terms in the 
series O(c’) must be concealed after the summation of the integrals over the 
fields I and II. Therefore we do not give the explicit expression for O(e"). 


AOE Ve 


22f(0, 0) = uen n - 


On? oy? 
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The integration in the second field can easily be performed, if it is pos- 
sible to expand the function f(x, y) into a series of ascending powers of y for 
all values of x in the interval (e’, V2R,— €"). Integrating over y from — w 
to +m term by term we have 


dx 


(40) does = meee 1 0 0?f(æ, 0) 1-3 w* o4f(a, 0) 


| 
DONNE ONCE À + 


3, 0) 4 
V2 — oil Ka, 0) 


1.3.02 0*f(@, 0), 9) I 
SAD OT ne 


il! 
—w? 5 f(æ, 0) 4 


Now we expand 1/ V x: — w? into a series of ascending powers of w/# and than 
we integrate over æ term by term. We need here usually only few of the 
first terms. 

The third integration field is small. To perform the integral (38) over this 
field we may therefore substitute the function f(z, y) in the integrand by some 
approximate expression for f(x, y), if we so facilitate the integration. Further 


we expand the function 1/4 aæ?— wm? in the integrand, as in the former case, 
into a series of ascending powers of w/z. 


4. — Evaluation of H;(u). 


Due to the spherical symmetry of the average distribution of the scatterers 
around a chosen one we substitute in the formula (32) for Æ, (u)W(Ë) by 


re 1 ï , SLOG ee 1» DE") : 
PA PRE) al Agr’ 2w(r') ~ Ep! dr ra IE if gor’ 2w(r') — ars dr’. 
0 


Further, using the Gegenbauer integral expression for the product of two Bessel 
functions of the same order (WATSON, 1. c., p. 367), we write in (32) 


: : 5 1 © 
(42) TEE) == | To(Cv)ac! de’ , 


0 


where v = VE? + 7° — 2£ncos«'. Thus we obtain. 
Ry Ro 


(43) H,(u) = 2x | dé dy En { exp [ip(E)] — 1 }{exp[— iv(y)] — 1} 


Se for Arr! o(r DE fosse ENT (ule df 
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The last integral in (43) can be evaluated (WATSON, L. c., p. 411) and we get 


Ry Ro 


(44) H,(u) = 2x | Jaren En{ exp [ip(é)] — 1}{ exp [— ig (y)] — 1}: 


fm fer Ar w( af = oP 
Vr®—ı Eu? + 2vucosß 


where the value of A is 


[ 0 : r <|v—u|, 
| D? HU — 
(45) À = are cos | Te } [o—u|<r<|0 + ul, 
rt ee ER 


The further evaluation of H,(w) depends on the analitical form of the 
function w(r'). The example for this is given in the following section. 


5. — The multiple scattering by spheres. 


In this section we shall give an example for the application of the theory. 
Let the scatterers be dielectric spheres of dielectric constant &ı and of radius 7. 
Further we assume, that the average distribution of the scatterers around 
a chosen one is given by the Gauss probability function, 1.0. 


(46) mr) =F expl— HE], 


where I —(1/V7)Ÿ VIN, to fulfill the condition (3). 
In this case the total phase shift of the ray passing through the spherically 
symmetrical cell at the distance 9 from the center is 


(47) plo) = pile) — pile) ; 
where 

b V1 — or: ; 0 <T 
(48) pile) = 

0 ; 0 > To; 
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with b, = 4x(n, — n}r,/À, n, being Ve, and n is Ve, and 


(49) Palo) = D V1 — @?/R?, 


with b, = 4r(n’ — n)R,/A. Here b, is much smaller than b,. To satisfy the 
restriction (7) b, must be also much smaller than 1. 

We shall evaluate here only a few terms of the expansion of H(w) into a 
series of terms containing ascending powers of «. We shall calculate only the 
terms with less than the fourth power of u. Further we shall neglect the terms 
containing (0) or b, in the square, as b, is small. 

Using the expression (47) for g(@) we obtain 


(50) {exp [ip(&)] — 1}{exp [— ig(n)] — 1} & 
~ {exp [ip (8)] — 1}{exp [— ig:(9)] — 1} + 
+ tpe(n) {exp [ip (HI) — 1} — i, (€){exp [— tp. (y)] — 1} — 
— i[p2(E) — p(n) {exp AO] — 1} {exp [— ipi(n)] — 1} - 


Inserting this function in the formula (36) we can see that the last term of (50) 
contributes very little to H,(u) in comparison with the first three terms. The 
difference q,(£) —y,(y) is namely small and besides the imaginary part of the 
integral 


(51) tes» Lip, (€)] — 1 H exp [— wıln)] — oe dé dr, 


is zero. So we neglect this term. Thus we obtain the following approximate 
expression for H,(u) 


(52) H,(u) = ter Lip (€)] — 1}{exp [— igi(n)] — u dé dy — 


—2 || s(n) sin. (8) “ag an. 


In the second integral of (52) we approximate 9,(n) with b,(1 — n?/2R,), as 7 
is much smaller than R, throughout the whole integration field. 

The evaluation of the integrals (52) follows chiefly the way outlined in 
section 3. The integration field is in this case smaller due to the approx- 
imation made for y(o). Here we make the division between the second and 
the third field of integration by the line x = v2r, — e’. N ote, that the field III 
for the second integral of (52) is different from the field III for the first integral. 
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To perform the integration in the field III we put 


ee 


2b; <= = 
N N 


ro 


and 
5 ger: »+y\| | V2bibs NE on Er 
(54) ve V2 )sin | V2 ) 2 Vito 1 IR? vwar a) a Ue 


as in this field the difference 2 = V2r,— x is small. Further we retain in 
the integrand of the integral (38) only the terms, which contribute mostly 
to the result. Therefore we approximate this integral in the field IIL by 


(55) fir, | [a da dy . 


2— y? 


Introducing a new variable 2 = Var, —x and first integrating over 2 and 
than over y, we obtain for the value of the first integral of (52) over the field III 


1 
Ae Ca eae æ? log & | ‘ 
(56) ub; 5 (los 5 ;) Pa eye + O(e") , 
0 


where O(e”) represents, as in (39), the series of powers of e” and terms with 
log e’, and must be dropped in the final result. The value of the integral in 
(56) is (m/4)($ — log 2) (GROBNER (3), p. 79). Hence, (56) reads 


œo 


œ? 
(57) a log | + Ole). 


The second integral of (52) over the field III contains only the terms O(e"). 
Summing the integrals over the three fields and introducing a new variable 
x = bufr, we finally obtain the following result for H,(w) 


x A sind, 2cosb, , 2 
(58) H,(u) = 2rr, \1 —— — 17 
b; 1 bi 
b,|sin b, THE 3cosb, 3sinb, 
2 OS KEN iy = es Fe 
Ayır, | is cos b, + (7 2 sin b, + b, Be + 


æ? œ To \? by (sin dy 
i 208 b, ||. 
+ ar, 7 or a } (re) Al b, cos by 


(#) W. Gr°BNER and N. HOFREITER: Integraltafeln (Wien, 1950). 
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There remains the calculation of Æ,(u). We substitute in the formula (44) 


w(r') by (46) and than we integrate over 7’ from r' = Vo+ u? — 2vu cos ß’ 
to r'= oo. We obtain 


Ro Ro 


(59) H,(u) = 5 An? Yrlexp[— ven fas dé n{ exp [ip(£) —1}- 


0 0 
mu 


il e ile 
-{exp [— ip(n)] — Lye da’ exp [— v?/1?] = Jexp [2vu cos B'/l?] dp’ . 


0 0 
Now we integrate over P’. Thus 
Ro Ro 
N = 5 
(60) H,(u) = =; An? 4/7 lexp[— wef dé dné n{ exp [ig(é) — 1}: 
0 0 


TT 


: {exp [— t(y)] — 122 exp [— v?/1?]7,(2vu/l2) da’ . 


0 


We must know the function H,(w) only for the small values of w. Therefore 
we expand the modified Bessel function Z,(2vu/l?) into a series and than we 
integrate over « term by term. Retaining only the first two terms of the 
series we obtain 


(61) H,(u) = im rl exp [— u?/l?] te» [ip(£)] — 1}- 


{exp [ip] — 1}{[1L + are + pe) IL (ZEN) + 
+ 2u?(En/l*)T, (2En/l?)} exp [— (&? + n°)fl?]En dé dy . 


We make a small error in the value of H,(w), if we substitute g(o) in (61) 
by vi(@); the integration field being now a square of the sides r,. Further we 
expand H,(w) into a series of decreasing powers of /. If the system of scatterers 
is not too dense, & and » of the new integration field are small in comparison 
with J. Therefore we are satisfied with the first terms of the series. Hence 
the following approximation for H,(w) 


To, To 


N Br : 
6) Art) = 7 4ntvnl| {exp line — 1}fexpl— igen] — 1}: 


am 


: 2 si 2¢ 2 4 (si 2 
a en nn an RS 
1) be b, EN 


SE Fa) nas dy * 
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In the evaluation of the last term of (62) we took into account the relation 
between J and V/N, i.e. 1 = (1/Vx)V VIN. We do not give here the explicit 
expression for H,(0), as this term is not of interest and also does not appear 
in the formula for the angular distribution of the scattered waves. 

Substituting (58) and (62) in (30) to obtain H(u) and than inserting H(w) 
in (24) we get the final formula for the angular distribution of the flux of waves, 
multiply scattered by spheres 


27 


To 25 by 2); | 2sinb, 2cosb 2 \2 
+ 8 cos b 4\—| —||1 pt EE ea 
bi\ db, ) + Ro} bi \\ b, bi | | 


4 /sin b \2 inte 
+ x i * — cos by) rl aa. 


We replaced here the integration over 7 from 0 to co by the integration in the 
finite limits from 0 to t, where t is a constant great enough for the value of 
the integral to depend very little on the choice of it. But the constant ¢ must 
not be too great, as otherwise the exponential function of the integrand begins 
to increase at greater values of the argument because of the logarithmic term 
in the exponent. This increase of the value of the integrand is not real, it 
is only caused by the use of the approximate expression for H(w) instead of 
the exact. The integral (63) is of the Moliére’s type (*). MOLIÈRE gives more 
strict arguments for this method. He also evaluated the integral of type (63) 
in the form of quickly convergent series. 

The formula (63) gives some interesting features of the multiple scattering 
by spheres. The angular distribution of the waves, multiply scattered by 
spheres, is similar to the angular distribution of the electrons passing through 
thin metal foils. 

The factor (N/ V)arsd in the exponent of the integrand of (63) can be 
interpreted as the average number of the scatterings of a ray passing through 
the inhomogeneous medium, if we assume the scattering cross-section of the 
spheres to be equal to their geometrical cross-section. The real scattering 
cross-section o differs a lot from the geometrical cross-section and is given, 
in the case of a rare system, by the first term in the formula (58) 


t 
Ty [k'ro\? EN Greats x 
(63) (9, d) 25) jr |p mie 7 log i 
0 


2sindb, 2cosb, 4 


— 2 — — 
(64) 0 Zur (1 5, be ur 


(4) G. Morère: Zeits. f. Naturforsch., 3a, 78 (1948). 
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The cross-section o, as function of b,, oscillates and at greater values of b, 

approaches the double value of the geometrical cross-section (Fig. 2). This 

is in accord with Mie’s theory. It is 

3 of interest, that the oscillatory na- 

39° ture of o does not appear in the 

formula for Z(0, 4). The term in the 

exponent of (63), which corresponds 

to the scattering by isolated scat- 

15 Ex terers, i.e. (N/V )arjd(a*/4) log (x/4b,), 

10 has no oscillatory tendency. This 

can be explained by the fact, that 

cial S the scatterings at greater angles 

NH RE HE BOUT T MT EU UN chiefly determine the shape of the 

His 2: angular distribution function. But 

the oscillatory nature of o is due 

to the modifications of the scattering distribution function of a isolated sphere 
at very small angles. 

The other terms in the exponent of (63) besides (V//V)arjd(a?/4) log (x/4b,) 
are result of the mutual influence of the neighboring scatterers. These terms 
are only important in dense systems, for instance if R, & 2r,. We have not 
given attention in this paper to the exact determination of b, by the solution 
of the equations (6), as it appears only in the correction terms. We make a 
very small error, if we put e/— <e». With this approximation we have 
(n' — n)/(ny— n) = (r/Ro) and b,/b, = (ro/Ro)? As an example we consider 
the multiple scattering of light (A = 5-:10-5cm) by dielectric spheres (r, = 
= 5-10” cm, n,—n =10"°) embedded in the sheet of an optically homo- 
geneous medium (d = 10cm, n = 1.5, N/V = 25:10* cm”®). Substituting 
these values in (63) we see, that in a great part of the integration interval 
the value of the exponent function in the integrand is over ten per cent 
greater due to the correction terms. The influence of the correction terms on 
the angular distribution is greater for smaller b,. 

Our determination of the first and second correction term in the exponent 
of (63) is too approximate for very dense systems with R,<2r,. In such a 
case we cannot approximate the cells with spheres. The first correction term 
is due to the curvature of the surface of the cell, as can be seen from the 
evaluation of the second integral of (52). The shape of the cell has great 
influence on the value of this correction term. Also our way of evaluation 
of H,(w) is too approximate for small values of R,. The same holds about 
the evaluation of H,(u). Here however much work remains to be done. 

For some experimental evidence of the validity of the formula (63) and 
for the comparison of our result with the other theories of the multiple scat- 
tering by spheres see GOSAR (5). 


a 
= 


() P. Gosar: Razprave SAZU (Ljubljana, in press). 
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RIASSUNTO 


La teoria dello scattering multiplo pubblicata dall’autore in un articolo recente 
® estesa al caso di un mezzo non omogeneo composto di centri di scattering eguali e 
di simmetria centrale racchiusi in un mezzo omogeneo. Si presenta un nuovo metodo 
per il calcolo numerico della distribuzione angolare delle onde disperse. Come esempio 
si discute lo scattering multiplo da parte di sfere dielettriche. In questo caso la distri- 
buzione angolare delle onde disperse è simile alla distribuzione angolare degli elettroni 
attraverso lamine metalliche. Si mostra che la interazione mutua delle sfere ha una 
influenza sulla distribuzione angolare, se la distanza media fra le sfere vicine è del- 
l’ordine del loro diametro. 


Lo) 


1t 


IL NUOVO CIMENTO Vor. V, N. 6 19 Giugno 1957 


Radiation from ‘Pt and Proposed Decay Scheme (*). 


M. S. Hua 


Physics Department, Dacca University - East Pakistan 


(ricevuto il 7 Febbraio 1957) 


Summary. — By bombarding a gold target at proton energy of 61 MeV 
the isotopes !%Pt and 1%Pt were indirectly produced. Photographs were 
taken with the help of a 180° focussing ß-ray spectrograph. Of the 
207 lines examined, 170 were identified. Those assigned to !%Pt and !Pt 
are given in separate tables. Assignments were aided by intensity mea- 
surements under the high resolution of a 180° 8-ray spectrometer with 
crystal detector. A tentative decay scheme for 1%Pt was also made. 


1. — Introduction. 


This investigation is concerned with the radiations from the isotopes !??Pt 
and !°!Pt which have been indirectly produced by 17Au(p-6n)!*?Hg and 
Au(p:7n)'1Hg reactions in the McGill 100 MeV cyclotron. The activated 
mercury decays to gold by electron capture and gold in its turn decays to Pt 
by the same process. 

A large number of techniques are now available for the study of radio- 
active decay schemes. The most powerful methods today, involve mainly 
the use of spectrographs. First a y-ray spectrum may be taken of a radio- 
active source to give a quick indication of most of the activities. Once these 
activities are established in a rough way, the ß-ray spectrometers can be used 
for accurate determination of half-lives, relative intensities and conversion 
coefficients of internal conversion lines. Finally the high resolution 180° spec- 
trograph is used to establish fine structures and to find exact energy levels. 


(*) This work was done in the Radiation Laboratory, McGill University, Montr al, 
Canada. 
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Additional information concerning the fine structures is supplied by a 180° 
spectrometer. 

We used in our investigations a 180° B-ray spectrograph for fine structure 
studies and a 180° B-ray spectrometer for determining the intensities of 
the conversion lines and the half-lives of faint lines close to the strong ones. 
These instruments have relative advantages over each other in their respective 
fields. Thus in the present investigation the 
information gained from the plates of the spectro- TION 


graphs is supplemented by the runs in the spectro- L 192 Pt 2955 (keV) -K 
192 Au 146 (keV)-K 


= 


meter. 


2. — Experimental. 


Intensity (arbitrary units) 


Chemically pure gold (197) sheets of 0.001 in. 
thickness were used as target material. These sheets 4 
were bombarded in the 100 MeV McGill Proton Cy- Energy in MeV 
clotron at different energies. In order to find out Cees, 60 men 
a suitable exciting voltage necessary for the highest Fig. 1. 
activity of the particular isotope 12H, the target 
was bombarded at 50, 55, 60, 65, 70 MeV proton energy. A typical excitation 
curve of Fig. 1 shows that at a bombarding energy of 61 MeV mass = 192 gives 
the highest activity. Thus 61 MeV was the exciting voltage for this investigation. 
Bombardment for one hour gave strong activity and therefore was used in 
all subsequent work. Within fifteen minutes after bombardment the active 
mercury was evaporated and deposited on an aluminium block along a 
central line of 0.002 in. width. ’ 

This central line of active Hg served as a line source. After deposition, 
a period of two hours was allowed in every case for the decay of active 
mercury. Then the sources were heated for 15 min. Hg by K capture and 
ß+ emission decays to gold, gold decays to Pt and active Pt decays to Ir. The 
source on an Al-block is about four times more active than that on a wire. 

Sources prepared in this way were placed inside the 180° P-ray spectro- 
graph (!). Throughout the investigation the slit width remained fixed at 0.100 in.. 
Eastman X-ray no screen emulsion on glass plates was used in this inve- 


70 75 


stigation. 

A line corresponding to any moderate energy can be made to fall anywhere 
on the photographie plate by an appropriate choice of the magnetic field 
strength. 


() F. A. Jounson: Ph. D. Thesis (MeGill University, 1952). 
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An active source gave 165 lines on a plate at a field strength of about 
90 G/em. About 100 more lines were observed when the field was changed 
to about 150 G/em. Photographs are shown in Fig. 2. For each source, 
exposure times were varied from half an hour to three days. From the resulting 
plates the decay of different lines was studied. Energy values corresponding 
to these lines on the plate were calculated from the formula 


E = 510.98(V1 + 0.3443 H%o?-10-* — 1). 


Au 61 Mev-2Hrs. (1) 


(H~90g/cm) 
FOUT Gree PE PP 
Ba: 
wi … ls 4 4 4 4 Ca FT 


We got the different values of H? from the calibration curve. o? is related 
to X? by the formula o® = (X? + 15.0435)/4. The values of X come from 
the distances of different lines on the plate. Sources for 180° ß-ray spectro- 
meter (?) were prepared in the same way. In this apparatus the photographic 
plate is replaced by an anthracene crystal detector and an electronic recording 
apparatus. Source and detector slits were set at 0.14in. and 0.02in. respectively 
and thus we got 0.3% resolution and transmission was satisfactory. A range 
of 21 cm was scanned in about five hours time. Two count-rate meters with 
two recorders were connected in parallel. Times were denoted on the chart 
at the beginning and at end of each scan. The same process was repeated 
three or four times. Thus a number of charts were obtained. Decay rates and 
intensities of different lines were computed from the charts. 


3. — Results. 


Altogether there were 207 lines on the plates for a source excited at a proton 
energy of 61 MeV. The observed half-lives and the correspondence of different 
lines with conversion K, L, M, N electrons of different isotopes helped us in 
making the assignments of different lines. About 170 of them were assigned. 


() M. A. Bapior: M. Se. Thesis (McGill University, 1954). 
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Most (?-°) of them corroborate the results previously obtained. Electrons thus 
observed correspond to conversion lines of Au, 108 Au 192Au, 22%1Au, LS ET, 


wept, Pt and Ir. This is 
due to the fact that gold de- 
cayed to platinum and plati- 
num in its turn decayed to 
iridium. 

In the present work our idea 
was to observe the radiations 
from 1*?Pt and if possible, from 
191Pt. We tried to observe as 
many y-rays as possible for 
192Pt especially in the low e- 
nergy region. EwAN and THOMP- 
SON (4) reported the presence 
of 16 y-rays in ‘Pt. In the 
lower energy region we observ- 
ed afew more, viz. 45, 97, 105, 


167 and 308 keV y-rays of which 45, 97, 308 keV y-rays fit nicely into the 
latest decay scheme proposed for 1°*Pt by TAYLOR and PRINGLE (?) from the 
study of irradiated Ir with the help of a scintillation spectrometer. Further 
study may help in finding some other levels for fitting 105 and 167 keV new 
y-rays. Observed y-rays with their possible polarity are given in Table I 


Tentative Decay Scheme Ener Spin Parit 
“ for '$2Pt Chevy 4 
1456 
97 1356 
1201 


1118 


and the proposed decay scheme is shown in Fig. 3. 


115577783 612 316 0 0 


TagLe I. — Conversion line designation for Pt. 
Electron Energy y-Rays Designation Intensity (Ar- | Polarity 
(keV) (keV) bitrary Units) h 
31.11 44.97 L, 8 
31.91 45.17 Le 2.0 a 
33.50 45.05 DR 7.0 pad 
42.17 45.20 M, 1 
18.56 96.91 RE 3.5 | 
82.92 96.79 L, 1 ld Siete mye 
85.39 96.94 178 1 LES TE 
95.95 96.66 N, 1.5 
(8) L. P. GıLLon, K. GOPALA KRISHNAN and A. De-SxaLir: Phys. Rev., 93, 124 (1954). 
() G. T. Ewan and A. L. Thompson: Trans. Roy. Soc. Canada, 47, 126 (1953). 
(5) J. M. CoRK, J. M. LEBLANC, A. E. STODDARD, W. J. Caps, C. E. BRANYAN 


and D. H. Martin: Phys. Rev., 82, 930 (1952). 


((2 
( 


) K. I. ROULSTON and R. W. PringLE: Phys. Rev., 87, 930 (1952). 
7) H. W. TAYLOR and R. W. PRINGLE: Phys. Rev., 99, 1345 (1955). 
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TABLE I: continued. 


| Electron Energy y-Rays Dane Intensity (Ar- Polarit 
(keV) (keV) esignation | pitrary Units) a 
| LE L: 
| 26.31 104.66 K 6 
90.89 104.75 7, 2 M, 
91.45 104.71 Lie 0.5 
58.10 136.45 K 6 
123.61 137.47 L, 8 EB, 
124.15 137.41 De 2,5 
142.91 156.77 L, 16 Fe 
143.38 156.64 Le 2 
| 89.46 167.81 K 3 
153.52 167.40 L, 1.5 M, 
| 156.26 167.31 De 1.0 
| 
| 126.38 204.73 K 3 BEM, 
| 190.93 | 204.79 L, 1 or M, 
| 203.13 282.48 K 4 
| 269.60 282.66 IR 9 Bs 
| 
| 217.20 295.55 K 16 
| 281.34 295.20 UDP 4 
| 281.96 295.22 Lie 5 Be 
| 283.62 295.17 Des 3.0 
| 292.12 | 295.40 3 
| 229.65 308.00 K 9 
| 294.40 308.26 L, + B, 
237.78 316.13 K 35 
| 301.93 315.80 iti, 6 
| 302.40 315.66 Le 7 E, 
| 304.25 315.80 160. 5 
312.80 315.81 M, 4 
| 314.95 | 315.66 N, 2 
| 386.89 400.75 L, VW. 
387.76 401.02 TE VW. 
401.24 415.40 L, 4 
359.00 437.35 K 1.5 
388.12 466.47 | Ke 1.5 


y-rays observed in !°!Pt are shown in Table II. Some of them were pre- 
viously reported by Moon and THOMPSON (8). 


(5) J. H. Moon and A. L. THOMPSON: Phys. Rev., 83, 892 (1951). 
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TABLE II. — Conversion line designation for Pt. 


Electron Energy y-Tays Designation | Intensity 
(keV) (keV) _ (Arbitrary Units) 
34.33 48.20 If | 2 
34.91 48.17 Le | 3 
36.68 48.23 De | 2 
44.91 48.20 M, 1 
39.24 53.10 L, | 15 
39.85 53.11 Ly 2 
50.27 64.10 D, | 15 
50.94 64.20 Ly 18 
77.80 91.06 | Le 8 
79.50 91.05 | UN | 9 
44.10 122.45 | K | 1 
110.98 122.55 | Lin : 
| 33.17 111.52 K 2 
| 97.65 111.52 L, 2 
37.30 115.65 | K 3 
| 101.60 115.46 L, 1.5 
51.60 129.95 K 6 
| 115.75 129.62 L, | 4.5 
| 117201 130.57 | Tne | 0.7 
55.15 133.50 K 12 
119.00 132.86 | L, | 2.5 
| 119.53 132.79 u 1.5 
80.40 158.75 K | 4 
147.44 161.30 L, | 4 
148.38 161.64 172 | V.W. 
149.92 161.47 1 | V.W. 
136.53 214.88 | K | VW. 
201.76 215.02 Er V.W. 
211.73 215.02 M, V.W. 
214.62 215.33 | N, | VW. 
170.11 248.46 K | 2.5 
235.51 248.77 IA, 1 
| | 
326.90 405.25 K | V.W. 
= 93 - Il Nuovo Cimento. 
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RIASSUNTO (*) 


Bombardando un bersaglio d’oro con protoni di 61 MeV di energia furono prodotti 
indirettamente gli isotopi ?Pt e 11Pt. Furono prese fotografie con l’ausilio di uno 
spettrografo focalizzatore di 180° a raggi 6. Delle 207 righe esaminate se ne identi- 
ficarono 170. In tabelle separate si riportano quelle assegnate al 1°?Pt e al 1#1Pt. Le 
assegnazioni furono facilitate da misure d’intensità eseguite per mezzo di uno spettro- 
metro di 180° a raggi ß con rivelatore a cristallo. Si & anche ipotizzato uno schema di 
decadimento per il "”?Pt. 


(*) Traduzione a cura della Redazione. 
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Measurement of the Alpha Particle Flux 
at 41° N Geomagnetic Latitude Using Nuclear Emulsions. 


B. J. O’BRIEN and J. H. Noon 


The F.B.S. Falkiner Nuclear Research and Adolph Basser Computing Laboratories, 
School of Physics (*), The University of Sydney - Sydney, N.S. W., Australia 


(ricevuto il 7 Febbraio 1957) 


Summary. — Values obtained for the «-particle flux by counter measu- 
rements at 41° N over the U.S.A. are significantly higher than those 
obtained using nuclear emulsions at 41° N over Sardinia. We have 
measured the «-particle flux at 41° N over the U.S.A. using nuclear 
emulsions and the results in agreement with counter measurements are 
higher than those over Sardinia. These measurements are of interest 
in view of the proposed modifications to geomagnetic co-ordinates. 


Recent measurements have indicated that calculations using geomagnetic 
co-ordinates based on the centred dipole approximation yield erroneous values 
for cosmic ray fluxes at certain parts of the earth’s surface (»?). Two modifi- 
leations to the above co-ordinate system have been proposed, which would 
ead to different calculated cut-off energies and hence different fluxes for places 
formerly considered to be at the same geomagnetic latitude, but different 
longitudes. One of these is a theoretical one which involves an eccentric dipole 
field for the earth rather than a centred dipole (?), while the other is purely 
empirical. | 

The value of the «-particle flux at 55° geomagnetic latitude over England 
(longitude 0°) differs significantly (*) from that at the same latitude over the 
U.S.A. (longitude 90° W). The discrepancy may be explained (?) by either 
of the proposed modifications to the geomagnetic co-ordinates. However the 

(*) Also supported by the Nuclear Research Foundation within the University of 
Sydney. 

(1) €. J. Wappineron: Nuovo Cimento, 3, 930 (1956). 

(2) J. A. Simpson, K, B. FENTON, J. Karzmann and D. C. Rose: Phys. Rev., 


102, 1648 (1956). 
() F. 8. Jory: Phys. Rev., 102, 1167 (1956), 


1463 


1464 B. J. O'BRIEN and J. H. NOON 


discrepancy by a factor of two between values for the «-particle flux obtained 
at 41° geomagnetic latitude over Sardinia (longitude 10° E) and over the U.S.A. 
(90° to 105° W) is too large to be explained by the eccentrie dipole field (?). 

Since the experiment in Sardinia (4) was carried out with nuclear emul- 
sions whereas values reported (°°) over U.S.A. were obtained from counter 
measurements, we believed that it was worth while to measure the flux of 
primary «-particles in a nuclear emulsion stack flown at 41° N geomagnetic 
atitude over Texas U.S.A. (longitude 105° W) in February, 1956, so that 
direct comparison of results obtained by nuclear emulsion techniques, could 
be made. The stack consisted of 15600 um G-5 Ilford stripped emulsions 
9 in. x10in., all in contact, flown with vertical orientation of the 9 in. side 
for around 6 hours at over 110 000 feet (8.6 g/cm? residual atmosphere + 2 g/cm? 
packing). Further details can be obtained from a previous report on this 
Stack (2). 

The plateau grain density g,, of the plates was found to be (8=+-0.5) grains/100 um 
from measurements on an unbiassed sample of electrons from r-u-e decays. 
Scanning was then carried out for tracks with grain density between 3 and 
5 times the plateau value. Tracks were traced for 4 em and counted for 
400 grains in the central 400 um of the emulsion sheets at the beginning 
and end of this range. Twelve such tracks whose grain density changed 
by less than 10% over a range of 4 cm or more of emulsion, gave a mean 
grain density of 34 +1 per 100 um for fast «-particles. 

Horizontal line scanning was then carried out with 450 x magnification 
for all tracks entering the scanning sheet from the outside, which had grain 
density >25 per 100 um, projected length >5 mm in the scanning plate, 
and projected zenith angle < 45°. The grain-density acceptance limit is more 
than two standard deviations below the mean value for alphas. Only those 
tracks which had a projected length of 7.5mm or more, and a projected 
zenith angle of less than 30°, were accepted for tracing and analysis. In the 
original scan of 45.4 em 117 such tracks were found, and in a rescan of 22.7 cm, 
2 more tracks were found. Scanning efficiency is therefore estimated as 96%. 
Tracks accepted for analysis were traced until they led to a star or had tra- 
velled at least 4 cm (16 g/em-?). 400 grains were counted in the central 400 um 
of the emulsion sheet at each end of the tracks. 


A. DE Marco, A. Mınonz and M. REINHARZ: Nuovo Cimento, 3, 1150 (1956). 
G. J. PERLOW, L. R. Davis, C. W. KiIssINGER and J. D. Suipman: Phys. Rev., 
1 (1952). 

N. Horwitz: Phys. Rev., 98, 165 (1955). 


) 
(5) 
2 
(°) 
(*) L. Bonu: Ph. D. Thesis, University of Minnesota [quoted by WADDINGTON (?)]. 
) 
) 
) 


88, 3: 


6 


(5) W. R. WEBBER and KE. B. McDonaup: Phys. Rev., 100, 1460 (1955). 
(°) J. LinsLeyY: Phys. Rev., 101, 826 (1956). 
(1) J. H. Noon, A. J. Herz and B. J. Ö’BRIEN: Nuovo Cimento, in press. 
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At geomagnetic latitude 41° N, the cut-off kinetie energy of «-particles 
with zenith angles of less than 30° is more than 1.3 GeV/nucleon, hence all 
primary alphas at flight altitude are relativistic. 

It is essential to separate with certainty «-particles from the background 
of slow singly-charged particles, protons, deuterons, and tritons, which ori- 
ginate from nuclear interactions either above or within the stack. These spu- 
rious tracks traced into the stack from the survey plate should show an 
increase or decrease in grain density, whereas fast «-particles should show no 
such variation. 

The residual ranges (R) in emulsion of protons, deuterons and tritons 
having a grain density of 4 times minimum, calculated from the tables of 
BARKAS et al. (#4), are 2.7, 5.4 and 8.1 em respectively. In Table I are given the 


TABLE I. 
| 
Particle (1 3.5) em | R em | (R— 3.5) em 
| 

g/100 um 24 | 34 | = 
Proton - - | | 

% change 29% 0% = 

g/100 um 28 | 34 | 55 
Deateron | 

%, change 19% 0% | 63% 

g/100 um 29 34 | 45 
Triton = == ae 3 | x 

% change ; 14%, 0% SA 


grain counts for these 
particles at (R + 3.5), 
Rk, and (& — 3.5) em. 
Since all grain counts 
are done to 5%, stati- 
stical aceuracy and 
only tracks which \ 


Ste — 


: : 050 160 150 200 250 300 360 400 450 500 550 500 
changed in grain den- Dean below. Tsurtace. juin 


sity by less than 12% 
over 3.5 em of emulsion 


Fig. 1. — Depth distribution of all tracks found which 


satisfied the acceptance criteria for analysis. 
were accepted as «-par- 


(1) W. H. Barkas and D. M. Youne: Heavy Particle Functions, University of 
California Radiation Laboratory Report UCRL-2579 Rey. (Berkeley, Calif. Univ. 
of Calif., 1954). 
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ticles, only a slow triton may possibly be identified as an «-particle. The per- 
centage change in grain density over a range of at least 3.5 cm of emulsion for 
all tracks accepted as «-partieles is shown in Fig. 2. The distribution has a 
mean of (—2 +1)%, rather than the expected zero value, and has a stan- 
dard deviation of 5%. As seen from 
8 Table I, a triton will show a varia- 
tion of at least 14% over the same 
range, and the slight skewness of 
the «-partiele distribution in Fig. 2 
should not result in erroneous reject- 
ion of true «-particles or in er- 
15  -10  -5 0 5 DOTE roneous acceptance of background 
Fig. 2. — Percentage change in grain density tracks to any significant extent. 
of all «-particles after 3.5 cm of emulsion. Measurements of DAHANAYAKE 
et al. (7) on grey prongs (energies 
between 70 and 300 MeV) from stars indicated a proton-to-deuteron ratio 
between 0.3 and 0.1, and a triton-to-deuteron ratio of 0.25. Accordingly an 


6 


7 Number of Alpha-particles 


upper limit to the background due to slow tritons is 8% of the background 
due to slow protons. In our experiment 3 of the 72 background tracks 
were classified by their change in grain density as due to tritons, and accord- 
ingly it is certain that the correction to the «-particle flux for incorrectly-iden- 
tified background tracks is less than 5%. Grain density distributions of all 
tracks which satisfied the acceptance criteria are shown in Fig. 3, together 
with the grain-density distribution of the «-particles. The spread in the «-par- 
tiele distribution is 7%, i.e. slightly larger than that expected from statistical 
fluctuations alone, but it is not enough to affect the separation from back- 
ground. 


10r 
8% All tracks 
A 
6 & 
=) 
de 
21 
a 25 30 a [ | 
Grains per 108 um => 40 
87 = 
618 £ 
& Scanning cut-off Alpha-particles 
4- > 
2 = 
( — Grains per 100 um 
N ai) 
20 25 30 35 40 45 


Fig. 3. — Grain density distributions of «-particles and all tracks analysed in the 
survey plate. 


(2) C. DAHANAYAKE, P. F. Francois, Y. Fusimoro, P. IkEDALE, C. J. WAD- 
DINGTON and M. Yasin: Nuovo Cimento, 1, 888 (1955). 
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10 tracks were also found which had grain density between 28 and 
38 grains/100 um and led to a star on t ‘acing wihout showing any appreciable 
change in grain density. In 9 of these the star contained one or more shower 
particles in à narrow forward cone at less than 5° to the direction of the 
track traced. These were accepted as a-particle-induced stars. The other 
track, 16 mm long, led to a star with no emergent shower particles, and this 
was also taken to be an incident «. 

The above results are in reasonable agreement with WADDINGTON (Gey 
who found that, for a median «-particle energy of 1.3 GeV/nucleon, 5 of the 
68 stars caused by «-partieles contained no shower particles. The interaction 
mean free path obtained (218.9/10) = 21.9em, is in agreement with pre- 
vious measusements (1%11). 

Of the total length scanned, viz. 45.4 em, two lines of 11.4 em each were 
separated by 2 em, and the remainder of the lines were 7.5 em apart; 45 «-part- 
icles were found in the first scan. After correction for tracks which crossed 
more than one swath and for scanning efficiency (given above) the flux of 
the g-particles at flight altitude is 92 particles m? s~' sr’. 

Caleulation of the primary flux at the top of the atmosphere was made, 
using an attenuation mean free path in air of 45 gem, and correcting for 
g-particles which entered the stack during ascent and descent of the balloon 
(about 10%) and for fast alphas produced above the stack in interactions 
of heavier particles (about 5%). In the latter estimate, fragmentation pro- 
babilities were taken from Noon and KAPLON (7) and flux values from NOON 
et al. °°). The resulting primary a-particle flux at the top of the atmosphere 
at 41° N geomagnetic latitude is (102 +15) particles m~? s™ sr-1, The error 
quoted is the statistical standard deviation only. 

This value is in good agreement with previous measurements made with 
counter apparatus at 41° N over the U.S.A., given in Table IT. However, 


Papip IT. — Counter Measurements at 41° N geomagnetic latitude of the Flux of «-Particles 
(particles m? s-! sr-+). 


110 + 20 G. J. PurLow et al. (°) 

99 + 16 N. Horwitz (°) 

8s + 10 | L. Bonn (‘) 

82 + 9 W. R. WEBBER () | 
88 + 8 J. LINSLEY (°) 

87 + 9 F. B. McDonatp (?*) | 


(13) ©. J. WADDINGTON: Fhil. Mag., 1, 105 (1956). 
(4) M. V. K. Arper Rao, R. R. Danıen and K. A. NEELAKANTAN: Proc. Ind. 
Acad., 43, 181 (1956). 
. (5) J. W. Noon and M. F. Karnon: Phys. Rev., 97, 769 (1955). 
(6) F. B. McDonaup: Phys. Rev., 104, 1723 (1956). 
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it is in marked disagreement with the only other measurement at this latitude 
reported by nuclear emulsion workers (*), who obtained a value of (398.6) part- 
icles m? s-! sr-! from a stack flown in Sardinia. 

A similar discrepaney by a factor of two exists between the measurements 
in emulsion of the flux of nuclei heavier than boron. Fay (17) obtained a 
figure of (4.0 + 0.8) from a stack also flown in Sardinia, whereas the Sydney 
group has found a flux of (8.1 + 1.5) in the stack flown over Texas (1°). The 
latter figure is in agreement with previous measurements (182°) in the U.S.A. 


The measurements on the flux of heavy nuclei and of «-particles over Sar- 
dinia were carried out by two different laboratories on stacks flown on two 
different flights. The measurements over U.S.A. were made by many workers, 
using a variety of techniques. Accordingly the discrepancy by a factor of 
two between these fluxes at different longitudes appears to be a real effect 
and it seems necessary to invoke a shift in geomagnetic co-ordinates to ex- 
plain it (*). 

* Kk OK 

The authors acknowledge with pleasure the help given by Dr. A. J. HERZ 
in discussions on this paper. The team of scanners who have taken part in 
this work consisted of Mrs. B. CHARTRES, Mrs. I. DOCHERTY, Mrs. I. THow, 
Mrs. K. WOODGER and Miss M. Woopwarp. The figures were prepared by 
Miss S. A. O’REILLY. Our thanks are due to the U.S. Office of Naval Research, 
who arranged the balloon exposure, and to Professor H. MESSEL and the 
Nuclear Research Foundation within the University of Sydney for the ex- 
cellent facilities put at our disposal. One of us (B.J. O’B.) is indebted to the 
Research Committee of the University of Sydney for a Research Studentship. 

NH. Fiy: Zeits. f. Naturfor:, 10a, 572 (1955). 

(8) M. F. KAPLON, B. P#TERS, H. L. Reynorps and D. M. Ritson: Phys. Rev., 
85. 295 (1952). 

(9) M. F. Kapton, J. H. Noon and G. W. RACETTE: Phys. Rev., 95, 1408 (1954). 

(*) Recently Any and WADDINGTON have obtained a value of (72 + 9) for the 
%-partiele flux from an emulsion stack flown in Sardinia. Although much higher than 


that found by DE Marco et al. it is still significantly lower than our value over the U.S.A. 
Private communication ©. J. WADDINGTON (1957). 


RIASSUNTO (*) 


I valori ottenuti eseguendo misure con contatori per il flusso delle particelle « 
a 41° N sugli Stati Uniti sono significativamente maggiori di quelli ottenuti per mezzo 
di emulsioni nucleari a 41° N sulla Sardegna. Abbiamo misurato il flusso di particelle « 
a 41° N sugli Stati Uniti per mezzo di emulsioni nucleari e i risultati, che si accordano 
con quelli delle misure permezzo di contatori, sono superiori a quelli ottenutiin Sardegna. 
Tali misure sono d’interesse per le proposte modificazioni alle coordinate geomagnetiche. 


(*) Traduzione a cura della Redarione. 
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On the Impossibility of the Hamiltonian Formulation 
of Theory with the Form-Factor. 


V. S. BARASENKOV 


Joint Institute for Nuclear Research - Dubna, USSR 


(ricevuto l’11 Febbraio 1957) 


Summary. — It is shown that the Hamiltonian structure is not proper 
to the theory with non-local interaction; the latter may be formulated, 
however, both in Lagrangian x; &; AN: A, and Hamiltonian variables 
%; Pr; Au; %,- With the help of an example of one-dimensional oscillator 
Pauli’s method is considered (7). The initial integro-differential equation 
of motion and the canonical system of equations of motion obtained by 
the Pauli method are not equivalent. The many-time equations of motion 
obtained by Hayashi’s method (1!) turn out to be incompatible in any 
K-approximation of the perturbation theory. 


1. — Introduction. 


A considerable number of recent papers have been devoted to the theory 
of field with «spread » or, as is usual now, non-local interaction. Such theories 
may be regarded as attempts at a phenomenological description of the internal 
structure of elementary particles. But even independently of physical ideas 
concerning the understanding of elementary particle size, the examination of 
theories with non-local interaction is very important as an inquiry into the 
possibilities of the mathematical apparatus of linear field theory. 

Theoretical investigation of possible deviations in small space-time regions 
from the principles and concepts which have proved true for the phenomena 
in macroscopic space-time regions acquires nowadays quite a particular signi- 
ficance in view of the great difficulties the field theory has been facing of late (*). 


“() L. D. Lanpav and I. Ja. Pomerantux: Dokl. Akad. Nauk SSSR, 102, 489 
(1955); I. Ja. PomprancuK: Dokl. Akad. Nauk SSSR, 103, 1005 (1955). 
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« Searching » studies of this kind make it possible to detect the points in which 
actual theory is the least «stable» and which may serve as a beginning for 
further generalizations of the theory. 

A characteristie feature of the theory with non-local interaction is that 
it allows for velocities of signals greater than that of light in small spacetime 
regions. In this case equations of motion contain dynamic variables con- 
cerning different instants of time; as a consequence, it is insufficient to know 
the behaviour of the dynamic variables only in the near neighbourhood [t; ¢+ 3¢] 
in order to determine the solution at the point {+3t, and the Hamiltonian 
formulation of theory becomes impossible. 

For theories with the Schrödinger wave equation this has been clearly de- 
monstrated by M. A. MARKOY in papers (?). 

After the appearance of the papers by D. I. BLOHINcEV (?) and R. E. 
PEIERLS (1) the theory with non-local interaction has been formulated in the 
relativistic invariant Heisenberg representation (5) (*). 

In this case, however, the theory cannot be formulated either in the Hamil- 
tonian form. This may be simply exemplified by a system of classical oscil- 
lators with non-local interaction. 


2. — Oseillatory model with non-local interaction. 


21. — The function of action S for a system of N interacting oscillators 
will be written as follows: 


+ © 


Ja 2( 
(1) N Sn 2 Ji BIC — 52 ©; | gi(t) dt — 
ee a + © 
RTS 3,2 ‚ra ao q(t) Pis(t, — %)g;(t,) dt, dé , 


where q; and g; are the coordinate and the velocity of the oscillator; F,; is the 


(2) M. A. Markov: Zu. Eksper. Teor. Fiz.,10, 1311 (1940); 16, 790 (1946); 21, 11 
(1951); Usp. Fiz. Nauk, 29, 269 (1946); 51, 317 (1953). 

() D. I. BLomNCev: Moscow Univ. Herald Physics, 77, 3 (1946); Zu. Eksper. Teor. 
Fiz., 16, 480 (1946); 17, 267 (1947); 18, 556 (1948). 

() R. E. PEIERLS: 8" Conseil de Physique, Inst. Solvay (1948), p. 291; R. E. PEIERLS 
and H. Mc Manus: Proc. Roy. Soc., 195, 323 (1948). 

(5) P. Kristensen and G. MoLLER: Det Kon. Vid. Selsk. Med., 27, n. 7 (1952); 
©. Buocu: Det Kon. Vid. Selsk. Med., 27, no. 8 (1952). 

(*) As is known, in the theory with non-local interaction the interaction repre- 
sentation and the Heisenberg representation are not equivalent. 
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form-factor satisfying the conditions 


(2) Vis Pis = Yan; 
when |t|> 2 
(3) F,;(t) — 0 : 


when À = 0 


(4) F;;(t) > d(t). 
From the variation principle 
(5) 0808 


by varying the dynamic variables q,(t) and q.(t) we get the equation of motion: 


+ co 


N 
(6) dit) +) + yo [run — 0” i=1,2,..N. 
el, 


09 


2-2. — The solution of the system of integro-differential equations (6) may 
be obtained with the help of the Laplacian or Fourier transformation. For 
the form-factors F,, satisfying the condition 


+0 


(7) [eptzlnirumia<r< a> 0, 


—o 


this solution is the following: 


(8) alt) =>. ¥ Iawde- (os exp [wut] +6, exp [— wit) ; = 1, du, N. 


Here cf are arbitrary constants; the kind of the functions fi(wz) and the root 
values w, are found from the linear homogeneous system of algebraic equations: 


N 
(9) (ar — ow?) far (UE) — > v0) Fl) — 0 HAN ES ENS 
j=1 
where 
+ 
(10) BE) = var [Pu exp [— wt] dt ; 


M „is the root multiplicity. 
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It is clear from a direct substitution that the functions (8) satisfy the 
system of equations (6). It may also be shown that (8) is the unique solution 
of the system of equations (6) in the class of continuous functions satisfying 
the condition: 


(11) Famiespt- einar ce 


where 


DEEE (CHAUDE 


The condition (11) shows limitations for the admissible root values w, in (8). 
The 2NM values of the constants ¢ are determined from the initial con- 


Xi 
ditions 
| dg;(t) ; 
(12) Qit)| = = Gio} a | = dio; ete. 
| t=ty lt=t 


2NM initial conditions at the instant of time t =f, and the condition (11) 
concerning the whole infinity interval [— co; +co] fully determine the solu- 
tion of the system of equations (6). 

In the general case of the form-factors F',,, limited only by the require- 
ments (2)-(4), the multiplicity of the root w, is 


i.e. to determine the kind of solution a number of initial conditions greater 
than that in the system of oscillators with local interaction is needed. The 
required number of initial conditions also depends upon the value of the co- 
efficients y,; which determine the degree of interaction of the oscillators. 

A part of the roots w, will have, in this case, a real part which is not zero 


Re (w,) 4 0 
and determine the divergent solutions which have no physical meaning: 
Qu(t) ~ exp [Re (w,)t] . 
There exists, however, a large class of values of form-factors F,; and bond 
coefficients y,; for which all roots w, are purely imaginary, the number of these 
roots being the same as for the oscillators with local interaction. 


The case is analogous, in particular, when the coefficients y,; in the 
class of form-factors satisfying the condition (3) are small enough. To show 


ae ER ena ee ROE ER ét ARR AEP A rae: trenton ee eke ee ce 
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this it suffices to re-write the system of equations (6), with the help of the 
Green functions G,(to; t;t,), as a system of integral equations: 


Fe +0 
(13) qi(t) = Qoit) + > pa | Gi: 14) jt — te)qi(te) dt, de, , el, 2, 
fal 
where 
Gi(to; t5 4) | sot, — 0 ; ACHERN eee 


and to substitute the finite limits À > for the infinite integration limits, 
which is always possible owing to (3). 

According to the well-known theory the system of integral equations (16) 
with the coefficients y,; sufficiently small and q,(t) limited has a unique so- 
lution which may be obtained by the method of successive approximations (6): 
The requirement of limited q),(¢) in (13) concerns the infinity interval 
t€[t); co] in contrast with the theory with local interaction where the func- 
tions gt) must satisfy the requirement of limitation only in the interval [t,; ¢]. 

The demand of limited q,(t) at the infinite interval t €[t); co] is analogous 
to the requirement (11) for the solution of equations of motion by the method 
of the Fourier or Laplacian transformations and is essential to the demonstra- 
tion of the theorem that the system of equations (6) and (13) has a univoeal 
solution. In the theory with local interaction all dynamic variables in the 
system of equations of motion belong to the infinitesimal neighbourhood of 
the instant of time t, and to determine the kind of solution at the point tôt 
we have to know the behaviour of the variables only in this infinitesimal 
neighbourhood [t; ¢-+d¢]. 


2°3. — The system of equations (6) may be re-written as follows: 
d (oL OL 
2 > ; DEN 
ra dt a qi | 


if we determine 


< MIE A re 
(15) EA 5 > malt) — 5 % oa) ok 


ae 


DER zu [Bult — tM (ts) dt, . 


aid 


() I. G. PETROVSKIJ: Lectures on Integral Equations (Moscow, 1948). 
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By determining then the function 

N 
(16) H=—L+5 pq =Hp;a)— 

i=1 

Lee pit en. Auge 

EG ee 5 2 — O5) i5 sl — h)q;) Al, 
bass gt) +5 > (2— du) JF (t — t,)qi(t,) dé 
Ze ; Ai i; j=1 


the system of equations (14) may be re-written as follows: 


(17) nee = 


However, the system of equations (17) is not a Hamiltonian one as its 
dynamic variables concern different instants of time, while the Hamiltonian 
system of equations supposed the dynamic variables bound only in the infi- 
nitesimal interval of time dt. Besides, with 4—0 the functions Z and H 
with N > 1 do not become the Lagrangian and Hamiltonian functions of the 
theory with local interaction (*). 


2'4. — PAULI (7) has suggested to construct the theory with non-local inter- 
action in the Hamiltonian form using the known fact of analytical dynamics 
that the Hamiltonian system of equations of motion is connected with & 
a certain bilinear differential form obtained from the equation of motion (6) (S). 

For instance, for an oscillator with non-local interaction it is easy to derive 
from the equations of motion (6) the bilinear differential form 


+0 
x : wo Le 
(DS) eer D (Dq(t); dq(t)) + 2 e(t — b,)F(t, — t,)(Dq(te); dq(t,)) dt, dt, , 
which satisfies the condition 
d N 
(19) ap DI) ZN 


(*) However, the writing of the equations of motion in terms of the auxiliary 
functions LZ and H proves to be of much use when studying the many-time generaliz- 
ations of the theory with non-local interaction (°°). 

(9 W. Paurr: Nuovo Cimento, 10, 648 (1953). 


(5) M. D. WHITTAKER: Analytic Dynamics (Moscow, 1937). 
(°) V. 8. BARASENKoV: Zu. Eksper. Teor Fiz. (in the press). 
(19) V. S. BARASENKOV: Thesis (1955). 
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Here 


(Dat); Sq(t)) = Dat) Salt) — dat) Dg] ; 
| +1, when t>0 


AU 
We, when t<0 


I(t; D; 3) contains dynamic variables concerning different instants of time, 
which hinders the direct application of analytical dynamics theorems. To 
overcome this difficulty PAULI has proposed, proceeding from the equation 
of motion (6) (N — 1), to express q(¢,) and q(t,) through independent dynamic 
variables q and ÿ taken at the instant of time f: 


(8') q(t;) = g(t) cos w(t; — t) + it) — sin w(t; —t). 


The differential form (18) expressed through the dynamic variations Datt); 
Sq(t); dq(t) satisties than the conditions 


d1(t; D; 8) + SI(t; d; D) + DI(t; 3; d) — 0 


and may be considered as the bilinear covariant of a Pfaff form which may 
be reduced by an appropriate transformation of the dynamic variables to the 
canonical form (1). It is clear from the above considerations that the cano- 
nical system of Pauli equations is constructed with the help of the found so- 
lution (8) of the integro-differential equations (6), which leads to the fact that 
this system of equations is actually superfluous and cannot give anything new 
with comparison to the equations (6). 

Besides, for the solution of the initial equations of motion (6), require- 
ments of the kind of solution concerning the whole infinite time interval 
are obligatorily employed. 

The necessity of such additional requirements makes à substantial dif- 
ference between the equations of motion (6) and the canonical system of Pauli 
equations (%). From this point of view Pauli’s method is equivalent to the 
substitution of the integro-differential equations of motion for differential 
equations for which the Cauchy problem may be formulated (i.e. no addi- 
tional conditions in the infinity interval are needed) and the solutions of which 
coincide with those of the initial integro-differential equations derived from 
the variation principle. 


-(1) N. K. Raëÿevski: Geometric Theory of Equations with Quotient Derivatives 
(Moscow, 1948). 
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2°5. — An attempt may be made at obtaining the Hamiltonian formu- 
lation of the theory by re-writing the system of equations of motion (6) as a 
system of differential equations with higher derivatives (121) 


& a d à 
(20) VE + Os; + > Vil i; (5) dj = 0; = al, 2 Ne 
Jen 
Paper (!?) contains a method of constructing the Hamiltonian formalism 
for the general case when 


aa fs! dar ed 
(21) Fis (3, = exp 15 nl 5 = a) . 


But again the system of integro-differential equations (6) is equivalent to 
that of differential equations (20) only with definite requirements superposed 
on the kind of the functions q, in the whole infinity interval te |— co; + oo]. 


3. — Theory of field with non-local interaction. 


3'1. — The results obtained in the preceding section are true for the 
3lohincev-Peierls theory of extended particles (#1) and the theory of field 
with non-local interaction as well (5). 


3°2. — For the Hamiltonian formulation of the system of equations of 
motion with non-local interaction HAYASHI (4) has suggested to use the 
method (5) which was successfully applied before to the theory with local 
interaction. Let us consider this method in the application to the non-local 
interaction of a scalar neutral field A(x) and a scalar charged field y(x). 

Let us write the system of equations of motions as follows: 


>55 a | Ante — a )ep* (a, )¢p (a3) (t'as) A (a3) — 


REN 
— > g'a[x; ol; 


oa) = 


on 


Cope ee a = i Aula — a) A (at) (ta) (ar) (aus) — 
Oa RE 
ma 


(2) A. Pais and G. UHLENBECK: Phys. Rev., 79, 145 (1950). 

(5) Y. Karayama: Progr. Theor. Phys., 10, 31 (1953); I. Rzewuskı: Acta Phys. 
Polonica, 12, 100 (1953). 

(4) C. Hayasui: Progr. Theor. Phys., 10, 533 (1953); 11, 226 (1954). 

(5) H. UmezawA and Y. TAKAHASHI: Progr. Theor. Phys., 9, 14, 501 (1953). 
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where 
oo [>] 
(24) Aa) => g*Ale;o]; ya) =D g'yilr; 0]. 
k=0 k=0 


If the equations (22), (23) are re-written as follows 


SA 

(25) wes) men; Ads all 
yo 4 

(26) el Halo; pr ol)» 


then, comparing the right sides of the equations (22) and (25) and (26) and 
properly choosing expressions for the additional fields a[æ; o] and g:[#; o] it 
is possible to find a formal expression for the functional H[«; o| in form of 
a power series of g: 


(27) H[x; co) = > g'H,lz; 0]. 
k=1 
The equations (25), (26) are integrable only if 


Ô 5 5 
IQ RAA EE as . == ipa J pied Hp paris aes 3 = 
2) Les Sn soe) Sale| PT! = 0 
or, taking into account the expansion (27): 
D ey PR le ET ne. 
5 x") So(x') Ala; 0] —= > | H (a lo); do(x") 
u, Sade], (eo), jp. og] N, agers ol ete 
—| Bate lo); Sa) | Ze Bote")? Ax; 06] Go) are ete. , 


where the symbol @/éo(z) means differentiation with respect to the hyper- 
surface o which is explicitly included into the expression for the Hamiltonian 
H,{x;o]. Using the expression for H,[x; 0] obtained in (1) we get: 


Ho) ee | 


x") in 


a i([H,(@' lo); H,(&"/o)]; A,[%; c]) + O(g?) = an 


ei 0] oe 0] 


Sa 
ar 


“ner 


À aafd(o'— x) S(a"— 03) — Blw'— 2} 3(a"— m] Amtes — e)péteis olyılas; ol: 


PES 6 


Ayla — a)Anlah; 0] + Aulai — Anl; 0) JAC. 28) + 09) 


94 - Il Nuovo Cimento. 


1477 


1478 V. S. BARASENKOV 


where u, + & + as = 1; a, = 4s. 


ch : 
Er a Al x; 0] — mL D (4714753) oe a; S(a'— £ Sa” a Ar 
{Ay (ae = x) Af X93 o] + A,( Ls — x) PES 0] }{ Au Dies a1) Wor 
Lab; olp Ts; 6] + Ans — z)yalzı; olyolzı; o] $8 (a, ... ©) . 
be Le Ö A (a; &] ne ER wi) E(w pales \F (alae): 
(29) Sol: Di So / CAIRN IE g 1e. tg LeU 1LoLy 


À aa d(a'— 28 a) — 3(0'— a) 8(0"— m): 


t;9=1 


{Aula — æ) Ar; o] + Aula — 2) Alt; ol} 


LA = @) poles; o} Pol Xs; a] — 3An(&ı — wy ae olpol Ts; Che 


| — A (ts — #5) polar; olyilai; o]} + O(g° 


An analogous expression may be derived for y|#;o] too. In the theory 
with non-local interaction these expressions do not vanish and, consequently, 
the conditions (28) are not satisfied. 

So the Hayashi procedure in any K-approximation (K=o0) is internally 
contradietory and the equations of motion are not Hamiltonian. 

However, from the equations (22) and (23) follows that the conditions of 
integrability of (28) will be satisfied in the limit K — oo if for any K>1 
3 


een 2 
Sa(a")’ So(x') 


+ . 2 avo . 5 / . —s 
(30) (*) | | Al @ ; o] Ca 0; So(a")’ So(x') PL 23 0] = 0 ’ 


and the expansions (24) and (27) converge. In this case the many-time equa- 
tions of motion for the fields A,[w;o] and y,[x; co] as well as the corres- 
ponding Tomonaga-Schwinger equation in the interaction representation would 
have solutions with velocities of signals greater than that of light. These 
equations would have unique solutions in finite time-like regions and when 
passing to the limit À > 0. 

Investigation of convergence of the series (24), (27) presents considerable 
difficulties just because of the complicated procedure for the determination 
of the expressions H,[%; 0]; a,{7; co] and @,[«; o]. 


(*) As the fields a,[x; o] and y,[a#;o] in (!!) may be also expanded into a series 


with respect to the degrees of the constant g, it is comprehensible that from the satis-: 


faction of the condition (30) for a certain value of k = k* > 1 does not follow that (28) 
is satisfied in g**-approximation. 
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But an extremely rapid increase of the number of terms in the expressions 
for H,[x; 6], ax; 0]; gl; o] leaves no ground for expecting that the series 
(24), (27) will be convergent. 

In this point there is a substantial difference from the theory with local 
interaction where, in spite of divergence of the expansions in powers of 
the interaction constant g, it is possible to use after renormalization a certain 
number of initial terms in these expansions, which give in many cases, as 
the comparison with experiment shows, a good enough asymptotical repre- 
sentation of the quantities discussed. 

In the theory with non-local interaction one cannot limit oneself to 
a finite number of terms as in this case the conditions (28) are not satisfied. 

To construct the canonical system of equations (25), (26) a preliminary 
solution of the equations (22), (23) is needed and that is why all the above 
remarks concerning the canonical system of equations obtained by Pauli’s 
method hold for this system as well. 

So both in the Heisenbergian representation and in the interaction repre- 
sentation we fail to construct theories with non-local interaction which would 
have the Hamiltonian structure. 

None the less, the impossibility of applying the Hamiltonian method to 
the theory with non-local interaction does not exclude the formulation of 
such a theory within the limits of the phenomenological scattering matrix (7). 


* ck OK 


The author takes pleasure in thanking Prof. D. I. BLOHINCEV for fruitful 
discussions and valuable advice and also Prof. M. A. MARKOV for interesting 
discussions concerning general questions of form-factor theories. 


(6) B. V. Mepvepev: Dokl. Akad. Nıuk SSSR, 103, 37 (1955). 


RIASSUNTO (*) 


Si dimostra che la struttura hamiltoniana non & propria della teoria della intera- 
zione non locale; quest’ultima pud, tuttavia, essere formulata sia in variabili lagran- 
giane x}; Xj ATS Ai. che in variabili hamiltoniane x;,; px; Au; z,„. Considerando a titolo 
d’esempio il caso dell’oseillatore unidimensionale, si esamina il metodo di Pauli (?) 
L’equazione integro-differenziale iniziale del moto e il sistema canonico delle equazioni 
del moto ottenute col metodo di Pauli non sono equivalenti. Le equazioni pluritem- 
porali del moto ottenute col sistema di Havashi risultano incompatibili in qualsiasi 
approssimazione K della teoria delle perturbazioni. 


(*) Traduzione a cura della Redazione. 
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Zur Energieverteilung der inelastischen Streuung 
von K*-Mesonen an Kernen. 


P. MITTELSTAEDT 


Max-Planck-Institut für Physik - Gottingen, Deutschland 


(ricevuto l’11 Febbraio 1957) 


Summary. — The energy distribution in the inelastic scattering of 
K+-mesons by complex nuclei is calculated using the Goldberger method. 
The results are found to be in fair agreement with the 80 MeV experi- 
mental data of the Gottingen group. 


1. — Einleitung und Problemstellung. 


In der Arbeit von BISWAS u.a. (1) wird berichtet über Streuexperimente 
mit kiinstlich erzeugten K*-Mesonen einer Energie von etwa 80 MeV an 
mittelschweren Kernen (A = 100) in Photoplatten. Aus 154 Hinzelereignissen 
konnte die Energie und Winkelverteilung der sekundären K+-Mesonen bestimmt 
werden. 

Derartige Experimente sind deshalb von Interesse, weil aus der Energie 
und Winkelverteilung der sekundären K+-Mesonen eventuell Rückschlüsse 
gezogen werden können auf die Wechselwirkung zwischen K+-Mesonen und 
Nukleonen. Anderseits kann man bei genauer Kenntnis der Querschnitte CPE 
und o,+, zwischen den Einzelteilchen aus den Streuexperimenten an komplexen 
Kernen Aussagen über die Eigenschaften der Kernmaterie gewinnen. 

In der vorliegenden Arbeit soll versucht werden, die Energieverteilung der 
sekundären K+-Mesonen nach der Goldberger-Methode zu berechnen. Es 
werden dabei die individuellen Querschnitte o,+, und o,:, als bekannt an- 
genommen und daraus die Energieverteilung der Streuung an einem komplexen 


\ AMAA 


() N. N. Biswas, L. CECCARELLI-FABBRICHESI, M. CECCARELLI, K. GOTTSTEIN, 
N. C. VARSHNEYA and P. WALOSCHEK: Nuovo Cimento, 5, 123 (1957). 
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Kern berechnet. Diese Methode wurde früher bereits mit Erfolg auf die 
Streuung von Protonen (?) bzw. Neutronen (8) an schweren Kernen angewandt. 
Der Unterschied der vorliegenden Rechnungen von diesen Arbeiten besteht 
einmal in der Verschiedenheit der Massen von K*-Meson und Nukleon, zum 
anderen in der Tatsache, daß das K*-Meson nicht dem Pauliprinzip unter- 
worfen ist. Beide Effekte zusammen bewirken wesentliche Veränderungen 
in den Rechnungen und in den Ergebnissen. 

Nach dieser Methode wird die Streuung des Primärteilchens am Kern durch 
einen « klassischen » Stoßvorgang zwischen dem K*-Meson und einem Nukleon 
im Kern beschrieben. Es wird angenommen, daß das Primärteilchen innerhalb 
des Kernes nur einen solchen Stoß durchführt, d.h. die mittlere freie Weglänge 
wird als groß gegenüber dem Kernradius angenommen. Die Wirkung der 
übrigen Nukleonen auf das Primärteilchen wird dabei durch ein gemeinsames 
Potential dargestellt, in dem sich das K+-Meson im Inneren des Kernes be- 
wegt. Die Energie- und Winkelverteilung der K*-Mesonen nach der Streuung 
an einem Kern gewinnt man dann dureh Mittelbildung über alle möglichen 
Stöße zwischen K*-Meson und einem Nukleon des Kerns. Dabei spielt die 
Kenntnis der Impulsverteilung der Nukleonen im Kerninneren eine wesent- 
liche Rolle. 

Dieses Modell ist eine umso bessere Näherung, je höher die Energie des 
Primärteilchens ist. Auf Grund der Erfolge dieser Methode bei Nukleonen 
mit wesentlich kleineren Energien als 80 MeV kann man jedoch hoffen, daß 
es sich im vorliegenden Fall um eine gute Näherung handelt. Die Geschwindig- 
keit der K+-Mesonen ist anderseits noch nicht so groß, daß relativistische 
Effekte eine wesentliche Rolle spielen. Wir werden daher im Folgenden stets 
in der unrelativistischen Näherung rechnen. 

Die geschilderte Methode erlaubt es, aus der Gesamtheit der an einem Kern 
gestreuten K+-Mesonen die Energie- und Winkelverteilung der 508. inelastischen 
Prozesse zu berechnen, also der Prozesse, bei denen wirklich ein Einzelstoß 
zwischen K+-Meson und Nukleon stattfindet, d.h. daß der Kern sich nach 
dem Stoß in einem angeregten Zustand befindet, wenn er vor dem Stoß im 
Grundzustand war. Dadurch entsteht bei dem Vergleich mit dem Experiment 
eine gewisse Unsicherheit insbesondere bei kleinen Energieabgaben, die zum 
oroßen Teil durch die elastischen Prozesse hervorgerufen werden, da die Trennung 
der elastischen von de inelastischen Ereignissen mit großen Schwierigkeiten 
verbunden ist. (Vgl. dazu die Diskussion dieser Frage bei BIswAs u.a. (')). 

Eine weitere Unsicherheit entsteht dadurch, daß die individuellen Quer- 
schnitte o,+, und o,., in ihrer Energie- und Winkelabhängigkeit nur sehr 


(2) W. HEISENBERG: Ber. Sichs. Akad., 89, 369 (1937). 
(3) M. L. GOLDBERGER: Phys. Rev., 74, 1269 (1948); S. HAYAKAWA, M. Kawat 
una K. Kırucnı: Progr. Theor. Phys., 13, 415 (1955). 
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schlecht bekannt sind, da nur eine sehr kleine Zahl von Einzelstößen experi- 
mentell gefunden werden konnte. 

Aus diesem Grunde soll in der vorliegenden Arbeit auch die Winkelver- 
teilung der sekundären K*-Mesonen, die stark von der Winkelverteilung von 
Oxy und Orbe abhängt, nicht berechnet werden. Dazu kommt, daß zu einer 
Berechnung der Winkelverteilung außerdem eine ziemlich genaue Kenntnis 
der Potentialverteilung im Atomkern erforderlich wäre, um die Brechung und 
Reflektion im Oberflächengebiet des Kernes berücksichtigen zu können. Diese 
beiden genannten Fehlerquellen bringen eine so große Unsicherheit in die 
Rechnungen, daß es vorläufig noch nicht zweckmäßig ist, die Winkelverteilung 
genauer zu berechnen. 


2. — Ansatz und Rechenmethode. 


Um den Einzelstoß zwischen einem K*-Meson und einem Nukleon zu be- 
handeln, führen wir folgende Größen ein: m, sei die Masse des K+-Mesons, 
m, die des Nukleons. (Von dem Massenunterschied zwischen Proton und 
Neutron soll hier abgeshen werden). P, und P, bzw. E, und E, seien die Im- 
pulse bzw. Energien der Teilchen vor dem Stoß, P\, Pr bzw. E\, E, die entspre- 
chenden Größen nach dem Stoß. Dann lautet der Energiesatz 


2 
Pas 
2m, 


2 12 12 
Pal re 

Bde pea 
2m, 2m, Qi,” 


| 
[ 


und der Impulssatz 
P,+P,=P, +P,. 


Führen wir noch die Relativimpulse vor und nach dem Stoß ein, 


I 


_ Pym, — P,m, 
m, + M 


ti 
Pym, — Pym, 


m, + Ma 


1 ’ 


so gilt 
TP Te", 


Die eingeführten Energien Æ,, E,, E\, E, beziehen sich auf die Energie, die 
die Teilchen im Inneren des Kernes haben. Da, wie sich später zeigen wird, 
für die K*-Teilchen zwischen dem Innenraum und dem Außenraum des Kernes 
ein Potentialunterschied von V= 20 MeV existiert, ist die Energie Ef bzw. E4 
der K*-Mesonen außerhalb des Kernes mit den Werten im Inneren durch 


BE eV, Ei=E, +V 
verbunden. 
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Außer dureh die Erhaltungssätze sind die Stöße mit den Nukleonen noch 
eingeschränkt durch die Forderung, daß die Nukleonen vor dem Stoß alle 
Energien unterhalb der Maximalenergie #, haben, und daß nach dem Stoß 
die Energie der Nukleonen größer als E, ist. Also 


woraus unmittelbar folgt, daß die K*-Mesonen nur Energie an den Kern ver- 
lieren, aber keine gewinnen können. 

Der Streuquerschnitt zwischen dem K*-Meson und dem einzelnen Nukleon 
ist eine Funktion von P und P’. Da wegen der Stofigesetze P=P’ ist, 
genügt es, o(P, P') in Abhängigkeit von P und ®' zu behandeln, wenn 9’ der 
Winkel zwischen P und P’ ist. Bezeichnen wir mit dQ’ das Winkelelement in 
Richtung P’, so ist der differentielle Querschnitt o(P, P’) dQ. 

o(P, P’) dQ’ ist der Querschnitt dafür, daß der Vektor P’ im Winkelelement 
dQ’ liegt, wenn P der Relativimpuls vor dem Stoß war. Den über alle mög- 
lichen Stöße, also über die möglichen Werte von P, gemittelten Querschnitt o 
erhält man durch Mittelbildung über das Produkt von o(P, P’)dQ' mit der 
Relativgeschwindigkeit v,, dividiert durch die Geschwindigkeit v, des Primar- 
teilchens (?) 

(1) Ge nm fap, [a'Po(r, P'). 

Die Streuexperimente zwischen K*-Mesonen und Nukleonen zeigen keine 
eindeutige Winkelabhängigkeit von o(P, P'), ebenso ist wegen des sehr ge- 
ringen experimentellen Materials nichts über die Energieabhängigkeit von 

o(P, P') bekannt. Es soll daher im Folgenden als einfachster Ansatz 


' o(P) _ 04 
az 4x . 4m’ 


versucht werden, wobei o,(P) der totale Querschnitt eines Nukleon-K*-Meson- 
stoßes mit dem Relativimpuls P ist und auch unabhängig von P sein soll. 
Der Zusammenhang von o, mit dem Querschnitt o,+, und 6% „ für: den K+- 
Meson-Proton bzw. K*-Meson-Neutron-Stoß ist für den a: untersuchten 
Kern durch 


Zox+y + (An Z)OK+N 
Oita se a ay A 
gegeben. 

Mit diesen Annahmen erhält man 


= _ Sons + m) fap (ao'P. 
P,Pm,.(4x) 
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Den Querschnitt des gesamten Atomkernes erhält man daraus durch Mul- 
tiplikation mit dem Atomgewicht A 


GA ON 


Die Größe o, ist anderseits in Photoplatten experimentell bestimmt worden, 
sodaß sich daraus die Konstante o, festlegen läßt. 

Da im Folgenden vorwiegend die Energieverteilung der sekundären K+- 
Mesonen interessiert, fragen wir zunächst nach dem Querschnitt, der alle 
Ereignisse mit einer Sekundärenergie EF, erfaßt, die oberhalb einer Grenz- 
energie Æ liegen. Damit erhält man die integrale Energieverteilung o(E) aus 
der die differentielle Verteilung do/d# gewonnen werden kann. 

Das Integral ist also unter den Nebenbedingungen 


(2) BS hs HAE 


auszuführen. Wir untersuchen dazu zunächst das Winkelelement dQ’. Mit 
dQ! = dg dz, wobei 

z= cos <P, + P,, P’) 
ist, lautet das Integral 


= 30,(m, + Mo 
Oo =P Pim, (an ? far, Japacr. 


Führt man & = — cos < (P,, P,) ein, so kann 2 geschrieben werden als 
Funktion z= 2(H,, P,, x), wenn P, als bekannt angenommen wird. Da bei 
der Integration über dQ’ die Größen vor dem Stoß festgehalten werden, ist 


Ist weiter dP, = dy,dæP; AP, und führt man die Integrationen über dy 
und dy, aus, so ist 


5 = 2 
(3) Oo = P,P!4m friar, jan: (pr 


Die Grenzen von P, sind wegen (2) 


il, E+E,—-E <E,<E, wenn E+ #,—£#,>0 


F 


2. O<E,<E, wenn H+ H,—£,<0 
Die Grenzen der #,-Integration lauten 


E<H<E+B,—-B, 
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sind also von P, abhängig. Die Grenzen der x-Integration werden im allge- 
meinen außer von P, noch von E, abhängen. Der Integrand 1/|P,+P,| muß 
daher zuerst nach x, dann nach E, und schließlich nach P, integriert werden. 


3. — Durehführung der Rechnung. 


Die Grenzen für die x-Integration gewinnt man durch die Forderung, dal 
für © und «= — cos & CP. P) gilt 


læl<1, = [wv |<. 


Bestimmt man x in Abhängigkeit von 4, und +, so erhält man 


1 Mm; ’ : > = SE 
= PP, Im 1 )em Bi — Pı) + Ay mm, Eı(E, + E, — Eı)® 


Le 
J 


Für jeden E,-Wert wird der 
größte bzw. kleinste Wert von © 
Der DAV zer: 
reicht. Betrachtet man x als 
Kurvenparameter, so ist der 
durch die Kurven & =a«(E,, 4-1) 
und « =(E,,—1) begrenzte 
Bereich der æ— E,-Ebene der 
durch die Forderung |a’| <1 
zugelassene Bereich (Abb. 1 
und 2). Anderseits muß auch 


æ|<1 sein, weshalb die zuläs- 
sige Wertemengein dem Rech- 
teck 0< BE, <F,,—-1l<#<+l1 
enthalten sein muß. Durch diese 
beiden Forderungen ist der zu- 
lässige æ-Bereich gegeben. Ent- 
sprechend den Abb. 1 und 2 
gibt es zwei Möglichkeiten, je 
nachdem ob der Punkt «(0, 0) = 
=- — uP,/2P, größer oder kleiner 
als —1 ist (u = (m,/m) — 4) 
Ist HE, = wPılöm,, 80 kommt 
es also darauf an, ob B,<E, 
oder E, > E,,- Die Schnittpunkte Abb. 2. - Wertebereiche für æ bei P, > 0.45P,- 
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E, und E,, der #-Kurven mit den Geraden æ = + 1 sind 
1 {uP,—2P;\: 1 juP; + 2P,\° 
3 = u IE : 
E,(E;) | u Le 2 ’ Ke 2m, u ue 9 


Für die Integration über x gewinnt man damit folgende Grenzen: 


TABELLE I. 
| Grenzen Integral 
E,<B, 
1 0 <H<E, Jy =0 
| 2 Be RB HE = Sa Let) IE 
| 3 Ex, < Bi <B, + Hi — Ep — 1 <a <+1 IE 
| E,>E, 
| lL 0 <H<E, 2x#,,—1) <x<a(fi, +) ig 
| 2. E„<Eh<H, —1<a<a(E, +1) Ja 
| 3 E,<H<E+E—-B,;—1<x<+1 Te 


Diese komplizierten Grenzen für « sind ein wesentlicher Unterschied gegen- 
über den Rechnungen, bei denen die Streuung eines Nukleons am Kern unter- 
sucht wird. Wegen der gleichen Massen fallen dort die Punkte Z, und E, 
zusammen, und es ist 


Da im Falle von Nukleonen auch für das einfallende Teilchen das Pauli- 
prinzip gelten muß, ist also 


Somit ist innerhalb des zulässigen E,-Gebietes E, 
æ-Grenze stets — 1 <x< +1. 

Die Tatsache, daß der zulässige x-Bereich bei dem K*-Mesonen Problem 
zu kleineren Sekundärenergie hin immer kleiner wird, macht sich später sehr 
deutlich in der differentiellen Energieverteilung bemerkbar. Die Häufigkeit 
der erlaubten Stöße nimmt mit abnehmender Sekundärenergie stark ab und 
verschwindet stetig in H, = 0. 


<H < E, + E,— E,die 


Die Integration über æ ist elementar auszuführen und ergibt 


"RB 


| de oa 1 
IP, + P,| RR 
2 


(PIE PI OP Pie, VRP Pl —2P, Ph 
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Man ethält somit 6 Integrale J (Ei, Pz), deren Indizes entsprechend der 
in Tab. I angegebenen Bezeichnung gewählt sind. Der Index k bezieht sich 
dabei auf das jeweilige E,-Gebiet, der Index j auf das E/-Gebiet. Die explizite 
Form dieser Integrale ist in Anhang 1 angegeben. Dabei ist zu bemerken, 
daß Jy. = Jo und Jı = Ja gilt. 

Bei der Integration über E;, die zwischen den Grenzen E < BE, <H,+H,—E, 
zu erfolgen hat, sind wiederum 3 Falle zu unterscheiden. 


1. VORM, 
2. E,, < E < E,, ? 
3. E, <E<H,+B,—H,. 


Entsprechend erhält man 6 Integrale (k=1, 2), wobei sich der Index k wie- 
derum auf das E,-Gebiet bezieht. 


EN | Ja dE: + | J,dEı + | Jr, AE , 
E Hk, Er, 

Er, Eıtk-Er 

JUP) = | Ts, ABs + [7.0 , 
E Ex, 

B,+E,-Er 

HP | Te de, 


E 


wobei jetzt J?(P,) = Jz(P,) und JS(P,) = Ji(P,) gilt. Die genaue Form der 
Integrale ist in Anhang 2 angegeben. 
Um das gesuchte Integral 


; ; da 
= friar, Jam | sp» 
un = [Piar, Jar [ip 


zu erhalten, muB noch über P, integriert werden. Entsprechend Gl. (2) sind 
dabei zwei Fälle zu unterscheiden: 


bo 


Da die Integrale J;(P,) (der Index I bezieht sich auf das H-Gebiet) über 
P, integriert werden sollen, ist hierbei zu beachten, daß in den verschiedenen 
E-Bereichen jeweils verschiedene Ji als Integrand gewählt werden müssen. 
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Es sind hierbei 6 Fälle zu unterscheiden: 


x 
0 <E<E, 
B,<E<E, 
B,.<EB<H,+4#,—#, 


In Abb. 3 sind in der H-H,-Ebene 
die verschiedenen Integrationsgebiete 
für Æ, jeweils bei entsprechendem Æ 
angegeben. In den 6 verschiedenen Ge- 
bieten (zur Unterscheidung sind 3 Ge- 
biete schraffiert) ist jeweils der dort giil- 
tige Integrand JY(E, E,) angegeben. 
Man hat ensprechend der Abb. 3 zu- 
nächst 7 Wertebereiche für E zu un- 
terscheiden, bei denen die Integranden 
bzw. die Grenzen der einzelnen Inte- 
granden jeweils verschieden sind. Wegen 
Ji =J und J} =J% sind jedoch nur 
5 Bereiche voneinander zu unterschei- 
den. Entsprechend gibt es 5 Integrale 
(der Index S bezieht sich auf ein E-Be- 
reich) von dem Typ 


B B B" 
Sie | ips dP,+ | JYP?4P, + | UPd Pas 
= . pu 


A A 
Betrachtet man die Grenzkurven E,(B;) 
und E,(E,) als Grenzen für P,, so 
muß man die entsprechenden Gleich- 


Abb. 3. — Integrationsgebiete in der ungen nach P, auflösen. Man erhält 
(E, E,) - Ebene. P = V2m,Ë) 
E, linker Zweig P, = (u/2) P, — ((u + 2)/2) P= G, 


E, rechter Zweig P, = (u/2) P, + ((u + 2)/2)P = G, 
E,, P, = — (u/2) P, + ((u + 2)/2) P= G, 


Als weitere Grenze kommt E = E,+E,— E, in Betracht, also 


P, = V2m,(E — B, + E,) = G,. 
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In Tab. IL sind für die 5 Bereiche von E die jeweils entsprechenden Integrale 
angegeben. Der in jedem Integral auftretende Faktor P;dP, wurde wegen 


der Übersichtlichkeit in der Tabelle weggelassen. 


TABELLE II. 


G Ge Pr 
Ut | 4 ri + [Jy 0<E <E;, (Er) 
ry a 6 
Gi Pp 
2J = jr + [a Ey (Er) < E < BE, (0) 
0 @ı 
Ga Pr 
= [A+ E E,,(0) < E < B,— By 
0 Gs 
G3 PF 
ur te | i B,— Er <E < BE; (Er) 
a Gy 
Pr 
STE jr By, (Er) SE<E, 


Die Integrationen über P, sind sämtlich elementar auszuführen. Die expli- 
ziten Formeln für die %J werden jedoch so unübersichtlich, daß sie hier nicht 
angegeben werden sollen. Der im nächsten Abschnitt durchgeführte Vergleich 
der berechneten mit den experimentellen Energieverteilungen soll dort nur an 
Hand der graphischen Darstellung durchgeführt werden. 


4. — Vergleich mit dem Experiment. 


Der gesuchte integrale Querschnitt o(#) kann jetzt fir die oben angege- 
benen verschiedenen Bereiche der Variabeln E bestimmt werden. Es ist 


30.(mı + mz)? 
iP PAM, 


o(E) = KE). 


Dabei ist die Masse m, des K*-Mesons nach den neuesten experimentellen 
Ergebnissen 966 m, (m, ist die Elektronenmasse), während für die Masse m, 
eines Nukleons der Wert 1837 m, gewählt wurde. In der berechneten integralen 
Energieverteilung o(£) ist jedoch zunächst noch ein unbestimmter Parameter 
vorhanden, das Potential V, das im Kerninneren auf die K*-Mesonen wirkt. 
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Die Bedeutung dieses Potentials V besteht zunächst darin, daß die Primär- 
energie Æ, — EH — V ist, wenn E4 die Energie außerhalb des Kernes bedeutet. 
Je nachdem, ob V positiv oder negativ ist, ist Z, kleiner oder größer als H4. 
Für Hs haben die Experimente den Wert von 80 MeV ergeben (1). 

Eine Aussage über das gesuchte V läßt sich unmittelbar aus der experi- 
mentellen Kurve für die differentielle Energieverteilung gewinnen: Sekundär- 
energien unter 12 MeV kommen in der 
experimentellen Statistik überhaupt nicht 
vor, die meisten liegen sogar über 20 MeV. 
Daraus kann man schließen, daß ein Potential 
im Kern existiert mit einer Höhe von etwa 
20 MeV (Abb. 4). Die Verwendung eines Po- 
[Kastenpotential] für die K+-Me- tentials von 20 MeV liefert bei der Berech- 

sonen. nung der differentiellen Energieverteilungauch 

sonst die beste Anpassung an die Form der 

experimentellen Kurve. Auch die von BISwAs u.a. (1) durchgeführte 
Monte-Carlo-Rechnungen zur Winkelverteilung ergaben eine optimale An- 
passung an die Experimente bei einem Potential von 200 MeV. Für die fol- 
senden Rechnungen soll daher der Wert von V= 20 MeV zugrunde gelegt 


Abb. 4. - Das Potential im In- 
neren und Äußeren. des Kernes 


werden. 

Bevor wir jedoch die integrale und differentielle Energieverteilung genauer 
diskutieren, soll zuerst der Gesamtquerschnitt o(0) untersucht werden. Der 
Wert o(0) umfaßt alle vorkommenden Ereignisse und ist daher mit den Expe- 
rimenten besonders gut zu vergleichen. Bezeichnen wir mit o, den totalen 
Querschnitt eines Kernes aus A Nukleonen, so ist: 


o, = Ao(0). 


Der Wert o, ist experimentell aus der mittleren freien Weglänge der 
K+-Mesonen in der Photoemulsion bekannt. Wählt man für m, und m, die 
angeführten Werte und setzt V= 20 MeV, so ist 
Ca 


Oo. = rt 


Mit A=100, was angenähert als Mittelwert der in der Photoemulsion vor- 
kommenden Kerne angesehen werden kann, und dem experimentellen Wert 


o, = 0.44 barn 
erhalt man 
0 — 16.) amb 
Anderseits ist 
_Zoxt + (A — Z)og+x 
= 7 3 
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Setzen wir näherungsweise N = Z, so läßt sich aus dem aus Einzelereignissen 
bekannten Querschnitt 


+, = (15 + 5) mb 


der entsprechende Querschnitt für den Stoß von K+-Mesonen und Neutronen 
bestimmen. Infolge der Fehlergrenzen von o,,, erhält man: 


< 3.0 mb 


Ogty 
oder 
Oktp 


er 
OK+N 


Ein Vergleich von o,+, mit dem Experiment ist bisher leider nicht möglich, 
da ein entsprechendes Ereignis noch nicht gefunden werden konnte. 

Mit dem eben berechneten Wert für o, kann jetzt nach den Formeln des 
letzten Kapitels der integrale Querschnitt o(E) berechnet werden. In Abb. 5 
ist dieser integrale Querschnitt als Kurve dargestellt. Die Ordinate gibt hierbei 
den relativen Querschnitt Q(E) = o(£)/o(0) an, während auf der Abszisse der 
relative Energieverlust e4 = ((E, — E)/E}) = AB/E4 aufgetragen ist. Dabei ist 
0< «4 <0.75 und 0<Q<1. Aus dieser Funktion läßt sich die differentielle 
Energieverteilung dQ/de* berechnen. Die entsprechende Kurve ist in Abb. 6 
graphisch dargestellt. Der berechnete Verlauf von d@/de* ist physikalisch 
leicht zu verstehen. Der Anstieg der Kurve zwischen 0 < e4 < 0.3 wird durch 
das Pauliprinzip hervorgerufen. Je hôher die Energieabgabe des Primärteilchens 
ist, um so mehr Möglichkeiten für einen Stoß sind vorhanden, bei dem die 
gestossenen Nukleonen nach dem Stoß eine Energie von E,> E, haben. Der 
Anstieg von dQ/de* erfolgt solange, bis AE genügend groß ist, damit alle 
Nukleonen gestoßen werden können, 
auch die, die im Mittelpunkt der 
Fermikugel liegen. Das ist der de” 

Fall, wenn AE = E, also e4= 0.3 24 AE) 

A L N €” Jexp. 
(E,— 24MeV) Genau an dieser H x 
Stelle erreicht die Kurve auch ihr in > 


Maximum. 1.6 


0 Or 02 03 04 05 06 07 08 0 Onan 22.0910. 02091 OS OG ie 070.8 RO 


Abb. 5. — Integrale Energieverteilung. Abb. 6. — Differentielle Energieverteilung- 
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Der Abfall nach dem Maximum wird durch einen anderen Effekt verur- 
sacht: Findet ein Stoß mit einer Energieabgabe AF statt, so steht für den 
Primärwinkel dieses Stoßes x = cos Ÿ ein Bereich Aw zur Verfügung, der 
umso kleiner ist, je größer AH wird. (Vgl. dazu auch Abb. 1 und 2.) Dieser 
Effekt wird wirksam wenn «4 > 0.089 ist. Eine deutliche Abnahme von 
dQ/de* macht sich allerdings nur in dem Gebiet 0.3 <e*< 0.75 bemerkbar, 
wo das Pauliprinzip keinen weiteren Anstieg der Querschnitte mehr bewirkt. 
Bei ef = 0.75, also wenn AH = E,, ist nur noch ein Winkel für den Stoß 
erlaubt æ = (u/2)P,/P,, sodaß hier also der differentielle Querschnitt auf 0 
abgefallen ist. 

Die experimentellen Daten sind in Abb. 6 durch senkrechte Striche einge- 
tragen. Versucht man, die experimentellen Werte durch eine möglichst glatte 
Kurve zu verbinden, so entsteht die mit [d@(e*)/de“],,, bezeichnete gestrichelte 
Kurve (Abb. 6). Die Extrapolation der Kurve nach links über den kleinsten 
experimentellen Wert bei «4 = 0.25 hinaus ist dabei keineswegs willkürlich, 
sondern durch zwei wesentliche Bedingungen eingeschränkt. Einerseits 
bewirkt das Pauliprinzip zwischen den Nukleonen, daß bei «* — 0 auf den 
Wert Null abfallen muß. Anderseits ist die gesamte von der Kurve umrandete 
Fläche immer gleich 1, wodurch der starke Anstieg der Werte zwischen e* = 0 
und 0.2 bewirkt wird. 

Der Vergleich zwischen der theoretischen und der experimentellen Kurve 
zeigt zunächst noch keine sehr befriedigende Übereinstimmung. Die Ab- 
weichungen der beiden Kurven voneinander lassen sich jedoch qualitativ gut 
verstehen, wenn man einige vereinfachende Annahmen, die in der Theorie 
gemacht wurden, berücksichtigt. 

Das Vorhandensein von Ereignissen mit einer Sekundärenergie HL, < 20 MeV 
also e* > 0.75 ist vermutlich darauf zurückzuführen, daß das Potential nicht 
die in Abb. 4 angegebene Gestalt hat. Zahlreiche frühere Untersuchungen 
über die Struktur der Atomkerne haben ge- 
zeigt, daß eine stetig nach außen abneh- 
mende Dichteverteilung der Nukleonen exi- 
stieren muß. Es ist daher zu vermuten, daß 
auch das Potential V nicht wie in Abb. 4 am 
Abb. 7. — Allmählich abfallendes Kernrand unstetig Null wird, sondern wie in 
Potential eines Kernes für die K*- Abb. 7 allmählich abfällt. Die Berücksichti- 

Mesonen. __ ,  Xeung dieser Tatsache hätte zur Folge, daß 

besonders bei höheren Werten von e“ die dif- 

ferentielle Verteilung etwas flacher zu Null werden würde. Dadurch würden 

auch größere Energieabgaben, also kleinere Sekundärenergien möglich. Man 

wird daher annehmen können, daß die unterhalb 20 MeV liegenden Sekundär- 

energien, also die oberhalb von «4 = 0.75 liegenden Werte von dQ/de* durch 
eine solche diffuse Oberfläche erklärt werden können. 
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Die im Gebiet zwischen 0 < e4 < 0.25 liegenden experimentellen Daten sind 
gegenüber den theoretischen Werten viel zu groß. Eine Korrektur der theore- 
tischen Kurve in dieser Hinsicht ließe sich jedoch erreichen, wenn man be- 
achtet, daß die in der Theorie angenommene 
Energieverteilung der Nukleonen im Kern, die 
einem vollständig entarteten Fermigas entspricht 
(Abb. 8), nicht ganz mit der Wirklichkeit über- 
einstimmt. Die Berücksichtigung der Wechsel- 
wirkung zwischen den Nukleonen ergibt eine 


Energieverteilun die angenähert, der eines ; à 
= 8) = : Abb. 8. — Energieverteilung der 
Nukleonen in schweren Kernen. 
Fiir diese Tatsache sprechen auch einige neuere JN,,,,(#): Thomas-Fermi-Vertei- 


schwach aufgeheizten Fermigases entspricht (*°). 


Streuexperimente mit Protonen und r-Meso- lung; N(E): wirkliche Ver- 
nen (°), sowie mit Neutronen durchgeführte teilung. 

« pick-up-Prozesse ». Eine Korrektur in dersel- 

ben Richtung ergibt sich auch, wenn man an Stelle eines unendlich großen 
Kernes (ebene Wellen) zu einem Kern mit endlichem Radius übergeht. 

Die Verwendung einer solchen aufgelockerten Energieverteilung in den hier 
durchgeführten Rechnungen hat zur Folge, daß der durch das Pauliprinzip 
bewirkte Anstieg von dQ/de* im Gebiet 0 < et < 0.3 schneller erfolgt als in 
der in Abb. 6 angegebenen theoretischen Kurve. Dadurch wird das Maximum 
der Kurve etwas nach links verschoben. Der Verlauf der differentiellen Energie- 
verteilung wird dann in diesem Gebiet vermutlich einen ähnlichen Verlauf 
haben, wie die gestrichelte (experimentelle) Kurve. Eine Vergrößerung der 
Werte in dem Gebiet zwischen 0 und 0.2 hat andererseits wegen der Normierung 
der Fläche, die von der Kurve umrandet wird, zur Folge, daß die Werte zwischen 
0.2 und 0.7 gegenüber der bisherigen Rechnung verkleinert werden, was eben- 
falls der experimentellen Kurve besser entsprechen würde. 

Diese Ergebnisse zeigen, daß durch einige geringfügige Korrekturen der 
hier gemachten theoretischen Ansätze (diffuse Oberfläche der Potentialverteilung 
und Energieverteilung eines schwach aufgeiheizten Fermigases) vermutlich 
eine weitgehende Übereinstimmung zwischen Theorie und Experiment erreicht 
werden kann. Die beiden erwähnten Korrekturen sind insofern unproblematisch, 
als sich derartige Annahmen auch in zahlreichen anderen Arbeiten über den 
Aufbau der Atomkerne als richtig und notwendig erwiesen haben (*). 


(") S. WATANABE: Zeüls. Phys., 113, 482 (1939). 
(5) K. A. BRUECKNER, R. SERBER und K. M. Warson: Phys. Rev., 84, 258 (1951); 
K. A. BRUECKNER, N. C. FRANCIS und R. J. Even: Phys. Rev., 98, 1445 (1955). 
(6) J. B. Cranıs, W. N. Hess und B. J. Moxer: Phys. Rev., 87, 425 (1952); P. A. 
Worr: Phys. Rev., 87, 435 (1952); J. Hapıer und H. F. York: Phys. Rev., 80, 345 (1950). 
© (*) Anmerkung bei der Korrektur. — Nimmt man näherungsweise an, daß in dem 
« aufgeheizten » Fermigas mit der « Temperatur » kT bereits alle Nukleonen gestoßen 
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ANHANG I 


Das Integral 


zerfällt für die verschiedenen in Tab. I und Abb. 1 und 2 angegebenen Bereiche 
der Variabeln Æ; und BE, in 6 Integrale 


Ji = 0, 
REM (P, + PsP; = P;) 
CPI PE à , 

2 

Jis PR 
QP, 

Ja ap 
il ' ' 

Ji ep, da Sel Apa Pre bs), 
2 

Jos ALP: 


werden können, wenn die Energieabgabe des Primärteilchens AZ = H, — 2kT beträgt 


(kT wird hier als klein gegen H, vorausgesetzt), so würde das Maximum der Energie- 
verteilungskurve bei 


Ey — 2kT 
EMax — SET > 
liegen. Die eingezeichnete experimentelle Kurve entspricht dann einem Fermigas mit 
einer Temperatur von kT = 8 MeV, in guter Übereinstimmung mit (4), (5) und (6). 
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Dabei ist zu bemerken, daß bei den Integralen J,, und J, an sich 


Sad) = @, RUE le: BG 


stehen müßte. In den Bereichen 


ist ‚edoch stets 


mie. Pop, 


weshalb die Betragsstriche in den obigen Formeln weggelassen wurden. 
Die Funktionen J,, hängen ihrerseits noch von P, und P, ab. (P, gilt hier 
als konstant, während P, durch den Energiesatz eliminiert werden kann.). 


ANHANG II 


Von den 6 Integralen, J;(P,), die durch die Integration über E, entstehen, 
sind einige einander gleich. Es ist - 


Ji(P2) a JP) ’ Jı(P,) ns J3(P2) = 


Es sollen daher nur 4 von diesen Integralen explizit angegeben ‘werden. 


2 
Pi + P.)(Bx,— E) +3 V2m, (Eh — Et) + 


bel 
| 
—— 


a 
> 


2 
zt + vom, CO + B, — B,,)!— (Bi + Bi — By} +5 (Ei + EEE), 
1 
2 
Ji => Kb + H,—Er—B), 
it 
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i D ban 
Ji — ap. + P,)(E;., — Er) + 3 V2m (Hi, — EE) en 


P,P, 
2 /2m, | 
VLC + BE) — (Bi + E,—B,ÿ]) - 
2 44/2, m 
(H, + E,— Hy— Ei) + BPP, (Ei, — E°) 


RIASSUNTO (*) 


Servendosi del metodo di Goldberger si calcola la distribuzione di energia nello 
scattering anelastico dei mesoni K+ da parte di nuclei complessi. I risultati si trovano 
in buon accordo con i dati sperimental per 80 MeV ottenuti dal gruppo di Göttingen. 


(*) Traduzione a cura della Redazione. 
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Inelastic Scattering of Electrons by Nuclei. 


ibn die UMNSStins! 


Research School of Physical Sciences 
The Australian National University - Canberra, A.C.T. 


(ricevuto il 18 Febbraio 1957) 


Summary. — It is shown that the variation with energy of the differential 
cross section for the scattering of high energy electrons by nuclei depends 
on whether the nuclear transition occurs with AM—0 or with AM = +1, 
where M is the component of the nuclear spin in the direction of the 
vector change of momentum of the scattered electron. The electron 
excitation of AM=0 transitions is then considered using the independent 
particle model of the nucleus and comparison is made with the experi- 
mental results of FRE3EAU for 1C, 


1. — Introduction. 


The study of the elastic scattering of high energy electrons by nuclei has 
yielded considerable information about nuclear ground states. The inelastic 
scattering should also provide information about the excited states. However, 
the theoretical treatment of the inelastic scattering presents more difficulties 
than that of the elastic scattering. By using the first Born approximation, 
which should be valid for light nuclei, SCHIFF (1) has given a treatment of 
the inelastic scattering which relates the scattering cross-section to nuclear 
charge, current and magnetization densities which are treated as classical 
quantities. Some general results which are independent of the structure of 
the nucleus can be obtained from this theory, but to obtain detailed expressions 
for the scattering cross-sections some nuclear model must be assumed. The 


() L. I. Scurrr: Phys. Rev., 96, 765 (1954). 
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independent particle model of the nucleus is used to calculate the electron 
scattering accompanying the electric excitation of the nucleus, and the theo- 
retical cross-sections are compared with the experimental results of FREGEAU (?) 
on the scattering of electrons by "C. 


2.- AM =0 and AM = +1 excitation. 


SCHIFF (!) finds that there are three possible kinds of electron excitation 
of nuclei, a) electric multipole with AM = 0; b-1) electric multipole with 
AM = +1; 0-2) magnetic multipole with AM = +1. M is the component 
of the nuclear spin-along the direction of the vector change in momentum 
of the scattered electron. The experiments are performed at high energies 
and large angles, so that we can neglect the rest mass energy and the energy 
loss of the electron in comparison with the incident energy. Using the matrix 
elements given by SCHIFF (1), the differential scattering cross-sections then 
become, ; 


CODE) (do/dw),” = (e/he)? cot210q2| > {4x (2v + 1)}3 rfi eat |: ; 


(2) b-1) (do/dw®;) = (e/he)? (1 + sin? 40) cosec? 40- 


fa» +1 1)}3 + te Jar) ir" Curl[ M + (cg?) curl J] dV |?, 
(3) 5-2) (do/dw)2t = (e/he)2(1 + sin? 40) cosec? 49- 

- (ge) 12 {a(2v + 1)/r(y + 1)Hi’ Jian Ywiir-eurl[j + ¢ curl MjdV|?, 
where j,(2) = (x/22) I, , 3(2) is the spherical Bessel function, 

q = 2k sin 40 = (2Æ/hc) sin 40, 
hk is the momentum of the incident electron, and 9, j and M are the tran- 
sition nuclear charge, current and magnetization densities respectively. 
From equation (1) it is seen that for electric transitions with AM = 0 

(4) te? 10(do/dw)A*~° , 


is a function of # sin 49, and from equations (2) and (3) that for electric and 


(*) J. H. FREGEAU: Phys. Rev., 104, 225 (1956). 
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magnetic transitions with AM = +1 
(5) sin249 (1 + sin? 40)-*(do/dw)4*~ =" , 


is a function of E sin 40 (*). By comparing experimental angular distributions 
at two or more different energies, it should be possible to test this result of 
the theory, and to determine whether à particular transition involves AM — 0 
or AM = +1 excitation. Where both types of excitation occur, it may be 
possible to separate the contributions from these two types of excitation. 
The experimental results of FREGEAU and HOFSTADTER (*) for the electron 
excitation of the 4.43 MeV level of !?C are plotted in Fig. 1 in the forms (4) and 


31 m? 3 
re I x 107! cm? 
3 
B) 


A) L 


Nr 1 — 
EX 0 
He HO 
RL 
Eoin 
d0/ dw 
FO 
+-O+ 
OH 
Het 
FOC 
res 


3 = 
D Sr 8 
el Bel X ® [es 
= Pape QUE 
Oo 0 E sin 26 L | 
2 - 50 T 100 T MeV 140 
Es: 6 
0 sui a = ss a) ? b) ° c) r 
50 100 Mev 140 


Fig. 1. — The experimental results of FREGEAU and HOrSTADTER (?) on the inelastie scat- 

tering of eleetrons of energies a) 187 MeV; b) 150 MeV and ec) 80 MeV, with excitation 

of the 4.43 MeV level of !?C. If the excitation involves only AM=0, the points plotted 

in A should lie on a single curve, and if only AM— +1 excitation oceurs, the points 
plotted in B should lie on a single curve. 


(5) against E sin 10. These results would seem to indicate that AM= 0 excitation 
predominates for this transition. Measurement of the scattering at 80 MeV 
through larger angles may give a more definite result. The experimental results 
of FREGEAU and HOFSTADTER (*) for the excitation of the 7.68 MeV and 
9.61 MeV levels of 220 were also examined but the difference in the incident 
energies, 37 MeV, is not sufficient to distinguish between AM=0 and AM=+1 
excitation. More extensive measurements of the excitation of the 7 .68 MeV 
level could test the theory for AM = 0 excitation, as both the ground state 
and the 7.68 MeV level have zero spin. Measurements at several energies 
associated with the magnetic dipole transition J = 1 — J'=0 (no change 


(*) FREGEAU (2) has used a formula different to our (5), but no derivation is given. 
(3) J. H. FREGEAU and R. HOFSTADTER: Phys. Rev., 99, 1503 (1955). 
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in parity), such as the excitation of the 3.57 MeV level of °Li, would be needed 
to test the theory for AM = +1 excitation, since for any transition where 
electric excitation can occur we can expect at least some contribution from 
AM = 0 excitation. 

SCHIFF (1) has made rough estimates of the relative importance of AM = 0 
and AM = +1 excitation and finds that AM =0 excitation is expected to 
predominate for collective transitions, but that the AM =0 and AM = +1 
excitations may be of equal importance for single particle transitions. Neg- 
lecting spin-orbit coupling it has been shown (*) that the AM = 0 excitation 
is more important than AM = +1 excitation for some single particle tran- 
sitions, but the AM = + 1 excitation may be sensitive to the spin-orbit coupling. 
As there is the possibility of separating the two types of excitation we shall 
confine our treatment to AM = 0 excitation since this is the simpler and 
there is some experimental evidence of its importance. 


3. — Independent particle model. 
Equation (1) can be written as 


(6) do/dw = (da/da),| > v’F, |? , 


where (do/do), is the point charge elastie scattering cross-section and 


— 
En | 
— 


F, = (Ze) {4n(2v + D} Jen re av. 


0 


Assuming that the nuclear charge density arises only from the nuclear protons 
we can write 


A 
(8) F, = (Ze) > G|Xa|f>, 
k=1 
where 
(9) X, = {4a(2v + 1) Benj, (are) Y, (0x3 Pr) - 


Tr, Ox, 9, are the coordinates of the k-th nucleon and e; is its charge. In isotopic 
spin notation 


(?) L. J. TassıE: Proc. Phys. Soc. London, A 69, 205 (1956). 
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We now use the independent particle model to caleulate F, using the method 
of fractional parentage (5). Since X, operates on only one nucleon, only tran- 
sitions involving a single nucleon can occur. The angular part of the oper- 
ator X, is similar to that of the operators involved in the matrix elements 
of electric multipole radiative transitions, and can be obtained using the methods 
of LANE and RADICATI (*). If n particles are required to define the transition, 
(Nolo)” > (no) (ml), where nl, and nl, are not necessarily different, then 


10) F, = (Ze) n@|x,|f) = 
= Zn are ME Ong nr + 1)< Molo |7,(Gr) | mil, 
J and J’ are the initial and final spins of the nucleus. 


Le] 


(11) <nolo|j,(ar) (ml) = jr Rn (r)ilaryr® dr, 


0 


is the single particle radial matrix element. P is the parentage overlap which 
is given (°) in Z-S coupling by 


12) P,_g = 09 > Url LL, bL')U(L'JS, LI’)<ap| }a><a%p| x) (4Ô7 
ae 


and in j —j coupling by 


AB) Py = (hth the SOG, IT», fod’) 


P 
* U(vliÿo8; los) <%p| had >|; }«') (2090 — Te) 


where 


5 3 (AP LE 1 
D Ci) ad U(LPT,, AT). 


The notation is the same as that of LANE and RADICATI (%). The fractional 
parentage coefficients, (op Ya) are tabulated for the 1p shell by JAHN and 
VAN WIERINGEN (?) for L-S coupling and by EDMONDS and FLOWERS (°) for 
j-j coupling. 


5) A. M. LANE and D. H. Wırkınson: Phys. Rev., 97, 1199 (1955). 

) A. M. Lane and L. A. Rapicati: Proc. Phys. Soc. London, A 67, 167 (1954). 
7) H. A. Jan and H. van WIERINGEN: Proc. Roy. Soc. London, A 209, 502 (1951). 
8) A. R. Epmonps and B. H. Frowers: Proc. Roy. Soc. London, A 214, 515 (1952). 
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The following selection rules are obtained: 
|\J—JS'|\<v<J4JS'|L—hbl<v<l +h: 


change in parity is (— 1)’: » = 0 (electric monopole) is forbidden for nl, =n,l,. 
For j-j coupling, |j,; — jo|/<v<j, + Jo; and for Z-S coupling, 


Bene, a Te Rei 


Averaging over M, equation (6) can be written as 


(14) do/dw = (do/do) p DIF, 12%, 
where 
(15) BF) = Z-*n(— 1) 4 P Ones. (29 + 1)*Mglo| 1, (gr) ll d 


4. — The radial matrix elements. 


The general single particle radial matrix element can be obtained by using 
the harmonic oscillator wave functions 


rin +143 3 
(16) Rule) = (© me a ae 8) 
2) 


-(rJa)! exp [— (rJa)?]F(— n|l + 3 |r2/a?) , 
where the energy is 


En = (2]Ma?)(2n +1 + 


too 
IE 


The result is 

fen + 2l + 1)!! m!)?. 

lem +2 + limit 
(— a) C2” 

24! (2v + 27+ 1)!! 


. < C1) (Es 20, + 2m FUN (my ie is ne 5 
neo Mo! (No — Mo)! (2lo + 2m, + 1)!! (nm, + m + S — y — à)! 


AT) nf (gr) Im) = (= 1m2=tr enemy 


-K’ exp [— HA 


FF i Ni heizt Na Me (8 = 7) + 1 
82 ; 
Mo + WEN. UE MES 


where s = (y +1, +1,)/2, and K — qa. As only finite series are involved, 
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(17) can be readily evaluated provided n,, #1, Lo, 1, and » are small as is the 
case for light nuclei. Some results are given in Table I. 

Where only one value of » is important, the relative angular distribution 
of the inelastically scattered electrons depends only on » and the radial wave 
functions, and is independent of the angular matrix elements and thus of 
whether there is L-S, j-j or intermediate coupling. Also, for gR <1, 


do} do 


PE. (de/do), 


SER 


TABLE I. — Single particle radial matrix elements for harmonie oscillator wave functions. 
mh (gr) rat) = ak’ (1 + b,K? + ...) exp [— K°?/4]. 


| v Nolo Tal; a b, | De | 
= = 
| 0 Is 1s 1 — u 
| 0 Ip | 1p 1 22176 Les 
| 0 25 25 1 ls 1/24 
| 0 ld | ld 1 13 1/60 
| 
| | 
| 1 Is Ip 1/6! = = 
| 1 lp 28 — 1/3 — 1/4 = 
| 1 Ip ld (5/2)2/3 | — 1/10 — 
| 2 Le | 1p = 16 2. = | 
2 1d 1d 7/30 ae A a | 
2 1d 25 — (2/5)3/3 — 1/8 an 
2 Is | ld (1/15)3/2 = — 
2 FRONT 2» | —(1/10}/3 la | as 
2 1p 1f | (7/5)2/6 ak! | = 


EO transitions v = 0. 


molar) |b = a KR? (1 + oH? + ) exp [— K?j4). 
| 


Nolo Mal a | by | 
| Is 2s (1/6)3/2 FE 
1p 2p (5/2)2/6 | 1/10 


except for electric monopole transitions, » = 0, for which 


do/do. 
(do/do), 


Int 


It:may be possible by these means to determine the values of » from expe- 
riment and thus obtain information about the spins and parities of nuclear 
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energy levels. However, it would be rather difficult to distinguish between 
==) onal yy aa, 


5. — Application to "C. 


FREGEAU and HOFSTADTER (*) and FREGEAU (?) have measured the elastic 
and inelastic scattering of high energy electrons by '?C. Several calculations 
have been made of the elastic (*!2) scattering and the inelastic scattering (*1) 
using the independent particle model and of the inelastic scattering using a 
modified liquid drop model (13), but no completely satisfactory theory has 
been given for the inelastic scattering. Since it appears that AM = 0 excit- 
ation predominates for the 4.43 MeV level and as only AM = 0 excitation 
can occur for the 7.68 MeV level, the results of Sect. 3 can be applied to 
these two levels. 


51. 4.43 MeV excitation. — The ground state of #C has J = 0+, T = 0 and 
the 4.43 MeV state has J = 2+, T =0 (#4). Only #2 w = 2) excitation can 
occur. Assuming both states belong to the (1s)4(1p)§ configuration, the result 
for L-S coupling is obtained from equations (14), (12) and Table I, using the 
fractional parentage tables of JAHN and VAN WIERINGEN (?). 


(do/do) 
el: 1 Kıexp[-— Koj2]. 


Go Gode ~ 1620 


As 120 has a completed 1p- shell, the result for j-j coupling is readily obtained. 


(do/da) ;- 


(20) dans = 
(do/dw), = a 


K* exp [— K?2/2]. 


These results have been previously obtained by MORPURGO (°). 

From the elastic scattermg experiments, FREGEAU (?) obtains the root 
mean square radius of the 1?C nucleus as <r?)? = 2.40-10-1% em using har- 
monic oscillator wave functions. This corresponds to a= 1.63:10-1% cm. The 


(?) G. MORPURGO: Nuovo Cimento, 3, 430 (1956). 
(°) D. G. RAVENHALL: unpublished. This work is referred to in reference (2) where 
some of the results are given. 
(CRE = Nos and W. M. VISSCHER: Phys. Rev., 104, 475 (1956). 
(CE) AE TASSIE: Austr. Journ. Phys., 9, 400 (1956). 
(13) 7 i TassıE: Austr. Journ. Phys., 9, 407 (1956). 
(4) F. AJZENBERG and T. LAURITSEN: Rev. Mod. Phys., 27, 77 (1955). 
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ratio to point charge scattering calculated from equation (19) using this value 
of « is compared in Fig. 2 with the experimental results of Fregeau (?) for 
the inelastic scattering with 

4.43 MeV energy loss. The re- 0.025 
sult of equation (19) multiplied 
by 1.4 is also shown in Fig. 2. 
It is seen that the observed in- 
tensity is approximately 40% 
larger than that calculated us- 00075 


ing L-S coupling. j-j coupling, 
equation (20), gives an even 
lower cross section than Z-S 
coupling. The theoretical rela- 


e 
oO 
© 
n 
o 


tive angular distribution, which 
is independent of the nuclear 


do/ dw 
Sido/ dw)e 


coupling scheme, falls off t Be N 

ee! i à se ane (200 q in units of 10° cm ae N 

slowly with increasing seatter- °° 10 T5 as 20 

ing angle (increasing q). es ; , : 
Fig. 2. — The ratio to point charge scattering 


It can be shown that in- of the inelastic scattering of electrons with exci- 
termediate coupling cannot {ation of the 4.43 MeV level of 1?C. The exper- 
give a larger cross-section than imental points are those of FREGEAU (2) for elec- 
L-S coupling for this transi- trons with incident energies of a) 187 MeV; 
b) 150 MeV and c) 80 MeV. d) calculated from 
eq. (19) for an #2 1p Ip transition with LS 
coupling. e) curve (d) multiplied by 1.4. f) cal- 
states with J =0 and J —2: culated from eq. (21) for an E2 1p >If transi- 
are given in Table II. The two tion assuming maximum parentage overlap of 
states with J — 0 in Table II the initial and final states. 
are the only L-S states likely to 
be present to any appreciable extent in the ground state. P,, vanishes for tran- 
sitions from either of these two states to any other J = 2 states not shown 
in TABLE II. The maximum value of |P| for a transitions between the 
[431]0110 state and an arbitrary mixture of the [431]01L2 states 18 0.1987: 


tion. The values of P,, for 
transitions between various L-S 


TABLE IL. =i2 = 2, 


| Initial state | Final state ie | 
| | 
| =|——— -| 
| | 
LE Rie Rdg J Tis Wares, L J 

AA RO oo AIS OO tr 2 + 0.209 

[431] 0 1 1 0 [431] 0 1 1 2 + 0.088 

[431] 0 1 20 | + 0.079 

[431] 0 1 3 2 — 0.066 
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Thus it can be concluded that equation (19) gives the maximum scattering 
cross-section for this transition according to the independent particle model, 
assuming that the 4.43 MeV state belongs to the same configuration as the 
ground state. 

The possible #2 transitions between the ground state and the J'— 2 levels 
of the first few excited configurations, (1s)%(1p}*(1d), (1s)4(1p)*(1f) and 
(1s)*(1p)*(2p) have also been examined. The inelastic electron scattering is 
given by 


do/do 


ne  AUReAre| 2)2 exp [— K2/2 
God AKi(1 + b,K?)? exp [— K?/2], 


(21) 


here the b, are given in Table I. For maximum parentage overlap, i.e. where 
the excited state has the same parent state as the ground state, we obtain 


il 7 1 
Ain» = 810 . 


The scattering cross-sections for the 1s — 14 and lp —2p transitions are 
always smaller than that for the 1p > 1p transition, equation (19). The ratio 
to point charge scattering for the 1p —1f transition is shown in Fig. 2. 
Although this curve is consistent with the experimental results for small q, 
it decreases too quickly as q increases to account for the experimental scattering. 


5:2. 7.68 MeV transition. — The 7.68 MeV level has J = 0+ (14), and for 
this case we have HO excitation (v = 0). In the limit of small q, the matrix 
element for HO electron excitation is related to the electric monopole matrix 
element 


A 
WM» aa Serbe 


k=1 


occurring in the theory (5) of HO decay by internal conversion or pair emission 
and several calculations of 977,, have been made for this transition. If the 
7.68 MeV level belongs to the (1s)4(1p)* configuration, both the electron excit- 
ation matrix element and 977,, vanish (using unperturbed wave functions). 
SCHIFF (15) and SHERMAN and RAVENHALL (1) have calculated 977,, for such 
a transition using perturbation theory but the calculated matrix element is 
too small to account for the observed electron excitation of this level. However, 


(5) R. G. Sacus: Nuclear Theory (Addison-Wesley, 1953). 
(1) L. I. Scuirr: Phys. Rev., 98, 1281 (1955). 
(7) B. F. Superman and D. G. RAVENHALL: Phys. Rev., 103, 949 (1956). 
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the excited 0+ level can be also interpreted as belonging to an excited con- 
figuration. Possible configurations, which are all degenerate for the harmonic 
oscillator, are 


REDMOND () has calculated 977,, for 1O and ?C by considering the excited 
0+ state as due to excitation of a nucleon into the 2s state and ELLIOTT (19) 
has made a similar calculation by treating the excited 0+ level of 160 as a 
mixture of excited configurations. Only the first two configurations in (22) 
can contribute to the HO matrix elements. We shall consider the electron 
excitation of the 7.68 MeV level, assuming that this level belongs to only one 
or the other of these two configurations. Mixing with the other four confi- 
gurations or the (1s)4(1p)® configuration will not alter the relative angular 
distribution of the scattering, but will only diminish the absolute cross-section. 
We can expect our results to give an upper limit to the scattering cross-section 
for the independent particle model. Again assuming maximum parentage 
overlap and also that 7’= 0, we obtain 


(do/d@)15-+9s 1 7 x 
25 TE PRESSE aa AE HF tex gest R 2 2 
FE) (dcjdw), 864 ep 2 


Ve 4 821.0) exp [2/2]. 


24 2 Fe 
Se (do/dw), 1 296 


Fig. 3 shows the curves calculated from equations (23) and (24) in comparison 
with the experimental results of Fregeau (2). Also shown in Fig. 3 is the 
curve calculated from equation (24) reduced by à factor of 0.7. Thus, the 
experimental results are consistent with the 7.68 MeV excited state consisting 
of 70% of the (1s)!(1p)’(2p) configuration and 30% of other configurations 
which do not contribute towards the electron excitation matrix element. The 
relative angular distribution indicates that the (1s)*(1p)’(2p) configuration 


(3) P. J. REDMOND: Phys. Rev., 101, 751 (1956). 
() J. P. Erxrorr: Phys. Rev., 101, 1212 (1956). 
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0.005 predominates over the (1s)’(1p)°(2s) 
configuration, but the experimental 
results are not sufficiently accurate 
to determine the relative propor- 
tions of these two configurations 
with any accuracy. 


0:001 


Fig. 3. — The ratio to point charge 
scattering of the inelastic scattering 
of electrons with excitation of the 
7.68 MeV level of 12C. The experi- 
mental points are those of FREGEAU (*) 


0:0005 


an î for electrons with incident energies of 
AN MDN a) 187 MeV and b) 150 MeV: c) calcu- 
Sale ae \\ lated from eq. (23) for an HO 1s > 2s 
IN eg; nA transition; d) calculated from eq. (24) 
Plo oo q in units of 10° cm’! \ for an HO 1p — 2p transition; e) cur- 
9-000 0 1:5 18 ve (d) multiplied by 0.7. 


6. — Discussion. 


It can be concluded that the independent particle model can explain the 
observed (?) electron excitation of the 7.68 MeV level of !?C, but cannot explain 
the observed (?) electron excitation of the 4.43 MeV level. Caleulations (13) 
have been made of the electron excitation of the 4.43 MeV level using the 
liquid drop model and a modified form of the liquid drop model which takes 
into account the non-uniform nuclear charge distribution. The calculated 
scattering for these models is larger than the experimental scattering and 
falls off too rapidly with increasing angle. It would seem that a full explan- 
ation of the experimental scattering would require a description of the nucleus 
including both independent particle and collective effects. 

In Sect. 3, the centre of the potential well has been treated as a fixed point 
and thus the effect of the difference between the centre of the well and the 
centre of mass of the nucleus has been neglected. This effect has been inves- 
tigated for small gq by BARKER (2°) and except for very light nuclei the effect 
is small except for electric dipole transitions with T’= T. The results given 
here cannot therefore be applied to electric dipole transitions with T'=— T. 


The author wishes to thank Dr. F. ©. BARKER for many valuable discussions. 


(7?) F. C. Barker: private communication. 
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RIASSUNTO (*) 


Si dimostra che la variazione con l’energia della sezione d’urto differenziale per lo 
scattering di elettroni di alta energia su nuclei dipende dall’avvenire la transizione 
nucleare con AM=0 o AM=+1, dove M è la componente dello spin nucleare nella 
direzione della variazione nucleare del momento dell’elettrone che ha subito lo seat- 
tering. Si considera poi l’eceitazione dell’elettrone nelle transizioni con AM—0 ser- 
vendosi del modello del nucleo a particelle indipendenti e si fa il confronto coi risultati 
sperimentali di Fregeau per il 12C. 


(*) Traduzione a cura della Redazione. 
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Derivation of the Functional Integral Formalism 
for Fermi Systems from the Canonical Formalism. 


W. K. BURTON and A. H. DE BORDE 


Department of Natural Philosophy - University of Glasgow, Scotland 


(ricevuto il 19 Febbraio 1957) 


Summary. — Using the canonical formulation of the quantum theory of 
fields, the functional integral formalism is derived for systems obeying 
anticommutation rules. A prescription for the evaluations of the ap- 
propriate functional integrals, using normal techniques is thereby obtained. 


In a previous paper (1), we showed how an explicit evaluation of the Feyn- 
man path integral could be made to give the propagators for Fermi fields. 
Special attention was paid to the one body propagator and apart from a sign, 
the prescription given led to the usual results. If, however, the same pre- 
scription is used for the evaluation of many body propagators, it leads to 
functions with the incorrect symmetry properties. To investigate this situation 
we show how the functional integral formalism for a Fermi field may be de- 
rived directly from the canonical formalism. We follow closely a method due 
to SYMANZIK (?) but differ from him in indicating a specific process whereby 
the integration over «anticommuting » functions is reduced to a series of 
normal integrations over numerical variables. 


1. — We define the propagator by 


(vac | Tyan) ... %(&n) | Vac) 


(1) ICH) ao Me) = (vac|vac) À 


(1) W. K. Burton and A. H. DE BORDE: Nuovo Cimento, 4, 254 (1956). 
(?) K. Symanzix: Zeits. f. Naturfor., 9a, 809 (1954). 
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where T indicates the time ordered product of the hermitian field operators 
y(æ) in the sense of Wick, and take the equation of motion of the system 
to be 


Lp(a), = 0; Dir = TJ" NL", 


where L is a suitable linear differential operator. Then it can be shown from 
the canonical formalism (*) that 


(2) 21 w(x) p(y) … pltn)> = 

= — 1} ya) … pri) per) … w(tr)) Ile — ay) 
and 
(3) Cp(a) p(@1) … yp(æ,)) = 0 if n is even. 


The propagator (1) is completely antisymmetric in the variables 7,,..., 7: 


Our aim is to present <y(x,)... p(v,)> in terms of L as a functional in- 
tegral. To this end we introduce the functional 


(4) Fi =X Inter) «man ples) … per) dm … de, — 


where we have appealed to (3) in writing down the second version of F{n}. 
Since the propagators are antisymmetric in all variables, Fin! = 1 if ‘the n(&) 
are numerical. We therefore take , 


(5) n(x) = » NrOrPr(X) ; 


T 


where the 7, are real, and the o,(x) form a complete orthonormal set of real 
functions 


CARTE Jrtmenar = png) = dla —e'). 


ig 


The o, form an anticommuting system: 
(7) Horr Os} == Don . 


(5) P. T. Marrupws and A. SALAM: Proc. Roy. Soc., A 221, 128 (1954). 
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We can now write (4) as 


qn 
(8) RG): a nn Pape LS 
where 
(9) Bie = | PAR) 2e Pry @n) CU) one pln)> Mary ety 


s completely antisymmetric in its suffixes. Accordingly, the only non-vanishing 
contributions to F{y} in the sum (8) are those where no two of the r’s are 
equal. In these contributions the o’s anticommute with one another, by (7). 


2. — The next step is to find a functional differential equation satisfied 
by Fin}; this equation is then solved by using functional integration. We 
introduce the (left) functional derivative 3F/3y(x) as follows: 


à oF ee OF 
10) Oa = | 6) —— de = > fo rOr Dr (TE) —— lern 6 
Then 
OF f oF 
1 = pi) acres 
an) sy, = Jet 5 ay 2 
which, using (6) and (7), gives 
OF oF 
12 I Gens: - 
( ) > OrPr(@ ) On, Sn(x') > 
A short caleulation now shows that 
‚of y 
(13) an i =>+ soe lan) plo) p(t) … pe) dar... dr. 
If we write 
(14) S = yLy = Jvtznerar, 


we find, by expressing y(x) as > a,0,9,(x) that 


(15) = 2Ly(x). 


dy(z) 


e 
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Hence, using (2) 


5S an 


il = .F a SS eee 

2 Sy y=—2(8/5n) un > (n + dij) 
: [internen … nu) — namen) NER) +. yplRı) … w(x,)) da, … de, = 
= i | Ae na) … (Ln) }< p(t) «+ W(@n)> dr, … dæ, , 

where 


A7)  Afn(x), (ary) … nlen)} = 
1 


= pa Lane) ner) Nee) … ner) +... |, 


is the «antisymmetric part » of (x7) 7(7,) ...4(@,)- 


3. — It is not immediately apparent how to solve (16) so we study the 
related equation 


88 
(18) So Fin} = — n(x)F{n} . 
VD p= — iö/ön) 
If the function 7 obeyed anticommutation rules {7(x), 4(a')} = 0 equa- 


tions (16) and (18) would be identical. Since this relation is not obeyed, FP, 
and F will not be the same, but we shall see that, in a sense to be explained 
later, F{n} is the antisymmetrie part of F,{n} and the functional derivatives 
of F{n} are calculable from F,. 

Introduce the Fourier transform G,{A} of Fi{n} by 


(19) F{n} = fox [ian] G {A} d(2); An = face da — > yes 
where 
(20) A) = D Op (ay 


Regarding @,{A} as a function of the A,, the integration is over all the À,: 


(21) d(4) = II —= 


1513 


1514 W. K. BURTON and A. H. DE BORDE 


We have the inverse formula 
(22) 8 = fexp(— na, 


interpretable in a similar sense. It may be necessary to modify the volume 
elements in these two integrals in order to secure convergence: d(A) > d(KA), 
d(n) > d(K~) as suggested by SYMANZIK. If so we continue to use the 
notation d(A) instead of d(KA). From (19) we obtain 


. SF, ere | 
D mL CLIC) 
so that 
5 38 | RES 
9 es 3 Be US 
(23) 7 aay He = | Sy explin] Gi {2} d(2). 


Integration by parts shows that 


Pr exp Cine ta a = fexptianl i aa. 
Hence 


; N: 
(24) n(&)Fı{n} = Jexptian i ju) Gi{n} d(A) 


Combining (18), (23) and (24) we have 


ve SS{A} PRO 
DE RATER Sr >= 
=) Ge as ar se 
Put 
(26) G{2} = exp [iT{A}] . 
Then 
OV OA ; 
(a ul exp{[iT{1}] = 0. 


Hence, if G,{At‘~0 we have T=S + D where 


SDA} 
Ir) 
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This gives 
(27) Fin} = Jesptityzy + yn)l:d(y) , 


if we absorb the contribution from D into the volume element d(y). 


4. — We now evaluate the functional integral using y(x) = Ÿ a,0,9,(x) and 


integrating over the a,, first making a suitable choice of the orthonormal 
set {pr}. We introduce the normalized eigenfunctions of L: 


(28) Lipp = Mapes 

Since Z is Hermitian, the A, are real and we have, since L is imaginary 
(29) Ly? = — Apr . 

We can label the y, so that 
(30) LD; Ave OMAN in), for r 0: 


We then have 
(31) vy = —Y.. 


If L contains the appropriate imaginary part to secure the correct boundary 
conditions on the <p(x)... y(æ,)», the value r = 0 does not come into con- 
sideration. We can construct a real complete orthonormal set from the yw, 
as follows: ; 


Vir = (ve + per)IV2, pu = (WH —v.)iv2; r> 0. 
We have 
Yıryıs = Ors 
(32) Var Vas = Ors 
| YVirPas = 0 ; 


since pi y, — [v*@) pw) de = 6,,. We shall use the w,,(x) and w,,(x) as the 
set p,(2) mentioned above. The functions (2) and y(x) are expanded as 


r>0 


| n(&) = > [marOirPir() =e Mar Oar Var (©) | ; 
(33) 


I 


| ya) = > [yrOrrWir(@) + sr FxrWPor(@) | ; 
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where the square of each o is 1 and two different o’s anticommute. To evaluate 
yLy we need 


[ Yrir LY 5 = YirL(Ys p_.)/V2 = Wirl(Asps = Aw_s)|V2 = tA WrrPrs == (l 


Yorlapas = 0 


(34) 
Pirl pos etz GÄrÖrs 
Wor LY rs = th, Ors . ‘ 
Hence 
(35) yLy SWR > 2,4 1r@3rO3r ’ 
r>0 
where 
(36) Or = 41[ Gir, Or] (not summed). 
Now 
(37) NEE > (Harry + Mordor) = WH 
r>0 
and hence 
(38) exp [Nr Ar Nardier — 2 ir Or) | ae 


= EXP [Umırdır + Nord) (COS 2A, y,Ayr — 103, Sin 24,414») = 


(1 Ta | O3r) exp [inıır TT Nardgr ain 21,44rAer) | ar 


win 


ae + (1 =F O3) exp [ilnırdır FAT Por Ur == 2 Gr) | & 


We have 


| 2,405 + Nırdır ui Mordor = 24, (a, De (NarMir/2Àr) ? 


24, 24, 
39 
9 N | Mar Mar\ | } 9 
— 21, Qay I YarQir | Yor Gar ae ars 2), ir 2 Ur 2 I (Merar/2 5) , 


so that the contribution to Fifn} from the integration over a,, and as, is 
given by 


Jew [%(2A,a,,4;,)] da,, da, [27 = eo dar 


AP = Jesper] da,, dds, . 


C=) 
- 
18 
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Hence 
Fun) = (det LY "Ds LICE (1 — 0m) exp [— ire 2Ar] + 
+3(1 + oor) exp [in1M2r/24,] 
(40) = (det Z) FD, Il [608 (Mhart2r/24r) + tar Sin (mrMar/22,)] 


— (det L)D, exp [4/2 ¥ n,,A NarGer] = 


r>0 


== (det L)*D, exp [— (i/4)nZ-y] . 


In the latter formula, which has a direct interpretation only so long as 
we limit ourselves to a finite subset (of order 2N) of the orthonormal set {Pr}, 
det L is the determinant formed by the matrix elements of L with respect 
to this subset. Further, the factor D, consists of the arbitrary factor D intro- 
duced into the volume element (see remark after (27)) and a weighting factor K 
(see remark after (22)) which must be included in the volume element to make 
the functional integral (22) or (27) converge in the limit N — co. For example, 
factors such as the } in the equation before (40) are absorbed in this way. 
Since D, contains an arbitrary factor we choose it so that the combined pro- 
duct D,(det L)* converges when N — oo. 

If we introduce 


(41) Gy(ax") = <y(x) y(x')> ; LG,(xa') = ti de — a’), 
we can write this last result as 
(42) F{n} = (det G,)*D, exp [— 47 Gon] - 

For the purpose of later developments it may be desirable to consider a 
range of problems which differ from one another by having Z dependent on 
an external field 9: L=L,. Let us identify the problem considered so far 
with the case g = 0. In this case, if we want F,{0} = 1 we must choose 
(43) D, = (det Gy)? . 

If we now consider a general p, the quantity @ will be a functional of q, 


and we may write it @,. Then, providing the functional integral (27) converges 
with the same volume element for all @ considered, including g = 0 we have 


(44) Fi? {ny} = (det GG.) exp | — 3n6,n] — (det Ties TE exp [— 210,1] : 
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5. - We now try to establish a connection between F\”{n} and Fin). To 
do this we expand the exponential as follows 


en Al Ke ! it ! ! / 1 
BoD - ai nesastnenen tee (Ln) Go(t tn) (Ln) dx, dx, … dv, dx, 
“4 (— 1 
= » — —— | (1) «-- 9(®an)Go(X1H2) -- Gofdon-1%an) AM, ... Alan - 


Now consider the functional 


(46) Fin} = APY {n} 


derived from F'{n} by replacing the kernels @,(%%2) ... @(Gon1%en) by their 
antisymmetric parts 


(47) (2n) yt D eli © Be) Go(i,%:,) oer G(x Pcie 5 ? 


where e(1, 2, 3, …, 2n) =1 and is completely antisymmetric in (1,...,2n). In 
the indicated summation, each term appears in n!2" equal copies arising 
from it by those permutations which do not sever any two arguments bracketed 
together by @,( ) in that term. Defining 


XS oli oon dau) Fol 2e Fal ing Bin) 


(48) G(x, see Lon) = on 


which is a Pfaffian (*) in G,(2x') we can write 


Ah ie 
(49) F,{m => oa fac) ves Din) Hr «i+ Dan) Ay... Aan « 


We have from the definition of G, noting that there is only one term in 
G(7,7), only one term containing G,(2,%,) and so on: 


Ga Br) = 609) Ce ey, i= CR 


[ 

| n 

= Y Ga) 1 4, mire); (ar) = G, (ax) 
j=2 


(51) Glan a) = S (VS (ot) an... yy Why on Wa) - 


si 


(*) Using this function we can write (det G)i = PfG ete., in (44). 
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(52) QLG (wa, … æ,) = à © (—1)+1 d(w 


3-1 


N De 


We conclude that F,{n} satisfies the same functional differential equations 
as Fin}, by comparing (52) with (4) and (52) with (2). We also see from this 
comparison that 


(53) pl). pla) = Han... a) 


and in fact Fin} = Fi{n}. 


6. — Since 
\ d"F{n} 
(54 VER a == QU). UT.) 
(54) (— 2) a, Ya). Pan); 
and 


IP : 
un = [ view) … P(X) exp [i(yLy + np)] ay) , 


ed Mis AL Sy (ay) … 39 (2) 


we see that 
(56) pl)... p(n)» = Antisymmetric part of [y(r,) ... plex) exp [iypLy]d(w) , 


the symmetric part arising from the presence of equal suffixes on the o,’s 
appearing in the expansion of the factor par) … w(@,). It is these symmetrical 
parts which are eliminated in formal prescriptions such as SYMANZIK’s (?). 
The foregoing analysis can be regarded as a justification for such prescriptions. 


RIASSUNTO (*) 


Basandosi sulla formulazione canonica della teoria quantistica dei campi, si deriva 
per sistemi obbedienti a regole di anticommutazione il formalismo dei funzionali inte- 
grali. Si ottiene cosi una regola per il calcolo degli adatti funzionali integrali facendo 
ricorso solo a tecniche normali. 


= 


(*) Traduzione a cura della Redazione. 
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A Generalization of Reissner-Nordström Solution. II. 


R. L.»BRAHMACHARY 


Institut für Theoretische Physik - Universitit Hamburg (*) 


(ricevuto il 21 Febbraio 1957) 


Summary. — This is a continuation of the work on a generalization of 
Reissner-Nordström solution, namely the interior solution of a charged 
(material) sphere. Following ToLMAN (?) we may easily obtain two special 
solutions of the field-equations, when the energy-tensor consists of two 
parts, namely the electromagnetic and the material parts. The second 
solution, obtained by assuming e”(v'/2r) = const is discussed here. We 
further obtain another solution based on the very restrictive assumption 
o =—vp. We also show the validity of Birkhoff’s theorem for the case 
of a charged sphere. 


1. — In order to obtain the second solution mentioned in the first part of 
our note (!) we start from the simplified form of field-equations as obtained 


2 


by TOLMAN (?) namely the set of equations 


(1) 8x(Ti — 132 aa (= EE — + iB (exp [— 4] | + 


jp dr ie dr 27 


Fexpl-Ut NZ (ez), (tt = 1, 
i 1 il 
2 8 ex x | 
2) mp —exp(— fe +5) +4, 
Ties elk 1 
3 820 = ex E 
(3) Tor ex pi äle =) = A 


(*) Present address: Research and Training School, Indian Statistical Institute, 
Caleutta. 

() R. L. BRAHMACHARY: Nuovo Cimento, 4, 1216 (1956). 

() R. C. ToLman: Phys. Rev., 55, 364 (1939). 
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In case of our charged sphere, we now obtain the following three equations 


2 d fexp[— 1] —1 d v 
(4) 8x — 42) re | in | ee (exp real 2) <> 


dev: HE x 
+ exp [— a+mes x) Sat, = Aner? , 


< { 1 ii 
(5) Sup — Saf} = exp [— A|) Ha) +4 
Al; il 
(6) 8x9 + Sm = exp [— A] (7 =| pee: 
Let us assume 
v v' 2 
e De B? = const, 
2 Br 
y= | 
By + D 


Equation (4) now reduces to 


exp[—A]—1 , v' À : 
Beer ic mate exp [— 2] oak Sner? + ©, 
where € is a constant of integration, whence we obtain 


; 1 -- (27?B?/D) Baer? 
~ (1+ (7?B?/D))(1 + Or?+ 8ner‘) ; 


€ 


Putting these values of À, » in equations (5), (6) we obtain the values 
of p and ©. Thus our complete solution is 
= Br D; 


; 1 + (2Ber2/D) 
€ = CF (reBe/D))(L+ Or? + Baer’) | 


The expressions for p and o are naturally very complicated but at r = 0, 


they reduce to 


4B? BC 
Ba en 4 
6B? 320 
LE a 
So = — 30 4 D D A 
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2. — A further solution can be obtained under very restrictive physical 
conditions. The equations (4) and (5) can be combined to yield 


dp —(o + pw 
(7) ne + Ber, 


we have now to solve equations (5), (6), (7). Integrating equation (6), we 


obtain : 


y2 Aner? £ 
exp [— À] li = —salertar. 


If we now assume the very restricting condition o+p = 0 which may be 


rm 


physically realized only in case of a «neutron-fluid » sphere, equation (7) re- 


duces to 
p = Se? + 
and hence we obtain 
== — $er? — ¢ 
Thus 
2 4 12 8 
exp[— A] = i = Ber - 5 er? + 3 Cr? —8nD. 


As any value of »', will satisfy (7) we can substitute p, e”* in equation (5) and 
obtain the value of 


; ar? — prt — yr? — br? — (2 + 87 D) 
ars — (Br5/4) — yrt — (1/R2)r Lr(1 — 82D) © 


For very small values of 7, say the case of a nucleus, we may neglect the 
higher powers of p and simplify 2’. 

External solution: outside the charged sphere we have again the Reissner- 
Nordström solution if p — 0, @ =0. The well known method of boundary 
conditions and equations of fit can be employed to find the value of constants, 
such as e” in the first part of our note, B, etc. 

It may be mentioned that Birkhoff’s theorem is valid in case of a charged 
sphere. Outside the sphere, 


Cr = (Ges ze i) = tj 4 sO == ae ete. 
Thus, 
BT 


3 
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and further, 
1 1 4 
el, = 0. 


We have however the general equations 


8nT; = — exp[— A] 4, 


8nTi = exp[— >] Lg 
: 


As ©; = (7) +%) and GATE, tis 0. 
We have 


I= Ox: 


This condition leads to the validity of Birkhoff’s theorem. 


RAS IS UN OF (* ) 


L’articolo à la continuazione del lavoro sulla generalizzazione della soluzione di 
Reissner-Nordstrom, cioè la soluzione interna di una sfera (materiale) carica. Secondo 
Tolman, quando il tensore dell’energia consiste di due parti, Velettromagnetica e la 
materiale, possiamo facilmente ottenere due soluzioni particolari delle equazioni del 
campo. Qui discutiamo la seconda soluzione ottenuta assumendo e’(v'/2r) = cost. Otte- 
niamo inoltre un’altra soluzione basata sull’ipotesi molto restrittiva e = — p: Dimo- 
striamo anche la validitä del teorema di Birkhoff per il caso di una sfera carica. 


(*) Traduzione a cura della Redazione. 
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On the Neutron Deficient Isotopes of Thallium, °°T] and °"Tl. 


R. K. Gupra, and S. JHA 


Tata Institute of Fundamental Research, - Bombay 


(ricevuto il 22 Febbraio 1957) 


Summary. — The scintillation spectrometer studies of *{?Ti have shown 
that this isotope emits, in addition to the y-rays reported by GERHOLM, 
y-rays of energy round 1580 keV, 1680 keV, 1800 keV, 1950 keV and 
2100 keV. In the study of FT], the ratio of the probabilities of L electron 
captures and & electron captures has been measured by the summing 
technique. The ratio P,/P,, leading to the 440 keV state, is 0.55 
from which the total decay energy has been calculated to be 600%} keV. 


In this note we report the results of some of our work on 2T] and Tl. 
A mercury oxide target was bombarded with deuterons in the cyclotron at 
the Birmingham University and immediately flown to Bombay. Thallium was 
separated chemically from mercury and deposited on mica. The y-radiation 
from the Tl isotopes was studied in a single crystal scintillation spectrometer 
with a duMont photomultiplier, 6292 and a Nal(Tl) Crystal 1?in. in dia- 
meter and 2 in. high. The spectrum is reproduced in Fig. 1. 

One can see from the spectrum that the source consisted of the 27-hr ?°TI, 
3-days ?2T and 12.5-days 2”T1. 


1. — Thallium 200. 
A decay scheme for ?°°T] has been published by GERHOLM (!). The energies 


of the y-rays from this isotope are 116 keV, 252 keV, 289 keV, 309 keV, 
368 keV, 594 keV, 627 keV, 712 keV, 758 keV, 828 keV, 1206 keV, 1227 keV, 


() T. R. GERHOLM: Ark. f. Fys., 44 (2), 55 (1956). 
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0— 

1362 keV and 1516 keV, and 70keV 
the excited states of 2°°Hg have 
been placed at 368 keV, 947 keV, 

1575 keV, 1595 keV, 1660 keV, 10° 
1730 keV, 1776 keV, 1885 keV 
and 2137 keV. The highest 
energy y-ray observed is of 


440keV 
160keV y 


2 4 200, 201,202 
energy 1516 keV and another N TL 
of about 1 800 keV is suspected. 
One observes in Fig. 1 that 12400 
1220keV PAR 
there are perhaps two y-rays Le = ca bane 
emitted in the region 1500 I = 1800 
= 


1700 keV. The energies of the 
y-rays have been estimated to 


be 1580 keV and 1680 keV. In 10° es 1800kev 


ENERGY IN keV 
1 IL 
S 
8 


addition to these, y-rays of fi950keV “1800 
600 

à . re r 7 if 

energy 1800 keV, 1950 key D TUE Lot 

2 z are itten i 

and 2100 keV are emitted. i VOLTAGE 4200 

When examined in the well of OT 80 60. 70. bo 0 O 

a Nal(Tl) erystal 4in. in dia- Fig. 1. — The y-ray spectrum of 2°°T], 24T] and 


meter and 4in. high, the final 22] in a single crystal spectrometer. 
sum peak of feeble intensity 

appeared near 2400 keV. It seems that the decay energy of 2%T1 is about 
2.4 MeV. 


2. — Thallium 202. 


Thallium 202 is known to decay with a half-life of 12.5-days by electron 
captures to the ground state of °®Hg in 63% of the cases and to the first 
excited state at 440 keV in 37% of the cases (2°). The decay energy of :®T] 
has been determined by KRAMER et al. (3) within rather wide limits. The sum- 
ming technique has been used here to measure the decay energy (15). 

The radiations from ?®Tl were studied in a single crystal spectrometer 
after 2271 and #T] had decayed away. The spectrum is reproduced in Fig. 2. 
One notices the Æ X-ray peak at 68 keV along with the escape peak, the y-ray 


(2) I. BERGSTROM, R. D. Hit and G. DE PASQuATE: Phys. Rev., 92, 918 (1953). 
(5) P. KRAMER, H. C. Hamers and G. Metre: Physica, 22, 205 (1956). 

(*) R. K. Gupra and S. Jua: Nuovo Cimento, 4, 88 (1956). 

(°) A. Bist, E. GERMAGNOLI and L. Zappa: Nuclear Physics, 1, 205 (1956). 
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peak at 440 keV and a peak at 510 keV due to the simultaneous detection 


of the K X-ray and the y-ray. 


The ratio of the number of coincidences between the y-ray and the K X-ray, 


IX to the number of y-rays, L,, 


L/L, = (N x/N)o,Sex exp [— bgt] = (1/(1 
7000 
440 keV 
6000 
fell 70 keV 202 
1 TL 
4000+ 
= 
= 
3000+ | |xKo 
SUM PEAK 
2000 { 
1000 
VOLTAGE \ 
1 1 
0 10.220.011 30° 1200 ROU eG ON ETO 


Fig. 2. — The y-ray spectrum of ?°T] with the 
source kept close to the Nal(Tl) crystal. 


The spectra were taken with the source at 
and I,,/I,, was plotted against the solid ar 
The value of J,./I, for S = 0.5 was read 
from Fig. 3 to be 0.29 + 0.01. When cor- 
rected for the random summing, the value co- 


mes out to be 0.284 + 0.01, which gives 
PP, = 0.5557} 5, and the decay energy 


to the 440 keV state 
GID pe 

The total decay energy of *?T1 is 6007? 
keV which gives the log ft for the transition 
to the ground state as 7, and that for tran- 
sition to the 440 keV state as 6.3. The 
ground state and the first excited state of 
the even-even isotope ?®Hg are 0+ and 2+ 


is calculated to be 


() H. Brysk and M. E. Rose: ORNL 1830. 


+ P,/P,))o,Se, exp [— ut]; 


where N, is the number of the 
K electron captures leading to 
the excited state, N is the total 
number of captures leading to the 
440 keV state, w, the K-fiuores- 
cence yield, S the solid angle sub- 
tended by the source at the cry- 
stal, e, the efficiency of the detec- 
tion of the K X-ray and exp[—w,t] 
the absorption of the A X-rays in 
the cover of the crystal, P, the 
probability of A electron capture 
and P, the probability of L elec- 
tron capture. The decay energy 
for the calculated value of P,/P, 
can be read from the curves of 
Brysk and ROSE (8). 

various distances from the crystal, 
ıgle (Fig. 3). 


= 5 SOLID ANGLE 
—1_ 
ar = 2 


5 a 


0 


Fig. 3. — I,,/I, is plotted against 
the solid angle subtended by the 
source at the crystal. 
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respectively. From the log ft values, one can perhaps conclude that the elec- 
tron capture decay of the odd-odd isotope ?%T] both to the ground state 
and to the first excited state of ?”’He are of the first forbidden character. 
The assignment of only 17 would be consistent. This is rather surprising, 
as one would expect :2”T1 to be 2- like TI. 


Our thanks are due to Mr. K. S. BHATKI who separated Tl from the mercury 
target for us. We are grateful to Mr. B. Sarar for all the help we have received 
from him. 


RIASSUNTO (*) 


Gli studi sul T1 fatti con l’ausilio dello spettrometro a seintillazione hanno dimo- 
strato che questo isotopo emette, oltre ai raggi y riferiti da GERHOLM, i y di energie 
prossime a 1580 keV, 1680 keV, 1 800 keV, 1950 keV e 2100 keV. Nello studio del 72°71, 
é stato misurato per mezzo della tecnica additiva il rapporto fra la probabilita di 
cattura degli elettroni Z e quella degli elettroni K. Il rapporto P,/P,, che conduce 
allo stato di 440 keV & 0.555 "9% da cui si calcola l’energia di decadimento totale 


in 600°? keV. 


(*) Traduzione a cura della Redazione. 
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A Method for Calculating 
the Anomalous Magnetic Moment of the Electron. 


S. KAHANA and J. C. PCLKINGHORNE 


Tait Institute of Mathematical Physics, University of Edinburgh, Scotland 
(ricevuto il 26 Febbraio 1957) 

Summary. — A method of calculating the anomalous magnetic moment 

of the electron is outlined, making use of zero-photon-energy uncrossed 


Compton scattering diagrams. It is illustrated by a calculation of the 
Schwinger term. 


1. — Introduction. ‘ 


Recently FRANKEN and LIEBES (!) have measured the magnetic moment 
of the electron and find that their result disagrees with the theoretical estimate 
of KARPLUS and KROLL (?). The value FRANKEN and LIEBES obtain for the 
electron magnetic moment is given, in units of the Bohr magneton, by 


(= MAO Ny S= 000 


where « is the fine structure constant. KARPLUS and KROLL arrived at the 
value 


be == 1.001 145 4 
a Ce 
| LR tert 


() P. FRANKEN and S. LIEBES, Jr.: Phys. Rev., 104, 1197 (1956). 
(?) R. KARPLUS and N. M. Krout: Phys. Rev., 77, 537 (1950). 
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It therefore seems desirable to seek to confirm the intricate calculation of 
KArprus and KROLL by an independent method. The present authors pro- 
pose to outline a method which could yield such a check, and illustrate this 
method by caleulating the magnetic moment to first order in the fine structure 
constant. 


2. — Method of calculation. 


It is well known (?) that the magnetie moment of the electron can be 
deduced by inspection of the vertex function /',(p, p') for small values of the 
momentum difference (p'— p). In fact the magnetic moment term is obtained 
as the term of type 


wulp)o „ip! — p) Up’) , 


when 7',(p, p') is evaluated between free spinors Wp) and u(p'). The method 
proposed then consists in isolating the required terms by performing a Taylor 
expansion of 1°,(p, p') and using Ward’s identity to simplify the calculation, 
of these terms. ; 

Since we are interested only in the anomalous magnetic moment (a.m.m.) 
of the electron, we may confine ourselves to the quantity A, p') where 


Lp; pe) = 7, +4, (pv). 


We recall that for A (Ps p') Ward’s identity takes on the form 


O 


oP abe 
“ (p) I 


(1) ABM) = —i 
D 


VD 


where Z*(p) is the proper self energy part for the electron. The Taylor ex- 
= NS ; | 
pansion of A,(p, p') is then seen to be 


I > 0Z* I v 0 / 14 
(2? A,(p, p) =—4 ape (2) + (p'— p) Lape Au p as u. 


A slight extension of the technique involved in deducing Ward’s identity 
allows us to interpret the coefficient of (p’ — p)" in (2) as a sum of uncrossed 
Feynman diagrams contributing to the Compton scattering of zero energy 
photons. The operation of differentiating A,(p, p') with respect to p’” and 


(8) See for example: J. M. Jauch and F. ROHRLICH: The Theory of Photons and 
Electrons. (Cambridge Mass. 1955). Our notation is that of Jauch and ROHRLICH. 
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then setting p'— p corresponds to inserting zero energy photons, in a defi- 
nitely ordered fashion, into the open line of all diagrams A „(Ps P): 
We may then write 


POS 
(3) AMD, P)=—4 apt 2*(p) + (p'— p)' M,,(D) « 
_k M,,(p) is defined as the contribution of 
es i DATE uncrossed diagrams to zero-energy photon 
yo ne Compton scattering. It is given in lowest 
"4 . 
/ EN order by Fig. 1. 
/ \ 
/ \ 
\ 
! \ 
I H v \ 
=> > v 3. — First order calculation. 
IX P NEID. 
a \ 
/ \ 
oY Se In the remaining part of this paper 
+ ON we will eompute the a.m.m. to first order 
Fig. 1. in the fine structure constant. We note 


that both terms in (3) will contribute to 
the a.m.m. However we make use of the well known result for 2%(p) (*) 
to deduce the contribution of the first term. 
In fact 
(4) 22(p) = (typ + m): 


1 1 


[a diel fas m(1+ a) + (iyp— ml — x — 2a(x — (1]/a) N 
ma? + (p? + m?) a1 — wa | 


-(iyp + m). 


i) ö 
From the fashion in which we have written I*®(p) it is clear that on diffe- 


rentiation the term we are interested in reduces to 


(5) 2 | dæ = DAT + m)u(p') ; 


see | el 


All the other non-zero terms in — iu(p)(6/0p")X*©(p)u(p') are proportional to 
higher powers of the momentum p” and hence do not contribute to the a.m.m. 


(*) The symbol (2) appearing in Z#(p) indicates second order in perturbation 
theory. The value for Z#,(p) we quote, is that given in Jauch and RoHRLIOH, loc. cit. 
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In addition we have from Fig. 1 () 


à (2) a ie? 
(6) M, (p) ei (2x)! 
ee . 1 1 1 : 
ke ep) Em iy(p—k) +m’ ivip—k) tm 


The remaining part of the calculation is greatly simplified if we note that Var Py 
appearing in (6) can be considered to anti-commute with all terms y(p — k) 
present in (6). The terms ignored in this fashion, if retained, would introduce 
higher powers of p“, p” or else terms proportional to g,,. None of these would 
therefore contribute to the a.m.m. 

If we also shift the origin of integration in (6), we find MR reduces to 


— (2iyk)y.y, 5 


ie [ dk 
od me 2= = Pe = =. É pr 
(7) i le — k)? (k? + m?)? 


am 
Thus the contribution of M, to the a.m.m. is (°) 


1 


l RE (lea) j ; ’ 
(3) an [aw | rn U(p)(p'— p) o„ulp‘) - 


0 


Combining (5) and (8) the infrared divergences cancel and we obtain finally 
for the a.m.m. 


at ! v ry f e a — ! v 
uu(p)(p p) up ) = om on u(p)(p FE p) „up ) : 
That is the a.m.m. up to first order in the fine structure constant is 4/46 —%/27. 
This is the well known Schwinger term. 


4. — Discussion. 


> 


Although the method employed above yields the lowest order a.m.m. with 
very little effort, it is questionable whether in the next order of perturbation 
theory it is any improvement on a direct renormalization calculation of 


A,» p'). Firstly, the number of graphs to be evaluated for M AP) is greater 


(5) Care needs to be taken to obtain the correct number of factors à in J,,. 
(5) The 4-momentum integration in equation (7) is performed using the symmetrical 
integration technique of R. P. FEYNMAN (Phys. Rev., 76, 769 (1949)). 
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than the corresponding number for AY(p, p'). Secondly, the renormalization 
of Z*(p) is considerably more difficult in fourth order than in second order 
perturbation theory. However, some simplifications may be introduced by 
referring to a result due to PETERMANN (?). He is able to demonstrate that 
if one can represent M ,,(p) in the fashion 


M ,,(P) = 9,8 + 0,7, + + 


then the a.m.m. is given simply by the coefficient 6. This result is understood 
if one notes that 


anaes OUR 
Un, ye M vue = op" (5 2 : )) ° 


Thus one could avoid the renormalization of Z*(p) in fourth order, and in 
fact the entire calculation is then free of ultraviolet divergences. From Peter- 
mann’s point of view the simplest fashion in which to proceed would be to 
compute à from M} by methods similar to those we have used in extracting 


the a.m.m. contribution of M and also to evaluate the trace of M} 


2) 


up? 


thus 


uy? 


obtaining B + à. 


One of us (S.K.) wishes to thank the National Research Council, Ottawa, 
Canada, for the award of a Special Scholarship. 


(7) A. PETERMANN: Nucl. Phys., 1, 355 (1956). After this work was completed our 
attention was drawn to this paper. The author obtains similar results by arguments 
of invariance. 


RIASSUNTO (*) 


Metodo per calcolare il momento magnetico anomalo dell’elettrone per mezzo di 
diagrammi di scattering Compton non incrociati per fotoni di energia zero. Il metodo 
è illustrato dal ealeolo del termine di Schwinger. 


(*) Traduzione a cura della Redazione. 
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Low Energy K-Nucleon Interaction. 


D. AMATI 


Istituto di Fisica Teorica dell’ Universita - Napoli 
Istituto Nazionale di Fisica Nucleare - Sezione di Roma 


B. VITALE 


Istituto di Fisica dell’ Universita - Oatania 
Centro Siciliano di Fisica Nucleare - Catania 


(ricevuto il 4 Marzo 1957) 


Summary. — The low energy K-nucleon interaction has been studied 
using the Salam interaction Hamiltonian for the Nucleon-Heavy Meson- 
Hyperon system. The K-N scattering amplitude has been calculated 
disregarding K virtual state contributions, recoil and virtual barion- 
antibarion pair effects. Results are rather independent of the cut-off 
energy 7. The experimental data on K'-N scattering cross sections are 
obtained with a renormalized coupling constant G?/47 = 0.3. With this 
choice for the coupling constants, the phase shifts are small and negative 
for the T = 0 isobaric spin eigenstate and rather larger and positive for 
the T = 1 eigenstate. 


Several laboratories have already obtained experimental results on K-N 
interaction, relative to the cross-section for K-N scattering and to the relative 
weights of the two possible isobaric spin amplitudes (HE == ande aly: 
Experiments have been carried on at low energy using K-meson beams up to 
energies of about 200 MeV. The first results indicate (2:8) 


——— Dee 


() J. E. Lannurri, W. W. Cuurr, G. GOLDHABER, S. GOLDHABER, E. HELMY, 
E. ILorr, A. Pevsner and D. H. RirsoN: Phys. Rev., 101, 1617 (1956). 

(2) N. N. Biswas, L. CECCARELLI-FABBRICHESI, M. CECCARELLI, K. GOTTSTEIN, 
N. C. VARSHNEYA and P. WALOSCHER: Nuovo Cimento, 3, 825 (1956). 

(®) N. N. Biswas, L. CECCARELLI-FABBRICHESI, M. CECCARELLI, M. CRESTI, 
K. Gorrsrgin. N. C. VaRSHNEYA and P. WALOSCHER: Nuovo Oimento, 3, 1481 (1956). 

(4) N. N. Brswas, L. CECCARELLI-FABBRICHEST, M. CECCARELLI, K. GOTTSTEIN, 
N. C. VARSHNEYA and P. WALosScHEK: Nuovo Cimento, 5, 123 (1957). 

() G. Coccont, G. PupPI, G. QUARENI and A. STANGHELLINI: Nuovo Cimento, 5, 
172 (1957). 

(6) M. BALDO-CEOLIN, M. CRESTI, N. DALLAPORTA, M. GRILL, L. GUERRIERO, 
M. MERLINn, G. SALANDIN and G. Zaco: Nuovo Cimento, 5, 402 (1957). 
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a) the cross-section for K*-p elastic scattering is of about 15 mb at 
energies below 200 MeV. The Bologna group (*) gives o(K*-p)=(14-4 3) mb 
(EX" = 40+ 150 MeV); the Padua group (‘) gives o(K*-p)=(14+ 6) mb 
(EX — 50+ 150 MeV); the Göttingen group (1) gives o(K*-p) = (14 +3) mb. 

b) the center of mass angular distribution for K*-p elastic scattering 
does not differ significantly from an isotropic differential cross-section (+); 

e) at low energy the 7 = 1 state contributes much more than the T = 0 
state to K* interactions in nuclei (**); 

d) the total K*-nucleus potential seems to be repulsive; this last con- 
clusion is still of a rather tentative nature. 


We have investigated if this enhancement of the 7 =1 scattering am- 
plitude for scattering at low energy ins waves can be attributed to the very 
structure of the usually assumed K-N interaction Hamiltonian; in other words 
if a theory developed in a consistent way from this Hamiltonian, disregarding 
recoil, virtual barion-antibarion pairs, K effects and pion interactions, will 
correctly describe the K-N scattering at low energies and give a good agree- 
ment with the observed behaviour (7). 


1 


1. - K-N scattering states. 


Nucleons and K-mesons are assumed to be iso-spinors; Z-particles are taken 
as components of an iso-vector; A°-particles as an iso-scalar. We have therefore: 


Sy: 
|p| Ke = 
(1) Nr PAR | ee SZ U 
n | Kee 
Xs 
where: 2= = 23, +. 1%,). 


The total Hamiltonian for the N-K-X-A° system will be (5): 


(2) BR Oe eG a Ay An ee ee 


+ gslPyr-gnAy + Alan Pr] + bmn | WW. de 


| 


L Oma, raraër + öms ESS Oz 


() Interesting considerations on K-N scattering were made by A. Pats and R. SErR- 
BER: Phys. Rev., 99, 1551 (1955). 

While this work was in progress, we received a preprint of a paper by ©. CEOLIN 
and L. Tarrara: Nuovo Cimento, 5, 435 (1957), where lowest order perturbation cal- 
culations are Gone on K-N scattering. 

(5) B. D’ESPAGNAT and J. PRENTKI: Nucl. Phys., 1, 33 (1956); A. SALAM: Nucl. 
Phys., 2, 173 (1956-57). 
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where 


; "(az exp [ikr] + bi exp[—ikr]) , 


(a, and b, are the annihilation operators for K and K, respectively; a', and be 
the corresponding creation operators; wm, = (k? + m2)? v(k) is the usual form 
factor in momentum space necessary in a theory that neglects recoil effects. 
This also eliminates «ghost» inconsistencies; see, for instance W. PAULI 
Suppl. Nuovo Cimento 4, 703 (1956)). g, and gy are the rationalized but not 
renormalized coupling constants; the masses involved into (2) are always 
the « observed » masses. 

The assigned spins of K-mesons and hyperons are 0 and 3, respectively; 
besides the parity of the K-meson is assumed to be equal to the relative parity 
of hyperon and nucleon. We shall not take into account in the following recoil 
effects of barions and virtual barion-antibarion pair formation; therefore (2) 
will describe only K-N interaction in a s state. 

Let |N> and |N> be the «undressed » and the « dressed » [by the inter- 
action part of (2)] nucleon states respectively. We shall now disregard con- 
tributions to K-N interaction coming from virtual K creation and annihilation. 
Because of conservation of strangeness, the processes that are not taken into 
account in scattering states are those that involve at least three heavy mesons 
at the same time. We can then express |N) as a linear combination of bare 
nucleon, bare meson plus A° and bare meson plus » states: 


(3) IND = A[| > + ¥ gai | A + Dd filkjazt |Z], 
k k,l 


where / is the isobaric index of the X. 
The assumption that m, is the «observed » nucleon mass gives: 


(4) UNS == m,|N); 

Substitution of (3) into (4) easily gives: 

gAv(K) 

5 UN ru = 

(9 V/20% (ox + Ma — My) j 

gyv(k)t! 

(6) fi(k) = = , 
v 20; (ox + Mg — My) 
g(k)o(k) zjı(k)o(k) 

Im =9 ee Si en 

(7) pees > 1/20 4 > \/ 20% 
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The normalization of |N) gives: 


(8) A =[1 + > 9h) + DHE. 


k kl 


A? and dmy are related to the coupling constant renormalization and to 
the nucleon mass renormalization, respectively. 

In the assumptions made, the Hamiltonian (2) presents many analogies 
with the Hamiltonian studied by LEE (?), and the scattering states (K-N) 
can be solved and the relative phase shifts found as function of the energy, 
without using perturbation methods. We shall express the physical state 
IN + K), in analogy with (3), by the expansion: 


(9) IN + K> =[}> ya |ND + I Mk, Kata; [AS + 
k k,l 
+ > pk, k')ay az | 2], 
u 


kk’, 


and the relation: 


(10) H|N+ K> =(m, +o,)|N + K), 


where «, is the total energy of the K, gives (putting (944?) = G4; (y A?) =G@) 
the following integral equation for the scattering amplitude: 


(11) _x(k)(@, — @,)h(k) = Gs] a k') 4(k') dk! + 


where 
x ; 1 v(k)v(k' 
2) ne pate 
167 V'o0% (Oz + Op — ©, — My + My) 

and 

Y2 id n°2 ! 37! 
(13) h (k) N Gh Br Al: Ù (k Mr ©) À k REIN 

1673 J ox(ox + Ma — Mi) (ox + Oy — ©) + Ma — My) 
M 363 [ ' v?(k’)(co, — w,) dk! 
167 


Ox (Or + My — My)? (ox + Oy — ©, + Ms — mx) | 


Projecting now y(k) into the two isobaric spin eigenstates Yo and Y:; COT- 


() T. D. LEE: Phys. Rev., 95, 1329 (1954). 


59 
a) 
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responding to the eigenvalues T — 0 and T —1, and using the projection 


operators : 
== 504s * DE tert 

(14) Py =- 7e ; P, =— PTA 
we obtain: 

3 ve GOO AT Na 
(15) Lo(k)(ox — w,)h(k) = 16%. Ka yxo(k’) dk Er Kyy(k’)d®R’, 

re i , GA : 7 ke’ 31! Gs ie 7 k' 431./ 
(16) ao = sgn, | Kazılk) ach er deh! . 


2. — Solution of the integral equation for the scattering amplitudes. 


Equations (15) and (16) can be put into the form: 


: | al Nahe 
D Kalk) = (k —-p) + C | (0, — w,)h(k) | 


The Fredholm method gives the solution in the form: 


AM SR ) 
ie) Xa(k) = dk — p) + 2 


where A,(p; k, p) and D (p) are given, in first approximation, by: 


K(k, p) 
(©: — w,)h(k) ’ 


(19) Ax(p; k, p)= pC, 


" K,(k, k) 3k 
ne Os fn ee 
(20) D, (p) ce] Den 


In order to understand how good is the first approximation of the Fredholm 
method as applied to our problem, we have tried to solve our integral equation 
in another approximate way by sliehtly modifying its kernel in order to have 
it separable into the variables k and k’. When this is done the equation can 
be.easily solved by the Schmidt method; the results that follow are not modified 
in a significant way when this second method is applied. 
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3. — Results. 


The expression (13) for h(k), when a square cut-off with ©, = is 
introduced, can be easily integrated using some trivial approximations 
and disregarding the nucleon-hyperon mass differences; we get then: 


7 


h (Gi +363 (20, — 20, + mı)(n — mz) n— Mr 
al). oh) = — ; = - 
VIn 47 (2m. + ox — ®,)(2n + Ox — ®,) N 
D,(k) and D,(k) have been integrated numerically, using (21). From the values 
of A, and D, we can get the value of the phase shift at the energy w,, using 
the expression (1): 


99 rate, sla eR: er D:E 
(22) tg Na(D) Di nt p)4,(p; ’ p)] ’ 


and the corresponding scattering cross-section: 
47 . 
(23) Cf») = as sn?n.(Pp), 


Numerical results will depend on the values taken for the two coupling 
constants @ and G and for the cut-off energy 7. Numerical values for the 
phase-shifts are however rather insensitive to variations of n from 2000 to 
about 3000 MeV. We shall give in the following the numerical results ob- 
tained with 7 = 2000 MeV and n = 3 000 MeV. 

We shall now make the following assumptions on the numerical values 
of the coupling constants: 


een > 


The Fredholm method, with @2/4r= 0.3, gives a small negative phase shift 
for the T= 0 state and a positive phase shift for the 7 — 1 state. We get: 


No on) Ny O1 
n= ? GeV 
Ex" — 100 MeV = $8 = 1 mb + 27° 9 mb 
| EX” — 200 MeV lie = 1 mb + 32° 6 mb 
n = 3 GeV 
EX” — 100 MeV = = 1 mb + 32° 13 mb 
| EX = 200 MeV == 10? = 1 mb esse 9 mb 


(°) W. Konn: Phys. Rev., 84, 495 (1951). 
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The qualitative aspect of these results is not modified in a significant way by 
small variations for the numerical value of G?/4x; the T=0 phase shifts 
are always small and negative, the T—1 phase shifts are always rather larger 
and positive. The value G?/47— 0.3 was chosen in order to give a good agree- 
ment with experiment for the 7 = 1 cross-section (K+-N scattering) when 
7 = 3 GeV. 


b) Gh # GS. 


There is no value for G/47 that can give the correct T =1 cross-section 
at 100 MeV and at the same time a negligible 7 = 0 interaction if we put 
G3, = 0; the same holds if we put G\ = 0. Therefore, in order to account for 
the experimental data, we have to consider both the N-K-A° and the N-K-X 
coupling. 


4. — Conclusions. 


We conclude from the previous analysis that the observed experimental 
behaviour in K-N scattering is related probably to the structure of the 
interaction Hamiltonian, at least so far as the two coupling constants involved 
are of the same order of magnitude. 

These results have to be taken with some care as the neglect of recoil effects 
is less justifiable here that in the pion-nucleon case; and besides the presence 
of K and x in the intermediate states could modify them in a way that we 
cannot at present foresee. We feel however confident that the enhanced 
character of the T = 1 scattering amplitude at low energy is not a result of our 
approximations but is bound to the nature of the interaction Hamiltonian. 


xx 


We wish to thank here Prof. M. Cıs1 for useful discussions; and the Bologna 
and Padua groups who sent us prepublication copies of their papers. 
One of us (D.A.) is grateful to the Consiglio Nazionale delle Ricerche for 


financial support. 


RIASSUNTO 


E stata studiata l’interazione K-Nucleone a bassa energia, usando Vhamiltoniana 
di Salam e risolvendo per l’ampiezza di diffusione K-N traseurando i contributi dei 
K virtuali e del rinculo. I risultati sono poco sensibili al valore del taglio in energia 
per i K. Un buon accordo con i dati sperimentali & ottenuto ponendo le costanti di 
accoppiamento entrambe uguali a G@?/4 = 0.3. Con questa scelta per le costanti di 
accoppiamento gli sfasamenti risultano piccoli e negativi per l’autostato di spin isoba- 
rico con T — 0, e piuttosto più grandi e positivi per l’autostato di spin isobarico T = 1. 
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(ricevuto il 4 Marzo 1957) 


Summary. A large cloud chamber containing 12 Pb plates (1 cm thick) 
and internal Geiger counters has been operated for 5000 h at 65 m w.e. 
underground. 28 penetrating showers produced inside the chamber by 
high energy u-mesons have been observed. These showers have been 
analysed with the following results: 1) As far as the relative number of 
secondary z+, r' and protons is concerned, the penetrating showers ob- 
served underground do not differ significantly from those obtained at 
sea-level and mountain altitudes. The observed mean free path for star 
production and nuclear scattering by the ionizing secondaries (the out- 
going u-meson being excluded) is 233-452 g/em-*2 Pb. This corresponds 
to a geometrical mfp, taking into account the finite plate thickness. 
2) The angle of deviation of the u-meson in the interaction is shown to 
be very small, less than 2° in most cases. This is about one order of 
magnitude less than the estimated ratio q/E of energy transfer to primary 
energy, in agreement with the interpretation of the events in terms of 
inelastic photo-nuclear interactions. 3) The mean number of ionizing pene- 
trating secondaries (without the outgoing u-meson) is 3.7. The mean energy 
of the observed events has been estimated from the electron cascades 
produced by disintegration of x -mesons: 16 GeV. 4) The observed cross- 
section of (0.43-+-0.08)-10-*’ em?/nucleon for production of penetrating 
showers of more than 12 GeV by u-mesons at 65 m w.e. underground is in 
good agreement with the predictions of a refined Williams-Weizsäcker 
theory and an assumed photo-nuclear cross-section of 10-2’ em?/nucleon 
at those high energies. 5) There is some evidence that the secondaries 
are not emitted isotropically in the center-of-momentum system of the 
virtual photon and the target nucleon. An anisotropic distribution of 
the type (1+cos ®) dQ in the CM system would agree with the observed 
angular distribution in the laboratory. In the same experiment, we have 
observed 12 cases of parallel non-interacting penetrating particles, pre- 
sumably u-mesons from extensive air showers. 2 pictures show as much 
as 9 and 11 parallel u-mesons in the illuminated region of the cloud- 
chamber, which leads to a density of about 55 particles per m? at 65 m w.e. 
and is estimated to arise from air-showers of about 3-104 eV. This 
energy estimate would agree with the observed frequency. 
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1. — Introduction. 


Depuis 1950, plusieurs chercheurs ont mis en évidence l’existence d’inter- 
actions nucléaires de mésons u à l’aide de diverses techniques. Nous avons 
résumé les résultats de ces expériences dans le Tableau I. 

En vue d'interpréter leur propres résultats, GEORGE et al. (1) ont utilisé 
la théorie de Williams-Weizsäcker (2): cette dernière revient à décomposer le 
champ électromagnétique du méson u relativiste en un spectre de photons 
virtuels, ce qui permet d'exprimer la section efficace o, en termes de o 


ph? 

section efficace re a des photons de grande energie, au moyen 
pa ey ) à > 

d’une formule du type oa, =] (E, q)o,,(q) dq/q. Au moyen dune théorie 


un peu plus précise qui aes a comparer les graphiques de Feynman relatifs 
à Vinteraction du u et du photon, ce qui permet de tenir compte également 
du spin du u et de langle de déviation fini, on a obtenu (?): 


N(E,g) = (2ax/x)|[ ln (E/m) — 4]. 


pole 


Les résultats expérimentaux semblent être en bon accord avec cette inter- 
prétation si l’on adopte pour la section efficace du photon o,,(q) à grande 
énergie une valeur de (1-- 3):10-2 em?/nucleon (*). Cependant, les incertitudes 
expérimentales sont grandes: en ce qui concerne les expériences avec émul- 
sions, si la fréquence des étoiles en profondeur est en équilibre avec le 
flux des mésons u, il faut souligner qu’une grande partie de ces étoiles 
ne sont pas produites directement par les mésons u, mais par des mésons 7, 
neutrons et protons, eux-mêmes secondaires d’une interaction du méson u. 
Comme nous l’avons remarqué en fin du travail cité (?), même les étoiles de 
type 1, de George doivent contenir une proportion appréciable d'évènements 
secondaires. 

Cette remarque vaut également pour les expériences de comptage de 
neutrons, où de plus on peut avoir affaire à des neutrons d’origine photo- 
nucléaire produits surtout dans les gerbes électro-photoniques consécutives à la 
Bremsstrahlung du méson u et aux neutrons émis dans la capture de mésons u.” 
arrivés au repos. 


(4) E. P. GEORGE et J. Evans: Proc. Phys. Soc. (Londres), A 63, 1248 (1950); 
A 64, 193 (1951); A 68, 829 (1955). k 

(2) E. J. Wizcrams: Proc. Roy. Soc. (Londres), A 139, 163 (1933); C. F. v. WEIz- 
SÄCKER: Zeits. f. Phys., 88, 612 (1934). Ati 

(?) D. Kuss~pr et P. Kesscer: Compt. Rend. Acad. Se. (Paris), 242, 3045 (1956); 
Nuovo Cimento, 4, 601 (1956). RR 

(4) P. H. BARRETT, L. M. BOLLINGER, G. COCCONI, Y. EISENBERG et K. GREISEN: 
Rev. Mod. Phys., 24, 133 (1952). 


98 - II Nuovo Cimento. 
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TABLEAU I. 


2 . = | 
| Methode Re Prof. | Section efficace Remarques | 
‘expérimentale m H,0 |10-* em?/nucleon 

Emulsions | GEORGE et al. (1) 8 45 +1.1 Calculé d’après le nombre | 
| | 25 Avi. =12/0:8 d'étoiles 1, + gerbes, la mo- | 
| | 45 AA eo yenne est 4.6 + 0.5. 

57 4.8. 0.9 
| 8 1.9 + 0.7 Calculé d’après lesétoiles com- | 
25 0.82 + 0.4 portant des gerbes de secon- | 
45 2.6 + 0.8 daires relativistes. La mo- | 
| 57 1.35 + 0.4 yenne est 1.7 10.8. | 
= | - - | 
| Avan (5) 300 | 12—18 (+40%) | Pour des mésons d'énergie | 
| ~ 100 GeV. 
| Gen | Coccont et al. (5) | 0—60 10 + 5 — | 
| @ | = = — — = — | 
neutrons | ANNIS et al. (7) 20 — 150 oe 
| Hodoscopes | Rome (8) 50 2.4 +0.4 Gerbes pénétrantes compor- | 
| de 200 7.5 +1.0 tant au moins 2 particules 
Compteurs traversant 15 em Pb. | 
Paris () 10 1.16 + 0.54 Gerbes pénétrantes compor- | 
65 1.22 + 0.45 tant au moins 2 particules | 
traversant 18.5 em Pb. 
Osaka (1) 32 0.28 + 0.07 Gerbes pénétrantes d'énergie 
200 0.29 + 0.11 minima estimée a 7 GeV. 
Cornell (’) 1 600 40 + 20 LE | 

I ES LIRE st oP. = ER 

Chambre | Milan ('') 55 1.2 = 
| She ne BER DES AS bes zen 2 x 
| Osaka (12) 50 05208 — 
| Paris 65 0.43 + 0.08 Travail présent: énergie mi- 

nima estimée à 12 GeV. 
(5) L. Avan: Thèses (Caën, France, 1955). 
() G. Cocconı et V. CoccoNI-TONGIORGI: Phys. Rev., 82, 335 (1951); 84, 29 (1951). 
() M. Annis, H. C. Wırkiıns et J. D. MıLLER: Phys. Rev., 94, 1038 (1954). 
(5) E. AMALDI, ©. CASTAGNOLI, A. GIGLI et S. Scrutr: Nuovo Cimento, 9, 453 (1952); 


9, 969 (1952); Proc. Phys. Soc. (Londres), 65, 556 (1952); C. CASTAGNOLI, A. GIGLI et 
S. ScruTI: Nuovo Cimento, 10, 893 (1953); E. AmaLpı: Conférence de Bagnères de Bi- 
gorre (1953); P. E. ARGAN, A. Grazx et S. Scıutı: Nuovo Cimento, 11, 1277 (1954). 

(°) D. Kessuer et R. Maze: Physica, 22, 69 (1956). 

() S. Hıcasmı, M. Opa, T. Osnıo, H. SHIBATA, K. WATANABE et Y. WATASE: 
communication privee (1956). 

(7) A. Lovarr, A. Mura, C. Succı et G. TAGLIAFERRI: Conférence de Bagnères de 
Bigorre (1953); Nuovo Oimento, 10, 105, 1201 (1953). 

(?) S. Hıcasm, T. Osmıo, H. Surpara, K. WATANABE et Y. WATASE: Nuovo 
Cimento 5, 592 (1957). 
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Quant aux expériences au moyen d’hodoscopes de compteurs, on est géné 
à la fois par les intéractions électromagnétiques multiples (knock-ons, Brems- 
strahlung, production directe de paires d'électrons) au niveau des bancs de 
compteurs (*") et par les gerbes électromagnétiques énergiques qui touchent 
plusieurs bancs de compteurs simultanément si ces bancs ne sont pas séparés 
par au moins 15 em Pb (%). De plus, il est souvent difficile d'éliminer les gerbes 
pénétrantes produites dans les plafonds ou les murs du laboratoire souterrain. 
D'autre part, la comparaison des résultats fournis par des groupes différents 
dépend de leur définition. 

Par exemple, les résultats donnés dans le Tableau I pour le groupe de 
Paris (*) ont été corrigés pour tenir compte des probabilités de déclenchement 
de l’hodoscope. La section efficace citée se refère done à toutes les gerbes 
pénétrantes d’au moins 2 particules traversant 18.5 em Pb. On aurait pu 
également donner une section efficace pour les évènements réellement détectés, 
que l’on aurait alors dû définir par leur énergie minima ou leur énergie moyenne. 
On aurait alors obtenu (0.34 + 0.13) et (0.36 + 0.11)-10-% em2/nucléon pour 
les gerbes dont l’énergie moyenne est de l’ordre de 10 GeV, mais plus élévée 
à 65 mH,0 qu’à 10 m H,0 sous terre. Ceci illustre les difficultés que l’on ren- 
contre dans l'interprétation des expériences avec hodoscopes. 

Malgré ces incertitudes expérimentales, les résultats cités ci-dessus sont en 
bon accord avec l'interprétation de GEORGE. Inversement, si l’on s'en tient 
à cette interprétation, l’&tude des gerbes pénètrantes produites par les mésons 


fournit un moyen excellent, et peut-être le seul moyen pour l'étude des inter- 
actions photo-nucléaires de haute énergie. 

Jusqu'ici très peu d’expériences ont été tentées au moyen d’une chambre 
de Wilson, la plupart en vue d’élucider le problème des particules pénétrantes 
associées (PPA) qui semblent finalement avoir été une illusion (1617). Dans ces 
expériences, le nombre de gerbes pénétrantes obtenues était de quelques unités 
tout au plus. Les expériences les plus importantes dont nous avons connais- 
sance sont les suivantes: le groupe de Milan (11) a publié des clichés Wilson 
obtenus sous terre à — 55 m H,0 et montrant des interactions nucléaires de 
mésons u, comportant la production de secondaires pénétrants. La chambre 
contenait 8-9 écrans de 1.6 em Pb et 5 gerbes furent observées, toutes pro- 
duites par une particule pénétrante isolée à l’intérieur de la chambre. Cinq 
événements produits dans un absorbant immédiatement au-dessus de la chambre 


13 


(5) D. KESSLER et R. Maze: Physica, 21, 425 (1955); Nwovo Cimento, 1, 966 (1955). 
(1) G. CAGLIoTI et S. SoiurTi: Nuovo Cimento, 1, 851 (1955). 
(5) D. KESSLER et R. Maze: Physica, 18, 528 (1952). 
(3) V. APPAPILLAI, A. W. MAILVAGANAM et A. W. WOLFENDALE: Phil. Mag., 45, 
1059 (1954). 

(7) H. J. J. BRADDICK et B. Leontic: Phil. Mag., 45, 1287 (1954). 
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ont été obtenus dans la même experience. Les interactions étaient semblables 
aux interactions nucléaires observées en altitude. Les secondaires interagissent 
fortement et sont done des mésons rx. De plus, la production de mésons x 
neutres a été observée. La section efficace pour la création de gerbes de 3 parti- 
cules et plus est compatible avec la section efficace indiquée par GEORGE et 
EVANS, soit environ 1.2:10-% em?/nucleon, ce qui équivaut à un parcours de 
1200 m Pb. 
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Fig. 1. — Dispositif experimental. 


Le groupe d’Osaka (?) a récemment obtenu au moyen d’une chambre à 
écrans travaillant à 50 mH,0, 13 gerbes pénétrantes, dont 5 produites à l’in- 
térieur de la chambre. Trois de ces dernières sont produites par une particule 
pénétrante isolée, done probgblement un méson u. La section efficace est estimée 
à (0.5 + 0.3):10-% cm?/nucleon. 

L'expérience que nous allons décrire a été réalisée en 1955-1956 en vue 
d'obtenir des résultats supplémentaires et plus quantitatifs sur les gerbes 
pénétrantes produites par les mésons u. 
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2. — Dispositif expérimental. 


Le dispositif expérimental représenté dans la Fig. 1 a été installé dans le 
laboratoire souterrain de l’Ecole Normale Supérieure sous 65 m H,O équiv. 
de sol. La chambre de Wilson de forme parallelepipedique a été fabriquée à 
partir de planches de duralumin de 4 et 5 em d'épaisseur. Les dimensions 
externes de la chambre sont: hauteur 100 cm, largeur 65 cm, profondeur 
58 em. Le volume éclairé utile est de 82 cm de hauteur en moyenne, 50 cm 
de largeur et 30 em de profondeur. Les glaces latérales, servant à l'éclairage, 
et les glaces antérieures, servant à la photographie, sont en verre «sécurit » 
de 14 mm d'épaisseur. 

La chambre contient 12 écrans de plomb de 10 mm d'épaisseur qui con- 
vergent vers les objectifs photographiques. De plus, la chambre contient une 
boite étanche de duralumin comportant des logements pour 15 compteurs 
Geiger. Les parois de cette boite ont 5 mm d'épaisseur; des cloisons de 5 mm 
également séparent les logements des compteurs et évitent l’écrasement de 
la boite par la surpression qui règne dans la chambre. Ces logements des 
compteurs communiquent avec l'extérieur sur le côté gauche de la chambre, 
dispositif pratique pour réaliser les connexions électriques ainsi que pour rem- 
placer les compteurs sans démontage de la chambre. Le plafond et le plancher 
de la chambre portent des coins en bois comprimé, comme indiqué sur la 
figure, en vue de régulariser la détente du gaz. 

Le piston est une membrane de caoutchouc naturel chargé de graphite de 
2 mm d'épaisseur, collée sur la face postérieure sur une planche de dural 
« fortal traité » de 4 mm qui lui confère sa rigidité, et portant sur la face anté- 
rieure un velours noir qui constitue le fond photographique. La charge de 
graphite du caoutchouc a le double avantage de rendre le caoutchouc noir 
(ce qui diminue la lumière diffusée par les bords du piston) et conducteur (ce 
qui évite l’accumulation de charges statiques, celles-ci étant évacuées par une 
mise à la masse). 

La chambre est remplie d’argon commercial à une pression de 280 ¢ 
au-dessus de la pression atmosphérique à l’état détendu et d’un mélange eau- 
alcool éthylique en parties égales. 

L’arriöre-chambre s'ouvre vers l'extérieur par deux rangées de huit ouver- 
tures de 216 em? de surface totale permettant une évacuation très rapide, 
Ces ouvertures sont obturées en état de marche par la membrane d’un relai 
pneumatique gonflé lui-même à 1.5 kg au-dessus de la pression atmosphérique 
et commandé par une soupape électromagnétique conventionnelle. 


(5) G. Prorzer: Mitt. Max Planck-Instit. (Weissenau), n. 2 (1954). 
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La détente de la chambre est du type «régulation de volume ». La position 
antérieure du piston est détérminée au moyen d’un dispositif semblable à celui 
décrit par PFOTZER (1%), à cette différence près que l’axe du régulateur n’est 
pas fixé au piston, mais maintenu en contact avec celui-ci au moyen d’un 
ressort. Cette modification évite les effets de torsion et de grippage sur le pas- 
sage de l'axe et facilite le montage en rendant le régulateur indépendant. 
Finalement, l'avantage décisif de ce dispositif est le suivant: le nettoyage de 
la chambre pendant le cycle de remise en état est grandement amélioré en 
surcomprimant la chambre pendant les détentes lentes, et ceci n’est possible 
que si l’on rend le régulateur en question indépendant du piston. Le taux 
de détente de la chambre est de 7.5% en marche normale (compte tenu du 
volume des plaques de plomb et de la boite de compteurs) et d'environ 8.5% 
en détente lente. La surcompression en détente lente est réalisée par un jeu 
de vannes électromagnétiques et une alimentation particulière en air comprimé 
à une pression stabilisée et réglable. Le cycle de remise en état de la chambre 
après détente rapide dure 3 minutes et comporte 3 détentes lentes et un temps de 
repos de 45 secondes, largement suffisant vu la faible fréquence des évènements. 

En dehors d’un léger chauffage de la glace avant pour éviter la formation 
de buée, aucun dispositif de régulation thermique n’a été employé, la tempé- 
rature étant stable à 0.5 °C près dans le laboratoire souterrain utilisé. 

Un champ de balayage des ions de 40 V est appliqué entre les écrans de 
plomb, ce champ est coupé électroniquement au moment de la détente. 

L’eclairage de la chambre est effectué par 3 tubes flash de 90 em de lon- 
gueur utile de part et d’autre de la chambre et des miroirs cylindriques en 
aluminium poli. Les tubes flash sont alimentés par une batterie de conden- 
sateurs fournissant 4300 J à chaque éclair. 

La photographie est prise par 3 appareils situés à une distance de 168 em 
de la glace antérieure. Un appareil est situé dans l’axe de la chambre, les deux 
autres sont inclinés de 9.5° sur cet axe. Les objectifs sont des objectifs An- 
génieux U2 de 75 mm de focale et diaphragmés à f: 6.5. On a utilisé du film 
Kodak Plus-X de 35 mm. Trois fils métalliques verticaux tendus sur la face 
interne de la glace servent de référence. 

La chambre est surmontée d’une couche de plomb de 12 cm d'épaisseur. 
Les compteurs utilisés pour la commande sont du type Maze (en verre à cathode 
externe). Sur les 15 logements à compteurs, les 4 extrêmes étaient inoccupés, 
les autres contenaient 11 compteurs internes de 13 mm de diamètre et de 
36 cm de longueurs utile, formant 2 groupes de compteurs alternés de 6 et 
5 compteurs connectés en parallèle. Sous la chambre se trouvent 8 compteurs 
de 30 mm de diamètre et de 45 cm de longueur utile, placés perpendiculairement 
aux précédents et formant deux groupes de 4 compteurs alternés. Ils sont 
surmontés d’une couche de 8 mm de plomb et séparés par des cloisons de 12 mm 
d'épaisseur, pour diminuer la contribution d'effets locaux de basse énergie. 
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Le déclenchement est commandé par la coïncidence des 4 groupes de compteurs, 
ce qui exige au moins 2 particules au niveau de la boite à compteurs au centre 
de la chambre et au moins 2 particules sous la chambre. Le téléscope de 
compteurs a un demi-angle d'ouverture de 29° aussi bien de face que de profil. 

L'appareil était en fonctionnement pendant environ 10 mois sous terre et 
a opéré d’une façon satisfaisante, ne nécessitant pratiquement aucune sur- 
veillance. On rajustait le taux de détente une fois par semaine tout au plus. 


3. — Résultats expérimentaux. 


La durée totale de l'expérience a été de 5055 heures, soit 4915 heures ef- 
fectives, déduction faite du temps mort des cycles. 2793 clichés ont été pris. 
Par suite de la disposition d’un train de compteurs internes il a été possible 
dans la grande majorité des cas de déterminer la façon dont la chambre à été 
déclenchée. Ces évènements ont été classés parmi les types suivants dans le 
Tableau IT. 


TABLEAU II. 


Mésons isolés ANNE coe: Wea chalk Te Fou AHO) 
[ (b) électrons touchant seulement les compteurs 
| supérieurs AB (4044228)... . . . 622 
| électrons touchant seulement les re 
| ATIETIOUTS AC DNS 0225) RME EE 53 
Mésons + composante ] (d) mésons produisant 2 électrons ou gerbes 
électronique | indépendantes qui touchent respectivement 
| Teens A Buch OD (132--OL)ia es mums OS 
| mésons produisant une gerbe électronique 
| énergique qui touche simultanément les deux 
l trains de compeurs (203+170) . . . . . . 373 
Composante électronique sans | (f) de faible énergie (moins de 10 électrons) . 385 
particules pénétrantes 4 (g) moyens (10 à 50 électrons) . . . . . . . . 290 
visibles (side-showers) | (A) énergiques (plus de 50 électrons) . . . . . 229 
Divers (pour la plupart des mésons pu. accompagnés de composante électronique 
qui n’ont pu être classés) n RE he RM or 8 Ce ee er lou 89 
Clichés blanes j Be rire IR: 252 
(nt a d'origine externe (dont 16 dans aluminium 
EUR de | et dans le Pb du plafond) .... . EC 
Evènements nucléaires | (m) produits dans les écrans de Pb à ecteriour 
l deulapchambre (19-20) EN RE 228 
Particules pénétrantes )ÉCONCONTANTES PEN RTE CNE 11 
associées te (piiparale le ERP EC igre ce 12 
TO GENE RE OS 


. La catégorie la plus nombreuse est fournie par les mésons p visibles dans 
la chambre et qui actionnent les trains AB et CD par des secondaires de nature 


~ 
# 
12 
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électronique. Dans de nombreux cas, les trains AB et CD sont visiblement 
touchés par des secondaires indépendants (d), mais il n’est pas douteux que 
les cas ou un seul train est touché de façon apparente par des électrons, (b) 
et (ce), sont de nature identique, et même les cas où le méson seul est vu dans 
la chambre (a) sans secondaires visibles. La proportion des évènements où 
le secondaire qui touche les compteurs AB intérieurs à la chambre, n’est pas 
visible est de 20% et cette proportion est de 75% pour les compteurs inférieurs 
(rappelons que les compteurs inférieurs sont séparés de la chambre par 3.5 cm 
de bois comprimé, 4 em de dural et 0.8 em Pb. De plus, les secondaires issus 
du dernier écran de Pb dans le bas de la chambre ne sont pas toujours bien 
visibles dans le dernier compartiment éclairé). Les deux nombres entre paren- 
thèse se refèrent le premier aux cas où le méson est entièrement contenu dans 
le volume éclairé et le deuxième aux mésons obliques qui sont vus seulement 
en partie. 

Le groupe (e) désigne les mésons qui produisent une gerbe électrophotonique 
assez énergique pour traverser toute la moitié inférieure de la chambre et 
touchent ainsi les deux trains AB et CD simultanément (Fig. 2). Ces gerbes 
sont beaucoup plus nombreuses que les interactions nucléaires, mais moins 
pénetrantes. Ceci résulte du Tableau III où les 203 gerbes électroniques et les 
19 interactions nucléaires dont le primaire est tout entier dans le volume éclairé, 
sont classés suivant leur origine. On y a inclus également 16 interactions 
nucléaires produites dans le plafond ou la courverture de Pb. On voit que 
pour un parcours minimum de 10 em Pb, les interactions électromagnétiques 
dominent encore sur les interactions nucléaires, mais pour les interaction dont 
l’origine est dans le plafond de la chambre (parcours minimum 13 cm Pb), 
le rapport est inversé. Ceci justifie a posteriori la conclusion d’un précédent 
travail (?) et la précaution que nous avons prise d’exiger une traversée d’au 


TABLEAU III. — Origine des interactions. 
Dune Gerbes Gerbes 
ae molles pénétrantes 
| Couverture Pb eal 1% 11 
| Plafond Al feat 2 5 
| Ecran n. | | > | 1 
2 15 1 
3 24 4 
+ 37 3 | 
5 | 64 3 | 
| 6 | 52 6 
7 | 1 1 | 
8 et suiv. | 0 0 | 
Total 115203 35 | 


vue, 3 + 
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Fig. 


2. - Exemple de gerbe électronique produite par un méson u dans le 5° écran et 
traversant tout le bas de la chambre (évènement du type «e»). 
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moins 18.5 em Pb pour éliminer la composante molle. Remarquons en passant 
que les cas où le train AB est touché par des particules diffusées en arrière 
à partir du 7° écran, sont très rares. Ils sont inexistants pour les écrans suivants. 

Les groupes (f), (g) et (h) du Tableau II sont des gerbes électrophotoniques 
produites au voisinage de la chambre ou dans le sol, ainsi sans doute que la 
plupart des clichés «blancs » (j): nous avons classé comme «blancs » tous les 
clichés ne comportant que des électrons de faible énergie (rayons à) sans mul- 
tiplication en cascade. Le groupe «divers » (à) comporte tous les clichés qui 
n’ont pu être classés avec certitude: la plupart de ces clichés montrent une 
particule penetrante (méson u.) de type «rayonnant » produisant 3 secondaires 
électroniques ou plus dans les écrans ou bien accompagnés tout le long de 
leur trajectoire par des électrons isolés ou des paires, sans multiplication im- 
portante en cascade. 

Les clichés (k) comportent des gerbes mixtes (particules pénétrantes, com- 
posante électronique, interactions nucléaires secondaires) dont l’origine se 
trouve à l'extérieur de la chambre. Parmi ces évènements, il y en a 16 dont 
l’origine se reprojette soit dans le plafond de la chambre (Al), soit dans la 
couverture de Pb. Les clichés (n) qui représentent des particules pénètrantes 
de même âge et approximativement concourantes, mais sans interaction 
nucléaire visible, sont probablement de même origine. 

In n’en est pas de même des 12 clichés (p), qui figurent des particules pé- 
netrantes approximativement parallèles et sans interaction nucléaire. Ces cli- 
chés représentent sans doute des mésons u provenant des grandes gerbes de 
l'air. Nous en dirons un mot à la fin de cet article. 

Notre étude actuelle a pour objet de présenter une analyse des 28 clichés (m), 
c’est-à-dire des gerbes pénétrantes produites à l’intérieur de la chambre par 
un primaire isolé. Nous supposerons par la suite que nous avons affaire dans 
tous ces cas à une interaction directe des mésons u. En effet, les secondaires 
d'interactions produites au-dessus de l'appareil et suffisamment énergiques 
pour produire à leur tour une gerbe pénétrante, ont peu de chance de paraître 
isolés. Effectivement, nous avons observé 7 gerbes pénétrantes secondaires 
parmi les évènements (k) produits à l'extérieur de la chambre: dans tous ces 
cas la particule produisant l'interaction dans la chambre est accompagnée 
d’au moins deux autres PP provenant manifestement de la même origine. 
Dans 5 cas elle est accompagnée en outre par une abondante composante 
électronique. Ces gerbes pénétrantes secondaires sont en général peu éner- 
giques: 3 comportent 2 PP, 2 comportent 3 PP et une seule 6 PP. Les pri- 
maires sont ionisants dans 6 cas et neutre dans 1 cas. 

Nous estimons done que le critère d'isolement du primaire est suffisant 
pour garantir que la très grande majorité des 28 évènements ainsi sélectionnés, 
sinon la totalité, soit produite directement par des mésons u. 
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4. — Primaires des interactions. 


L'observation directe des primaires permet de préciser les remarques pré- 
cédentes. 


1) Les primaires des 28 évènements sélectionnés sont tous ionisants, 
alors que le systeme de déclenchement n’oppose aucun biais contre d'éventuels 
primaires neutres. 


» 


2) L'ensemble des primaires traverse 74 écrans avant de produire les 
gerbes pénétrantes qui déclenchent l’appareil, ce qui correspond, compte tenu 
de l’angle d’incidence, à 812 g-cm” Pb. Sur ce parcours on ne constate 
aucune interaction nucléaire, ni aucun scattering des primaires (le scattering 
mesurable est inférieur à 1° dans la grande majorité des traversées (80%) et 
à 3° dans tous les cas). 


3) Une preuve supplémentaire de l'identité des primaires est fournie par 
l’étude de la distribution angulaire des secondaires dans le paragraphe suivant: 
il sera en effet possible de mettre en évidence le méson u sortant dans la plu- 
part des évènements. 


Quoique les arguments précédents pris individuellement ne constituent pas 
une preuve absolue du fait que les 28 primaires sont effectivement des mésons u, 
nous considérons que l’ensemble fournit une base solide pour les traiter 
comme tels. 


5. — Secondaires relativistes. 


Nous définissons comme «secondaires relativistes » ou «particules péné- 
trantes » (PP) les particules qui ionisent moins que 2 J, et pénètrent au moins 
2 écrans Pb sans multiplication. On peut tenter d'identifier ces PP en exa- 
minant celles qui s'arrêtent à l’intérieur de la chambre. 

Les protons qui s’arretent dans la chambre doivent être ionisants (plus 
de 2 J,,,) dans les 4 derniers intervalles, tandis que les mésons r* ne peuvent 
être ionisants que dans les 2 derniers intervalles tout au plus. On à ainsi ob- 
serve 6 cas d'arrêt dans la chambre, dont 5 z+ et 1 p. Cependant, parmi les 
PP identifiées comme x*, 3 s'arrêtent sans avoir traversé plus de 3 écrans 
et n'auraient pas été identifiées comme PP si elles avaient été des protons. 

D'autre part, on a observé 13 étoiles secondaires à plus de 2 branches pro- 
duites par des PP et 3 étoiles similaires produites apparemment par des se- 
condaires neutres. Si l’on suppose que le parcours d'interaction et le spectre 
d'énergie des protons, neutrons et mésons x? sont semblables et que les p 


N 
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et n sont produits en nombre sensiblement égal, on trouve que nous résultats 
sont compatibles avec une proportion de 2r*:1 p:1 n, sensiblement la même 
que celle que l’on trouve au sol (1%) dans les gerbes pénétrantes produites par 
la composante nucléaire du rayonnement cosmique. Ce résultat sera confirmé 
plus loin avec une meilleur statistique par l'observation des rn’. 

Ce que nous venons de dire ci-dessus ne s'applique qu'aux secondaires qui 
s'arrêtent dans la chambre ou qui ont une forte interaction nucléaire. Le 
méson u sortant se trouve cependant également parmi les PP secondaires. 
Nous avons mesuré l’angle entre les secondaires et le méson u primaire. Cette 
mesure a été faite au moyen d’une méthode semblable à celle de Duller et 
Walker (2°), mais plus précise du fait que nous disposions de 3 photographies 
stéréoscopiques pour chaque évènement. Dans 95% des cas, l’angle zénithal 
des traces est determine à mieux que 4 degré et l’angle entre deux traces com- 
porte une erreur maxima de 1°. Dans le Tableau IV nous avons présenté le 
résultat de ces mesures pour tous les clichés qui ne comportent pas une im- 
portante composante molle susceptible de cacher une partie des particules 


pénétrantes. 
TABLEAU IV. 
Numéro | Nombre Angle @ pour particules | Angle 9 pour particules 

de total | sans arrêt, ni scattering | éliminées en raison d’un 
| cliché | de PP (< 2°), ni interaction | scattering de 2°—5° 
| | 

1 5 Dre ee 16° | 2° 

2 8 gen Mag i Rte 152226 

3 4 132.142 Ta 152 
| 4 2 ran RE 24 | 

7 | 8 Orbs al baer 5.12.5" 272 

9 | 3 2°; 28° 

10 + iS 

13 + 1252 

14 4 b= 

15 5 < 4°; 6°; 10° 

16 | 5 < 1°; 1.5°; 3.5°; 13° 12° 
| 18 3 FR FN 
| 19 3 nt | 

21 5 (MCE 7°; 22.5° 
| 22 | 4 AE | 

23 | 4 AE | 
| 26 3 ae bi Ile 
| 27 7 150,90 15s | | 
| 28 7 | 0.5°; 4°; 6.5°; 7.5°; 47° 


( F. E. Frosurıcn, E. M. Harrn et K. Sirre: Phys. Rev., 87, 504 (1952). 
(2) N. M. Dutrer et W. D. WALKER: Phys. Rev., 98, 215 (1954). 
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La colonne 3 de ce tableau donne les angles 9 entre les PP secondaires. 
et le primaire pour tous les PP qui obéissent aux conditions suivantes: 1) Ils 
ne s'arrêtent pas dans la chambre et quittent le champ éclairé avec une ioni- 
sation inférieure à 2 7 2) Ils ne produisent pas d'interaction nucléaire vi- 
sible. 3) Ils ne présentent pas de scattering supérieur à 2°. Cette dernière 
condition peut sembler sévère, c’est pourquoi nous ajoutons dans la colonne 4 
les angles d'émission 9 pour les particules qui ont été éliminées en raison d’un 
scattering compris entre 2° et 5°. L’adjonction de ces particules ne changera 
pas notre argumentation. Les particules portées dans la colonne 3 sont donc 
celles qui sont susceptibles d’être le méson yp. sortant et leur distribution angu- 
laire apparait dans la Fig. 3. Nous pouvons en tirer les arguments suivants: 


min * 


1) Parmi les 19 gerbes pénétrantes du Tableau VI, 7 comportent une seule 
particule émise qui puisse être identifiée avec le méson u. sortant. Dans ces 
7 cas, l’angle d'émission 9 est toujours inférieur ou égal à 2°. 


2) Dans 16 cas sur 19, il figure parmi les particules de la colonne 2 au 
moins un secondaire émis à moins de 2°, et dans tous les cas un secondaire 
émis à moins de 5°. La particule « ? » 
du cliché n. 27 est cachée par une gerbe 
électronique, l’angle 6 est probablement 
inférieur à 4°. 


N(8) 


3) Trois clichés comportent 2 par- 

ticules dans l'intervalle 0 2.5°, ils sont 

D =1 Particuce indiqués en pointillé sur la Fig. 3. 
Cette dernière montre clairement que 
la distribution angulaire résulte de la 
superposition d’une distribution étalée 
et d’une distribution très pointue au 
voisinage de 9 —0°. Cet argument 
est valable également si l’on ajoute à 
la distribution les particules de la co- 


-0 10° 20° 30° 40° 50° 


Fig. 3. — Distribution angulaire des se lonne 4. 
condaires pénétrants susceptibles d’être 


identifiés avec le méson u. sortant. On peut donc conclure: dans au 
7 7 Je D € 


moins 85% des cas, le méson p sortant 
est émis à un angle inférieur ou égal à 2° et dans tous les cas à un angle in- 
férieur & 5°. 

Inversement, la présence dans toutes les gerbes pénétrantes d’une particule 
émise à petite angle, qui n’est pas arrêtée et ne subit aucune interaction in 
scattering fournit l'argument supplémentaire que nous avons laissé prévoir 
quant à l’identification des primaires comme mésons uw. 
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Nous reviendrons plus loin à la question de la faible déviation angulaire 
des mésons y sortants. 

Pour obtenir le libre parcours d'interaction des secondaires des gerbes pé- 
nétrantes, nous éliminons d’abord les mésons y identifiés comme tels ou vrai- 
semblables. Pour les autres particules, nous avons observé un parcours total 
de 4660 g-em-? Pb. Sur ce parcours on a compté 13 étoiles (dont une gerbe 
pénétrante secondaire à 2 PP) et 7 scatterings nucléaires de plus de 15°. Le 
libre parcours qui en résulte est 233 + 52 gem Pb. Ce libre parcours ap- 
parent est le même que celui que l’on trouve au sol (FROEHLICH et al. (") 
trouvent (250 + 30) gem?) et correspond & un libre parcours géométrique, 
compte tenu de l'épaisseur des écrans utilisés (21). Remarquons que si l’on 
avait compris également les secondaires considérés comme u dans ce calcul, 
on aurait obtenu un libre parcours de 40% plus élévé et l'accord avec les 
observations au sol aurait été moins bon. 


6. — Composante molle. 


Parmi les 28 évènements produits à l’intérieur de la chambre, on a observé 
19 gerbes mixtes comportant des cascades électroniques traversant au moins 
un écran de plomb. La proportion de ces gerbes mixtes (68 + 16)% est du 
même ordre que celle que l’on trouve au niveau du sol et en montagne. Par 
exemple, FROEHLICH et al. (*) en ont trouvé 59%. Les gerbes électroniques 
que nous observons présentent les mêmes caractères que dans les gerbes mixtes 
bien connues: elles convergent vers l’origine de l'interaction et se matérialisent 
dans le même écran ou l'écran de plomb suivant. Nous considérons qu’elles 
sont toutes produites par des mésons 7°. 

Pour déterminer le nombre de x° produits, nous comptons le nombre » de 
gerbes électroniques identifiées dans chaque évènement et nous faisons 
N(x°) = n/2 pour n pair et N(x°) = (n+1)/2 pour n impair. On obtient ainsi 
au total 26 n°. Dans les mêmes clichés on a identifié 115 PP, dont il convient 
de déduire les 28 mésons u sortants: on obtient alors 87 PPN (particules péné- 
trantes nucléaires, c’est-à-dire mésons 7 chargés et protons). 

Tl faut remarquer ici qu'un certain nombre de PP, estimé à 16, échappent 
à l'observation, soit qu’elles quittent la chambre avant d’avoir traversé 2 écrans 
de Pb, soit qu'elles soient cachées par la composante molle. Il est cependant 
probable que le nombre de rn’ a été sous-estimé dans la même proportion et 
pour les mêmes raisons. Nous nous en tiendrons donc aux nombres cités ci-dessus. 

Le rapport N(n°)/N(x°+PPN) = 26/113 = 0.23, est en bon accord avec le 
rapport trouvé en montagne par DULLER et WALKER (2°), soit 0.25. 


(21) A. LOVATI, A. Mura, C. Succı et G. TAGLIAFERRI: Nuovo Cimento, 8, 271 (1956). 
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En supposant N(r°)/N(r+) —14, le résultat ci-dessus est de nouveau com- 
patible avec l'estimation précédente N(x*):N(p) = 2:1. 

L'énergie des gerbes électroniques peut être estimée en comptant le nombre 
d'électrons m au maximum de la gerbe et en prenant Æ — 100 m (MeV) (??). 
En faisant la somme de toutes les gerbes et en divisant par le nombre de 7’, 
on obtient l’énergie moyenne par 7°, soit 2.3 GeV. 

Nous supposerons que l’énergie moyenne des n°, n*, neutrons et protons 
energiques est la même et que les rapports de fréquence estimés plus haut 
sont applicables, à savoir N(x°): N(x*): N(p):N(n) =1:2:1:1. Compte tenu 
du nombre estimé de particules non observées (environ 15% du total), on 
obtient une multiplicité moyenne (mésons z et nucleons rapides, à l’exclusion 
du méson u sortant) de 5.9 par gerbe. Nous ajouterons également 2 GeV par 
évènement pour tenir compte de l’énergie dissipée sous forme de particules 
de faible energie. On obtient ainsi une estimation de l'énergie moyenne des 
évènements, soit environ 16 GeV. 


7. — Section efficace. 


Conformément à nos remarques dans l'introduction, il importe de définir 
avec précision à quoi s’appliquera la section efficace que nous allons calculer. 
L'expérience opère une sélection entre toutes les interactions en imposant un 
parcours minimum aux gerbes pénétrantes ainsi qu'une certaine densité de 
particules. La probabilité de détection augmentera avec l’énergie des inter- 
actions, mais d’autre part le spectre d’énergie des gerbes pénétrantes sera 
évidemment décroissant, de sorte que le spectre des gerbes pénétrantes dé- 
tectées devra présenter un maximum. 

Nous avons donc le choix entre deux procédés: 1) on peut tenter de cor- 
riger le nombre d'interactions obtenues pour tenir compte de la sélection in- 
troduite par l'expérience et ramener les résultats à l'exigence minima du système, 
en donnant une section efficace relative à toutes les gerbes pénétrantes d’au 
moins 2 particules traversant plus de 6 em Pb; c’est le procédé que nous avons 
employé faute de mieux dans notre précédente expérience avec compteurs (°), 
favorisée à ce point de vue car le producteur était compacte et peu épais par 
rapport à l’extension verticale du télescope de compteurs. Présentement, au 
contraire, le producteur étant fractionné en 6 écrans et reparti sur une distance 
comparable à la distance entre les trains de compteurs, il s’introduirait une 
correction géométrique supplémentaire difficile à évaluer. 


(2?) I. E. Tamm et 8. BELENKY: Journ. Phys. U.R.S.S., 1, 177 (1939) cité par 
B. Rossi: High Energy Particles (New York, 1952), chapitre 5.22. 
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2) Nous pouvons donner la section efficace pour les évènements effecti- 
vement détectés et caractériser ces derniers par leur énergie moyenne, environ 
16 GeV dans le cas présent. En 
vue de la comparaison avec la 
théorie, il serait cependant plus 
commode de parler d’une énergie 
minima au lieu d’une énergie 
moyenne. Or, le système de dé- 
tection ne produit évidemment pas 
de coupure nette selon l'énergie 
ou la multiplicité des évènements. 
Nous pouvons cependant intro- 
duire une « énergie de coupure » 


telle que le nombre d'évènements 
détectés en-dessous de cette é- 
nergie soit égal au nombre d’é- 


Fig. 4. — Distribution des multiplieites des se- 
condaires (x et PPN) dans les 27 évènements 
produits dans la moitié supérieure de la cham- 


venements non détectés au-dessus. pre. Les parties hachurées correspondent à 
Dans la Fig. 4, nous avons porté des évènements dont la multiplicité est dé- 
les multiplicités des gerbes péné- terminée avec certitude, les parties blanches 
trantes (r°+PPN), le trait poin- proviennent d’estimations qui sont en général 


bonnes à +1 particule pres. Les flèches ver- 
ticales marquent l'estimation de la « coupure » 
des multiplicités. Celle-ci corre- des multiplicités définie dans le texte. 


spond à une énergie d'environ 

12 GeV, déterminée selon les mêmes méthodes que l'énergie moyenne plus haut. 
L'énergie moyenne par particule ne semble pas varier beaucoup avec la mul- 
tiplicité, ce qui a été vérifié pour les n°. On a donc: 


tillé indique la « coupure » estimée 


Nombre d'évènements: 27 évènements d'énergie supérieure à 12 GeV pro- 
duits dans les écrans 1 à 6 (au-dessus des compteurs AB). 


Flux de mésons u: On a mesuré le flux de mésons qui traversent les 
compteurs AB et CD, et on a corrigé ce résultat du nombre de mésons qui 
passent par les cloisons de plomb ou d'aluminium entre les compteurs. Le 
flux total de mésons qui passent dans l’angle solide du télescope (compteurs 
et séparations) est 2.53-10° pour toute la durée de l'expérience. On n’a pas 
tenu compte des mésons qui passent en dehors du télescope et produisent une 
gerbe pénétrante touchant les compteurs, ni des mésons qui passent à l’in- 
térieur du télescope et produisent une gerbe pénétrante qui manque les comp- 
teurs. On estime en effet que ces évènements doivent se compenser dans une 
large mesure. 


. Epaisseur efficace du producteur: Les 6 écrans de plomb ne couvrent pas 
complètement l’angle solide déterminé par le télescope de compteurs. L’épais- 


15 
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seur moyenne du producteur a été déterminée en multipliant l'épaisseur de 
chaque écran par la fraction de l’angle solide du télescope qu’il couvre, et en 
divisant par le cosinus de l’angle d'incidence moyen des mésons u (15°). On 
obtient ainsi 41 &-cm? Pb. 


Il en résulte la section efficace suivante pour la production de gerbes péné- 
trantes d'énergie supérieure à 12 GeV par les mésons u à 65 m H,O sous terre: 
(0.43 — 0.08)-10-% em?/nucléon. Cette section efficace correspond à un libre 
parcours de 3400 mètres de Pb. 


8. — Comparaison avec la théorie. 


Soit N(E,x)dÆ le spectre différential des mésons u à la profondeur 
x — 65 m H,0 et o(E, q) dq la section efficace différentielle pour la production 
d'un effet nucléaire comportant un transfert d'énergie compris entre q et 
æ) rela- 
tive à un transfert d'énergie minimum déterminé par l'expérience à la profon- 


q+dq par un méson u d'énergie Æ. La section efficace totale o(¢ 


min ? 


deur x est donné par la formule 


© E © 
(1) Adam, 2) = | N(E, x) af | o(E, q) aq / | N(E, w) dB, 


E . ge Tee, 
min min min 


ER, est l'énergie minima des mésons qui traversent le télescope au moyen 
duquel on mesure le flux de mésons qui entre dans la détermination expéri- 
mentale de la section efficace, soit environ 0.5 GeV dans notre cas. Dans la 
BE étant donné que o(E, q) 


est égale à zéro pour # < q, mais dans la troisième intégrale, qui est l’intégrale 


première intégrale Æ . peut être remplacé par q 


min 


de normalisation du flux de mésons, on doit intégrer à partir de Bu: 


Comme spectre des mésons nous emploierons le spectre utilisé précédem- 
ment (13) à savoir: 


| N(E,x)dE = K(E + ax)(E,+E + ax) dE pour Ë +ax < 60 GeV 
(2) 4 et 
| N(E,2)dE = KE,(E + ax) dE pour E+ax> 60 GeV 


K est une constante de normalisation, #7, l'énergie perdue par un meson dans 
la traversée de l’atmosphère soit 2 GeV, E, = 60 GeV et a = 2 MeV -g71-cem:, 
la perte d'énergie des mesons u dans la terre. 

Pour o(£, q)dq on ne peut employer ni la formule originale de Williams- 
Weizsäcker, ni une formule assez semblable caleulée par nous (?) car ces expres- 
sions ne sont valables que pour q< E, alors que l’integration doit s’etendre 


© 
AD 
we 
mr 
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sur tout le domaine de q jusqu'à ÆZ. On emploiera la formule suivante que 
nous avons calculée pour la production de pions par des électrons Cor 


: dg { 2H? —2Eq + q IDG | 
3 E (2 ; Sees N eee 
(3) o(E, q) dq = (xx) 0,.(9) al IE In [(2 — q)/m] DE |: 


Contrairement aux formules antérieures, cette expression tient compte à la 
fois: 1) de l'effet de spin du méson; 2) de l'angle de déviation du méson; 
3) et surtout elle est valable dans tout le domaine de q. 

En effectuant les intégrations (1) avec q,,—12 GeV et o,,(g) —10-? em?/nu- 
cléon, on obtient o (12 GeV, 65 m H,0) = 0.48-10-% em?/nucléon à comparer 
avec la valeur expérimentale (0.43 + 0.08):10-% em?/nucléon. 

La section efficace trouvée est done compatible avec l'interprétation des 


effets observés en termes d'interaction photonucléaire, en prenant une section 
efficace photonucléaire voisine de 10-28 em?/nucléon dans le domaine de 12 GeV 
et au-dessus. Il est peu vraisemblable que o,,(q) puisse être aussi élévé que 
l'ont proposé BARRET et al. (4) soit 2 à 3-10-85 em2/nucléon. Nous pensons 
que la section efficace élévée trouvée par ces auteurs est due à une sous-esti- 
mation des interactions électromagnétiques multiples au niveau des banes des 
compteurs (voir les conclusions des références (ee 

Nous avons représenté dans la Fig. 5 la section efficace pour la production 


d'effets photonucléaires d'énergie supérieure à 12 GeV en fonction de l'énergie 
E 

du meson u primaire. La Fig. 6 représente la fonction N(E)|jo(E, q) dq pour 

Tmin 


un = 12 GeV: cette fonction constitue 


& (10 °cm?/nucléon ) 


la contribution différentielle des. mé- 
sons d'énergie Æ à la section efficace 
totale. Il en résulte que l'énergie la 
plus probable des mésons qui produi- 
sent les interactions est 33 GeV et l’é- 
nergie moyenne 47 GeV. 

On constate que le rapport du 
transfert d’energie à énergie du pri- 
maire est de l’ordre q/E = 1/3, alors 


Fig. 5. — Section efficace pour la produc- 
tion d'interactions à transfert d'énergie su- 
périeur à 12 GeV en fonction de l'énergie 
du méson y primaire (calculée par inté- | Ep (GeV) 


gration de la formule (3) 10 30 100 300 


(23) P. KEssLer et D. Kesscer: Comp. Rend. Acad. Sc. (Paris) 244, 1896 (1957). 


12 99 — Il Nuovo Cimento. 
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AMG) fe ge a) 84 que la déviation du meson UL 
est de Vordre de 1/30 radian. 
Ceci confirme notre prédiction 
théorique (?) et l’interprétation 
que nous en avons donnée en 
termes dinteraction photonu- 
cléaire inélastique. 


i ; E(GeV) 
0 50 100 150 
Fig. 6. — Représentation de Vintégrand de la 9. — Distribution angulaire des 
formule (1) (à 65m H,O de profondeur et pour particules de gerbe. 
dam — 12 GeV): spectre des mésons y. qui contri- 
buent aux évènements observés. Une methode différente 


pour déterminer l'énergie des 
gerbes pénétrantes dans une chambre à écrans a été utilisée par DULLER 
et WALKER (2°), que nous suivrons ici de près. L’angle d'émission 0 d’une par- 
ticule dans le système du laboratoire (système L) est relié à l’angle œ dans le 
système du centre des moments (système CM) par la formule suivante: 


(4) tg 0 = sin y/y. (cos y + B.]B), 


où B, est la vitesse du systeme CM, ß, est la vitesse du secondaire dans le 
système CM et y, = 1/(1 — ß2)*. En faisant l’approximation ß,/ß, = 1, on a: 


(5) tg 0 = tg (p/2)/y. . 


Si les secondaires sont émis isotropiquement dans le système CM, la fraction 
F de particules émises à l’intérieur de l’angle dans le système CM est 
F = sin? (y/2), de sorte que l’on a finalement dans le système L: 


(6) ee 


En portant sur un graphique log tg 0 en fonction de log[F/(1 — F)], on 
doit obtenir une droite de pente 2 qui permet de determiner y, et par con- 
séquent l’energie du primaire. Cette méthode connue sous le nom de « F plot » 
a été utilisée avec succès par DULLER et WALKER (2°) et d’autres. Pour obtenir 
une statistique valable, on est obligé de grouper ensemble un grand nombre 
de gerbes pénétrantes. Notons tout de suite que application de cette méthode 
aux étoiles de Bristol dont les énergies sont connues par des mesures directes, 
fournit plutôt une sous-estimation de l'énergie et la courbe dévie d’une ligne 
droite aux grands angles 9 (2%). D’après les auteurs cités (2), ceci provient très 
probablement de la contribution d'interactions secondaires à l’intérieur du 
noyau frappé et peut-être en plus du fait que f./p,< 1. 

Pour notre analyse nous avons groupé ensemble tous les clichés remplissant 
les conditions suivantes : 
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Vig. 7. Exemple de gerbe pénétrante produite par un méson y dans le 2° écran de plomb 


(cliché n. 7). On distingue 8 PP secondaries, dont un proton qui s’arréte dans le dernier 
écran dans le bas de la chambre, et 2 gerbes électroniques de faible énergie (4 et 8 par- 
ticules respectivement). 
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Fig. 8. — Exemple de gerbe pénétrante produite par un méson u dans le 6° écran 

(cliché n. 6). On distingue 4 PP secondaires et 4 gerbes électroniques. D'autres PP sont 

probablement cachées par la composante électronique ou partent vers le fond de la 
chambre. 
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Tig. 9. — Gerbe pénétrante très énergique produite dans la couverture de plomb au-dessus 
de la chambre. On distingue environ 25 PP, de nombreuses interactions secondaires 


et une composante molle d'environ 40 électrons. 


nm 
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1) Is sont bien placés dans la chambre et ne comportent pas une com- 
posante électronique importante, de sorte que les secondaires pénétrants peuvent 
être identifiés comme tels avec certitude. 


9 


ys 


) Ils comportent au maxi- 
mum 1 PP non mesurable. 


3) IS comportent au moins 
4 PP (3 PPN +le méson y sortant). 


Les angles d'émission ont été 
mesurés par rapport au primaire; 
ils sont à peu de chose près égaux 
aux angles d'émission par rapport 
au photon virtuel. Les mesures ont 
été faites au moyen d’une mé- 
thode semblable à celle de Duller 
et Walker (2°), à ceci près que nous 
disposions de 3 photographies sté- 
réoscopiques pour chaque évène- 
ment. Ceci nous a permis d'obtenir 
une précision bien supérieure dans 
les mesures d'angle (généralement 
inférieure à 1°). Dans le Tableau V 
des 


nous présentons l’ensemble 


clichés utilisés. 


N(0) 


10 


o 
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Fig. 10. — Distribution angulaire des PPN 
dans les 11 évènements sélectionnés. 


TABLEAU V. 


Angles d’émission des PP 
Numéro | Nombre | Nombre - — — — - 
du cliché | dex | de PP In de PPN 
| sortant | 
| | 
1 1 5 0702 812271422778 
2 0 8 4° HESS 13 1525 1727023227267 
7 1 8 0.5° 152 aS Ga Ss IGS 185272327 
13 1 4 15% Oye asses 
15 1 5 AS 623-25 10° :2:22° 
16 1 D ART aa 1600850 1225132 
al | il | 5 De Ta 8er 1.55.1225 
22 (Slip) Poa D'OR € 12°; 32°; 48° 
23 0 4 | 2 BETTEN ST 
27 0 7 2 ee ROM AIDE 000007 
28 0 | 7 0.5° 4°; 6.5°; 7.5°3 7.5°; 22°; 47° 
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On voit que sur 52 PPN, seulement 2 traces n’ont pu être mesurées. Les 

11 évènements considérés comportent en moyenne 0.6 7° et 4.7 PPN. On voit 

que nos critères nous ont amené à sélectionner des interactions particulière- 

ment pauvres en n°. L'énergie moyenne de ces évènements est estimée à 17 GeV, 
soit un peu supérieure à l'énergie de l’ensemble des gerbes. 

La distribution angulaire des 50 PPN mésurées est portée en Fig. 10 et 

le « F-plot» en Fig. 11. Ce dernier constitue une ligne 


10! nae droite de pente très voisine de 2 et le y, déterminé d’a- 
Pie R E : 
près le point F/(1 — Ff) = 1 est y. = 4.65. Ce y, est re- 
latif au système CM du photon virtuel et du nucléon de 
la cible. Il est lié à Vénergie du photon virtuel par la 
formule E, = Me’(2y, —1), où Mc? est l'énergie de 
\ masse du nueleon. On obtient Æ, = 40 GeV. 
03} y 
10. — Discussion. 
01 À . 8 


BY NE ED L'énergie de 40 GeV obtenue à partir de cette ana- 
Gex NUL lyse de la distribution angulaire semble être beaucoup 
trop élévée. Rappelons que l'estimation précédente basée 
sur l'évaluation de l'énergie des r° est confirmée par le bon accord entre la sec- 
tion efficace expérimentale avec la théorie. Vu la sélection sévère des clichés, 
il ne semble pas que la distribution angulaire ait pu être faussée du fait que 
des PP émises à grand angle ont été omises dans la statistique. Si tel avait 
été le cas, on aurait d’ailleurs obtenu une courbe incurvée vers le haut au 
lieu d’une ligne droite. 

Au contraire, il y a lieu de penser que énergie obtenue d’après la distri- 
bution angulaire a plutôt été sous-estimée, car deux effets tendent à élargir 
la distribution angulaire des secondaires de l’interaction, à savoir: 1) les inter- 
actions secondaires à l’intérieur du noyau frappé et 2) le fait que les angles 
ont été mesurés par rapport au meson p incident et non par rapport à la 
direction du photon virtuel. 

Il semble done que Von soit obligé de réviser l'hypothèse de l'émission 
isotropique dans le système CM. Les distributions symétriques dans le sys- 
tème CM par rapport au plan perpendiculaire aux moments produiraient toutes 
des courbes passant par le même point #/(1 — F) — 1 sur le graphique et 
donneraient done le même y,, ce qui n’arrangerait pas le désaccord. 

On est done obligé de s'orienter vers une distribution asymétrique dans le 
système CM avec une prépondérance de particules émises en avant, c’est-à-dire 
dans la direction du photon virtuel. Différentes distributions ont été essayées, 
dont la meilleure semble être une distribution de la forme (1+cos y) dQ dans 
le système CM, Une telle distribution conduirait à la formule suivante, ana- 
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logue de (6): 


ist as 1 
(7) te 0 = 7" : Ze Pp 2 

On a done porté log [(1 — 41 — F)/V1 — F] en fonc- kl 
tion de log tg 0 dans la Fig. 12. Les points expérimen- 
taux s’alignent sur une droite de pente 1.7 et le y», 
est 2.8, ce qui correspond à une énergie de photon de 3} 
14 GeV, en accord raisonnable avec les autres estima- 
tions de énergie des évènements. Le fait que la pente 1, 
est inférieure A 2 et l'énergie un peu inférieure à l’énergie 
estimée par ailleurs pourrait être interprété par un élar- 


gissement de la distribution angulaire par suite des deux a 

effets cités plus haut. 6 
L’asymötrie qui est suggérée par cette expérience er zur 30 7 

peut fournir des indications intéressantes en ce qui con- Fig. 12. 


cerne les théories de production multiple. Nous ne ten- 
terons pas d'interpréter ce résultat avant qu'il ne soit confirmé par d’autres 
expériences. 


11. — Mésons y « parall:les ». 


Nous avons observé 12 cas de particules pénétrantes «parallèles » et con- 
temporaines. En réalité, le parallèlisme n’est pas parfait, mais nous n’avons 
pas jugé utile d’imposer un critère très strict, car ces clichés sont assez caracté- 
ristiques et ne peuvent guère être confondus avec d’autres évènements : 


1) Il ne s’agit pas de coincidences fortuites de mésons u, car leur nombre 
calculé est négligeable et en fait on n’en a pas observé. 


2) Il ne s’agit pas non plus de particules pénétrantes concourantes pro- 
duites dans le sol à une assez grande distance de la chambre. Les angles obser- 
vées dans le cas de particules concourantes sont assez grands et il n’y à pas de 
continuité entre les deux distributions. 


Ces évènements doivent sans aueun doute être interprétés comme mé- 
sons associés aux grandes gerbes de l'air. A cet égard, il est significatif de 
constater que le rapport de fréquence des mésons parallèles et des gerbes péné- 
trantes locales apparemment produites dans le sol ou dans l'appareil même, 
est 12:115, c’est-à-dire très proche du rapport 1/10 déterminé par GEORGES 
et al. (24) au moyen d’une mesure de décohérence avec des télescopes de comp- 
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teurs à 60 m H,O sous terre. La distribution des multiplieites observées est 
portee dans le Tableau VI. 


TABLEAU VI. 


Multiplicités de: mesons . =) NN RD NN 0 TS A Ve EI 
Nombre de cas observés . . . . . 7 1 1 1 0 0 0 1 0 1 0 


Les cas de faible densité se prètent difficilement à l’analyse car le biais 
de la commande de l'appareil intervient ici. Les deux cas de forte multiplicité 
(9 et 11, voir Fig. 13) sont intéressants: l’angle formé par les trajectoires avec 
leur direction moyenne est inférieur à + 2.5° pour toutes les trajectoires sauf 


une, qui a un angle de 3.5°. Ces angles sont faciles à interpréter en termes 
de scattering Coulombien dans le sol. 

Les angles zénitaux sont de 37° et 19° respectivement. On a observé 45 tra- 
versées d'écran dans le cliché a 9 trajectoires (environ 590 g-cm-? Pb) et 
66 traversées (730 g:cm-? Pb) dans le cliché à 11 trajectoires, soit au total 
environ 11 parcours nucléaires sans interaction, ni scattering appréciable. 

La densité de mésons observés dans ces 2 cas est environ 55 m” à 65 m H,O 
de profondeur. Si on prend le modèle de George (?*) selon lequel la moitié des 
mesons u d’une gerbe de l’air arrivant à cette profondeur sont contenus dans 
un cercle de 60 m de rayon, on obtient au total environ 10° mésons à 65 m H,0. 
L’absorption des mesons des grandes gerbes ne semble pas être différente de 
celle des mésons ordinaires entre le sol et 65 m H,O (2°) et on aura ainsi au 
sol 107 mésons u. Le nombre total de particules des gerbes correspondantes 
sera de l’ordre de 10°, ce qui correspond à une énergie de primaire d'environ 
3:10 eV! D'autre part, si l’on calcule, en extrapolant le spectre d’energie 
connu, le nombre de primaires produisant des gerbes dont les axes tombent 
à l’intérieur d’un cercle de 60 m de rayon, on trouve 2 évènements pour 
5000 heures d’observation, ce qui semble confirmer notre interprétation. 


Nous désirons remercier ici Monsieur A. CACHON pour des discussions inté- 
ressantes sur le problème des mésons parallèles et leur rapport avec les grandes 
gerbes de lair. 

Cette expérience a été effectuée grace 4 des subventions du Centre National 
de la Recherche Scientifique et du Haut Commissariat pour Energie Atomique 
(France) auxquels nous exprimons ici toute notre reconnaissance. 

(24) E. P. GEORGE, J. W. MacAnurr et J. W. STURGESS: Proc. Phys. Soc. (Londres), 
A 66, 345 (1953). 

(?) K. GREISEN : Progress in Cosmic Ray Physics, III (Amsterdam, 1956), chap. 6.10. 
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Fic. 13. — Exemple de mésons parallèles. On distingue 9 mésons y qui traversent 
chambre d'avant en arrière. 
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RATS SHON TA MO ERA) 


Una grande camera a nebbia contenente 12 piastre di Pb (spesse 1 em) e contatori 
Geiger interni & stata fatta funzionare per 5000 h sotto terra a 65 ma.e. Si sono 
osservati 28 sciami penetranti prodotti dentro la camera da mesoni y di alta energia. 
Tali sciami sono stati analizzati coi seguenti risultati: 1) Per quanto riguarda il nu- 
mero relativo dei x*, dei x° secondari e dei protoni, gli sciami penetranti osservati sotto 
terra non differiscono in modo significativo da quelli ottenuti al livello del mare e in 
osservatori di montagna. Il cammino libero medio osservato per la produzione di stelle 
e lo scattering nucleare da parte dei secondari ionizzanti (escluso il mesone y uscente) 
è (233-452) g/em ? Pb, corrispondente a un cammino libero medio geometrico, tenuto 
conto dello spessore finito delle piastre. 2) L’angolo di deviazione del mesone {1 nell’ inte- 
razione risulta assai piccolo, nella maggioranza dei casi inferiore a 2°, cioè circa un 
ordine di grandezza minore del rapporto q/E stimato per il trasferimento di energia a 
energia primaria, d’accordo con l'interpretazione degli eventi in termini di interazioni 


€ 


fotonucleari anelastiche. 3) Il numero medio di secondari penetranti ionizzanti (escluso 
il mesone u. uscente) é di 3.7. L’energia media degli eventi osservati & stata stimata 
in base alle cascate elettroniche prodotte dalla disintegrazione di mesoni z, in 16 GeV. 
4) La sezione d’urto di (0.43+0.08)-10-? em?/nucleone osservata per la produzione di 
sciami penetranti di più di 12 GeV da parte di mesoni u a 65 m a.e. sotto terra è in 
buon accordo con le predizioni di una teoria di Williams-Weizsäcker perfezionata ed 
una sezione d’urto fotonucleare presunta in 10-28 em?/nucleone a queste alte energie. 
5) Si hanno aleune prove che i secondari non sono emessi isotropicamente nel sistema 
del centro d’impulso del fotone virtuale e del nucleone bersaglio. Una distribuzione ani- 
sotropa del tipo (1+cos ®) dQ nel sistema del centro di massa sarebbe in accordo con 
la distribuzione angolare osservata in laboratorio. Nella stessa esperienza abbiamo osser- 
vato 12 casi di particelle penetranti non interagenti parallele, presumibilmente mesoni u. 
provenienti da sciami estesi dell’aria. Due fotografie mostrano 9 e 11 mesoni u parallel 
nella regione illuminata della camera a nebbia, il che porta a stimare una densità di 
eirca 55 particelle per m? a 65 m a.e. derivanti da sciami dell’aria di circa 3:10!5 eV. 
Questa energia sarebbe d’accordo con la frequenza osservata. 3 


(*) Traduzione a cura della Redazione. 
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RIASSUNTO (*) 


Una grande camera a nebbia contenente 12 piastre di Pb (spesse 1 em) e contatori 
Geiger interni & stata fatta funzionare per 5000 h sotto terra a 65 ma.e. Si sono 
osservati 28 sciami penetranti prodotti dentro la camera da mesoni u di alta energia. 
Tali sciami sono stati analizzati coi seguenti risultati: 1) Per quanto riguarda il nu- 
mero relativo dei x, dei n° secondari e dei protoni, gli sciami penetranti osservati sotto 
terra non differiscono in modo significativo da quelli ottenuti al livello del mare e in 
osservatori di montagna. Il cammino libero medio osservato per la produzione di stelle 
e lo scattering nucleare da parte dei secondari ionizzanti (escluso il mesone u. uscente) 
è (233-452) g/em ? Pb, corrispondente a un cammino libero medio geometrico, tenuto 
conto dello spessore finito delle piastre. 2) L’angolo di deviazione del mesone u. nell’inte- 
razione risulta assai piccolo, nella maggioranza dei casi inferiore a 2°, cioè circa un 
ordine di grandezza minore del rapporto q/H stimato per il trasferimento di energia a 
energia primaria, d’accordo con l’interpretazione degli eventi in termini di interazioni 
fotonucleari anelastiche. 3) Il numero medio di secondari penetranti ionizzanti (escluso 
il mesone u uscente) è di 3.7. L’energia media degli eventi osservati è stata stimata 
in base alle cascate elettroniche prodotte dalla disintegrazione di mesoni z, in 16 GeV. 
4) La sezione d’urto di (0.43-+0.08)- 10? em?/nucleone osservata per la produzione di 
sciami penetranti di più di 12 GeV da parte di mesoni u. a 65 m a.e. sotto terra è in 
buon aceordo con le predizioni di una teoria di Williams-Weizsäcker perfezionata ed 
una sezione d’urto fotonucleare presunta in 10-25 em?/nueleone a queste alte energie. 
5) Si hanno aleune prove che i secondari non sono emessi isotropicamente nel sistema 
del centro d’impulso del fotone virtuale e del nucleone bersaglio. Una distribuzione ani- 
sotropa del tipo (1+cos ®) dQ nel sistema del centro di massa sarebbe in accordo con 
la distribuzione angolare osservata in laboratorio. Nella stessa esperienza abbiamo osser- 
vato 12 casi di particelle penetranti non interagenti parallele, presumibilmente mesoni u. 
provenienti da sciami estesi dell’aria. Due fotografie mostrano 9 e 11 mesoni u. parallel 
nella regione illuminata della camera a nebbia, il che porta a stimare una densità di 
eirca 55 particelle per m? a 65 m a.e. derivanti da sciami dell’aria di circa 3-1018 eV. 
Questa energia sarebbe d’accordo con la frequenza osservata. 


(*) Traduzione a cura della Redazione. 
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Velocity-Dependent Nuclear Interaction. 


W. E. FRAHN and R. H. LEMMER 


Nuclear Physies Division of the National Physical Research Laboratory 
C.S.I.R. - Pretoria, South Africa 


(ricevuto il 5 Marzo 1957) 


Summary. — The single particle wave equation describing the motion of 
nucleons in nuclei, as derived from the nuclear many-body problem, is 
of a non-local form in coordinate space. It is shown, that in the effective 
mass approximation, this equation reduces to a velocity-dependent Schrö- 
dinger equation, which contains a spatially variable effective nucleon mass 
in a properly symmetrized kinetic energy operator. The eigenvalue 
problem is treated for the special case of the infinite harmonic oscillator 
potential as the local part of the interaction. 


1. — Introduction. 


Recent developments in the many-body problem of nuclear structure (1) 
led to a deeper understanding of the fact, that the nucleon-nucleus interaction 
can be successfully described by an overall potential in spite of the strong, 
short-range internuclear forces, thus giving a firmer basis to the single particle 
models. 

The overall potential resulting from this treatment appears, however, not 
as a local potential V(r), as assumed in earlier Hartree-Fock calculations, but. 
as an essentially non-local interaction. Therefore, the wave equation for the 
relative motion of a nucleon in the nucleus has the general form in co-ordinate 


(1) A very comprehensive study of this problem, based on the work of K. A. BRUECK- 
NER, K. M. Watson, C. A. Levinson, H. M. Maumoup, R. J. EDEN and N. C. FRANCIS, 
has been given by H. A. Berne: Phys. Rev., 103, 1353 (1956); it also contains the 
references to the earlier literature. 
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space: 
h? 5 be 
(1) ou Ay(r) + Ey(r) = | Ker, r')y(r') dr'. 
= 0 


Some implications of this type of interaction have been studied previously (2), 
viz., the modified propagation properties of nucleons in nuclear matter, re- 
flected in a reduced effective nucleon mass, and the energy dependence of 
the real parts of the optical model parameters. For mathematical convenience 
and in order to point out the essential features only, à very simple form of 
the interaction kernel was used, viz., 


(2) K(r,r')—— V,ô,(r — r'), 


6, being an approximation function to the 6-function. The kernel thus des- 
cribes a «small» non-local deviation from a constant local potential cha- 
racterizing infinitely extended nuclear matter. 

In the present paper we will consider the more general kernel 


(3) K(r,r') = V 
d.(r —r') =z ta exp[— ((r — r’)/a)?] again being the Gaussian approxim- 
ation of ö(r— r') with parameter a. Thus, for « — 0, the non-local inter- 
action reduces to the local potential V(r). 

A development of the interaction term in powers of a up to a certain order, 
leads to a velocity dependent potential of that order. It will be shown in the 
following Sect. 2, that in the first non-vanishing approximation, eq. (1) reduces 
to an equivalent Schrédinger equation with the local potential V(r), but with 
a spatially variable effective nucleon mass, appearing in a properly symme- 
trized kinetic energy operator. In the subsequent sections we specify V(r) 
to be the harmonie oscillator potential. In Sect. 3 we consider the one-dimen- 
sional case in order to explain the relation of the wave equation to the dif- 
ferential equation of the spheroidal functions. In Sect. 4 the 3-dimensional 
isotropic oscillator is treated and the energy level structure calculated in first 


approximation. 


2. — The effective mass approximation. 
The radial part of eq. (1) is obtained by writing 


(4) yer) =" ¥ 9,9)» 


(2) W. E. Fran: Nuovo Cimento, 4, 313 (1956). 
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where the Y,,, are the normalized spherical harmonics and 


A +1 kr, ma) 
Ar Dir 


5)  Kirr)=$ 
ES Sy aE 0 rene 


0, mp and 0’, g’ being the polar angles of r and r’, respectively. The resulting 
radial equation is 


(6) ai. (ae A e: à u) EU, = fre rt) dre 
0 
where 
+1 
(7) AT) | Ke, ip WE MENOUE 
as 


With the kernel (3) and using the Gaussian approximation for 6,, we obtain 


In order to study the effect of a small non-local deviation from a local 
potential, we develop the right hand side of eq. (6) in powers of the para- 
meter a. Retaining contributions up to the order a? only, we find 


co 


(9) fre, r'hui(r) dr’ = V(r)u(r) + 


0 


a? du, du, 1 i it + 1) 
je 7 (m | A gi | If, yat 
+ T(r + ne rn pr = ron) un 
In deriving this equation, we use the integral relations 
+1 
Pe ee Qrr'C eb 
(10) | E"P(E) exp | Fr | ae = 2(—1)'i ei) 


= 


and the asymptotic expressions for the derivatives, jy, of the spherical Bessel- 
functions up to order a“. 
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The Schrödinger equation (6) with its right hand side given by (9) can be 
rewritten in the form 


he aM, „,, „\%ı 
(11) = 14 (ee 57 y ne +2 


PM u aM, y. ul, 
+(1 27 vn\4lr) + (1 = von 4,(%)} + 


h2 lt +1) a?M, UW, u u 
| ~ = = € T (y T Fois wit 
ae! 2h? oy) + Ver) Et 


where A, = (1/r?) (d/dr)(r?(d/dr)). This is seen to be the radial part of the fol- 
lowing wave equation: 


a) Ip I 4 pp +S pl pir) + Viny(r) = Eyl 
8 P M(r) I P y )P I Mir) ! (2 | (2 a, y T); 


with the local potential V(r), but with a spatially variable effective nucleon 
mass 


M, 
u LES 1 — (a M,j2#2)V(r) ’ 


appearing in a properly symmetrized kinetic energy operator. In regions 
where V(r) is negative, the effective nucleon mass is always smaller than the 
mass of the free nucleon, the reduction depending on the local strength of 
the overall potential. In field-free regions or in the limit a = 0, we have 
M =M,. For a potential well with depth V(0) = — Vo at the centre of the 
nucleus, we have 


3} ( = gef — M = , 
Se) MO apr, à 


in agreement with the expression derived previously (?) for the case of infinitely 
extended nuclear matter, characterized by a constant potential — V,, in the 
effective mass approximation in momentum space. Both empirical and theo- 
retical evidence leads consistently to the value M* ~ 3M). 

The single particle wave equation (12) represents the correct effective mass 
approximation of eq. (1) with the kernel (3) in co-ordinate space. It may be 
noted, that the result in this approximation is independent of the special 
choice of the approximation for the 6-function. 

An equation of a similar type has been derived by DUERR (?) in his rela- 


() H. P. Duerr: Phys. Rev., 103, 469 (1956). 
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tivistically covariant formulation of the model of JOHNSON and TELLER (1). 
In this treatment, the equation results as the non-relativistic limit obtained 
from the Dirac-Hamiltonian assumed by DUERR, after a Foldy-Wouthuysen 
transformation. In addition, however, a large spin-orbit coupling term ap- 
pears, which does not result from the present formalism because of its es- 
sentially non-relativistic nature. 


3. — One-dimensional oscillator. 


We now specify the potential V(r) to be that of the infinite isotropic har- 
monic oscillator. In this case, eq. (12) reduces to a form which has a close 
connection with the differential equation of the spheroidal functions. In order 
to clarify this relation, we first consider the one-dimensional case. Eq. (12) 
then takes the form 


"Id 1 APE Le 


2 8 de? M(x) | dx M(x) de ' M(x) dx? ya le 


which is the effective mass approximation of the one-dimensional analogue 
ob a). 

With the oscillator potential 
(15) Vv) =—V+4M 0, 


we have 


(16) 1 1 1 MANNES 

) = - = a ey TE. . 
Mi) M* a 

where 

(17) #2 = 3 M,w2a2, 


and from (14) we obtain with the substitution 9 = ((2M*)t«/h) x: 


d dy 
18 2 Den En 
(18) | + A+ 0 — ety = 0, 
where 
ee 2 1 1 Ri ho* 3 M, \* 
(19) = = H+ y, 5 x2 a tot) Re D) On (a) a) 


(7) M. H. Jounson and E. TELLER: Phys. Rev., 98, 783 (1955). 
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Equation (18) is the differential equation of the spheroidal functions () 
yp = psy (03 y?)- 

In the approximation of small a, i.e. y? > 1, the spectrum of the y-asymp- 
totic equation of (18) up to the order y! is given by (°) 


(20) Avy?) = — 9? + plan’ +1) — Hn'(n'+1) + 3] — 
ae 
ae 16y (2n'+ 1)[n'(n’+ 1) + 3]; (n'= 0, 1, 2, ...), 


and the eigenfunctions are in first approximation 


ape PCH | 
(21) Psn(0; y?) = (=) [n! On FD} D,{(2y)te] + 0 (y), 


where D, denotes the parabolic cylinder functions 


17 


dz” 


22 


(22) D,(@) = (— 1)" exp | 


exp | 5 | © 
Inserting the abbreviations (19), we get from (20): 


a2 
(3) By + Vo =(n'+ $)ha* — —(n'(n' +1) +4 — 
BP saa, 
4 ho* 


(n'+ Yln'(n +1) + 3]. 


The same result is obtained by writing eq. (14) in the form 


h? 


gare VO + (E + Va — BM to*) yl) = AL ty"(e) + 2ay'(e) + 2v@)], 


(24) 


and by treating the right hand side of this equation as a perturbation of the 
static oscillator problem, defined by the left hand side, up to the order x. 


4. — Three-dimensional isotropie oscillator. 


The radial part of the wave equation (12) was given by (6) and (9). With 
the isotropie oscillator potential 


(25) Vit) = Vo tor, 
6) J. MeixNER and F. W. SCHÂFKE: Mathieusche Funktionen und Sphäroidfunk- 
tionen (Berlin, 1954). 
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we obtain 


(26) h2 (wien _i{ +1) 


sa AP un) + (B+ Ve — pro t) = 
= brute) + Bruce) — (MU + 1) + Bu] - 


This can be written in the form 


* d du, it + 1) 
> 2) _ | 2 2 == Wo == 
(27) mae 0°) a | L Fy3(l—o ala 
where 
IR 1 | | 1 2 1 *\2 
(28) I 2 E+ Vs + (Ul +1) + 4)x Ze (ho*)2|. 


For | = 0, eq. (27) is again the differential equation of the spheroidal functions, 
but for 120 an additional centrifugal term appears (*). 

Analogous to the one-dimensional case, the eigenvalue-spectrum in the 
approximation of small a, i.e. in the asymptotic form for y > co, can be 
obtained by a perturbation calculation starting from the local isotropic oscil- 
lator problem defined by the left hand side of eq. (26). The normalized un- 
perturbed radial solutions are 


Bin!) 


(29) N) Te | 


AA Li exp [pr PI 6 
with = M*w*/h, and 


Iu +n +1) e ar 
Fe FES De 1) Ss dz” Ber 


are the Laguerre polynomials (°). 
Using the recurrence formulae and the normalization integrals of the La- 


(*) Note added in proof: Meanwhile, J. MBIXNER has treated the generalized equa- 
tion (27) of the spheroidal functions, i.e. including the centrifugal term, for y? > 1 
with a method similar to that used previously (J. Meixner: Z. angew. Math. Mech., 
28. 304 (1948)) for the ordinary equation (18). His results agree exactly with ours, 
obtained by perturbation calculation, up to the order y 2. One of us (W.E.F.) is much 
indebted to Professor MEIXNER for a private communication of his results. 

(5) P. M. Morse and H. Fesupacn: Methods of Theoretical Physics, vol. I (New 
York, 1953). 
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guerre polynomials (°), we find up to the order x?: 
„2 
3) Bu + Vo=(N + iho — SINW + 3) + 1 + 1) + 81, 


where VN —2n +1 —0, 1, 2..... 

For s-states, the differential equation (26) reduces to that of the spheroidal 
functions and the spectrum (31) for / = 0 becomes similar to that of the 
one-dimensional case (23). In this case we have N = 2», and the connection 
between the two level schemes follows from the fact, that, because of the 
boundary condition u(0) = 0, only the odd values of n’ in the one-dimensional 
case have an analogue to the n-values of the three-dimensional case, With 
the substitutions n’ > 2n + 1 and 2 — 2 the scheme (23) up to the order x? 
becomes identical with (31) for / = 0. 

The comparison of (31) with the spectrum of the static oscillator, 

(32) Eo + Vs = (N + $)ho , 


1 


shows the following effects of the velocity dependence: 


1) The spacing fw of the static oscillator levels is increased by the 
factor w*/w = (M,/M*)!x V2. In order to bind the same number of part- 
icles as in the static case, the potential well depth V, has to be increased by 
about a factor 2. 


2) Apart from the increased level spacing, the velocity dependence causes 
a general depression of the oscillator levels, as indicated by the term 
— INN +3) +91. 


3) The (n,t)-degeneracy of the static isotropic oscillator is removed in 
the velocity-dependent case, as a consequence of the term — (x?/2)l(J-+1). 
This is formally equivalent to an additional term — (x2/2)1° in the interaction 
Hamiltonian. Such a term causes a depression of the higher angular momentum 
states and induces a level sequence which goes into the direction of that ob- 
tained from a square well potential. 


The velocity-dependent oscillator potential can thus be regarded as an 
interpolation between the static isotropic oscillator and the spherical well 
potentials, such an interpolation usually being assumed as a starting point 
for the construction of the level scheme of the Mayer-Jensen shell model (°). 
Indeed, the spectrum (31) gives the correct level sequence assumed in this 


-(?) M. Gorppert-Mayer and J. H. D. Jensen: Elementary Theory of Nuclear Shell 
Structure (New York, 1955). 


foal 
= 
1D 
- 


EUR AE es 64 : ao, oy 
; J NAS ara 
AU eee Wr à 


1572 W. E. FRAHN and R. H. LEMMER 


interpolation, the energy difference between two adjacent /-levels in a given 
oscillator shell being AH, 4, = (21 + 3)x?. However, in order to compare the 
level structure arising from the velocity-dependent oscillator spectrum with 
that required by empirical nuclear properties, a phenomenological spin-orbit 
coupling term has to be added. A detailed discussion of this comparison will 
be given in a subsequent paper. 

Ross, LAwson and MARK (8) have recently calculated the nucleon energy 
levels derived from a velocity-dependent wave equation very similar to eq. (12). 
The local potential V(r) used by these authors is the diffuse well potential 
proposed by Woops and SAXON (°). It has been shown, that with a certain 
choice of the interaction parameters for a velocity-dependent potential of this 
type, a satisfactory nucleon shell structure and level sequence can be obtained. 


The authors are indebted to Dr. S. J. pu Torr, head of the Nuclear Physics 
Division, for his interest and to the South African Council for Scientific and 
Industrial Research for permission of publication. 


(5) A. A. Ross, R. D. Lawson and H. Mark: Phys. Rev., 104, 401 (1956). 
() R. D. Woops and D. 8. Saxon: Phys. Rev., 95, 577 (1954). 


RIASSUNTO (*) 


L’equazione d’onda di una singola particella che descrive il moto di nucleoni nei 
nuclei, come si deriva dal problema nucleare di pit corpi, é di forma non locale nello 
spazio delle coordinate. Si dimostra che nell’approssimazione della massa effettiva 
quest’equazione si riduce a un’equazione di Schrodinger dipendente dalla velocita che 
contiene una massa nucleonica spazialmente variabile in un operatore di energia cine- 
tica opportunamente simmetrizzato. Il problema degli autovalori è trattato per il 
caso speciale del potenziale di oscillatore armonico infinito come parte locale della 
interazione. 


(*) Traduzione a cura della Redazione. 
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IL NUOVO CIMENTO VORAN. 6 1° Giugno 1957 
A Model for the Weak Interactions. 
S. Goto 
Institute of Physies, Tokyo Gakugei University - Tokyo 
(ricevuto il 17 Marzo 1957). 
Summary. — By assigning iso-spin to be zero and strageness u to be 


2, — 2 and 0 for the leptons u*, e~ and v respectively, the universality 
of the weak interactions including the lepton processes is shown to be 
consistently derived if the strong primary interactions are assumed to be 
of the Yukawa type and the weak primary interactions of the Fermi one. 


1. — Introduction. 


As is well known, the charge independence hypothesis proposed by NIsHI- 
JIMA (!) and GELL-MANN (?) has sueceded in explaining the curious natures 
of the strange particles as far as the strong interactions are concerned. But 
such a theory, as it stands, seems to be unsatisfactory in explaining the 
lepton processes (®*). 

In the customary scheme the leptons are not assigned any iso-spin and 
strangeness. This view point is usually accepted on the ground that the lepton 
interactions, except for the electromagnetic ones, are about 10-1? weaker than 
the strong ones, and are charge dependent. According to the current scheme, 


(1) T. Nakxamo and K. Nisuisima: Prog. Theor. Phys., 10, 531 (1953); K. NISHIJIMA: 
Prog. Theor. Phys., 12, 107 (1955); 18, 285 (1955). 

(?) M. GELL-MANN: Phys. Rev., 92, 833 (1953). 

(2) S. Goro: Prog. Theor. Phys., 17, 107 (1957). We call this paper as (I). 

(4) M. GerL-Mann: Proceedings of the 6th Rochester Conference, VIII (1956). 


= 100 — Il Nuovo Cimento. 
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we are obliged to allow such unwanted processes: 


(1.1) Kee ee 
(1.2) = re 
(1.3) K+ nt ut + ue 


nr Led er 


rt +v +9 


On the contrary we are allowed to take a different attitude and 
assign an appropriate iso-spin and strangeness for leptons, since the charged 
leptons as well as the baryons and bosons interact universally with the electro- 
magnetic field which characterizes the third axis in the iso-space (°). 

In this paper we take this second attitude and assume, for each lepton 
having strangeness quantum number s, the following relation between the 
third component of iso-spin J; and charge Q: 


(1.6) Q =I1,+4u, uU=nN-—S, 


where n means the number of leptons. This relation is an extension of that intro- 
duced by NISHIJIMA and GELL-MANN for each « strongly » (baryon and boson) 
with strangeness S: 


(1.7) GELITTEN OLS 3 


N in (1.7) is the number of baryons. The two equations (1.6) and (1.7) can be 
summarized as follows, giving 


(1.8) Q=1;+3V, V=U+u, 


which hold for all particles. 

We assume in this paper, as shown in Table I, the iso-spin of any one of the 
leptons to be zero. w+ and e- are considered to be normal (°), so u” and et 
are antiparticles. The iso-spin assignment for baryons and bosons has been 
assumed to be the same as that of the paper (I). 


(5) E. J. Konopinsxi and H. M. Manmoup: Phys. Rev., 92, 1045 (1953). 
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TABLE I. — Iso-spin assignment for leptons (*). 


Particle If He Q=I,+4u u=n-+s 8 Transformation properties 
ut 0 0 1 I,+1 2 1 iso-pseudoscalar 
e= 0 0 — 1 I,—1 2 3 iso-pseudoscalar 
v 0 0 0 Te 0 — 1 iso-scalar 
| | 


(*) After the present paper was written, the author knew by private communication 
that the same iso-spin as taken in this paper for leptons was considered also by SENBA 
and OUCHI. 


All the processes realized in nature are classified into the following three 
categories according to the interaction strength: 


(i) strong interactions (G2 ~1) 
NGO eer ee Oe AU == NADINE = 0 


(n = 0 means that no leptons belong to this group). 


(ii) electromagnetic interactions (e? = 1/137) 


INNE RENTE EN es ENGEN), (for baryons), 
An=0, AIT=0, Au —0, (AQ=0), (for leptons). 


(ii) weak interactions (5) (> 1071) 
(a) strongly-strongly 


NN == 8 ADO MARIE OF [AT In" nel: 
(b) strongly-lepton 
NE Nr 0 NO OM AT IE errors, AT = )AT el, Au 2: 


(ce) lepton-lepton 


An = 040, 7 Ad = 05 (AQ =), N=0: 
(N — 0 means that any one of baryons is not concerned to this process.) 


(6) S. Goro: Prog. Theor. Phys., 17, No. 3 (1957). 
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It is the main purpose of this paper that, among the various interactions 
realized in nature, the strong interactions are derived from appropriate com- 
binations of the primary strong interactions of the Yukawa type, and the weak 
ones are obtained by the combination of one of the weak primary interactions 
of the Fermi type and some of the strong primary interactions of the Yukawa 
type (?). 


2. — A model for the weak interactions. 


We set the following assumptions on the interactions of the elementary 
particles. 


Assumption I. The strong primary interactions are of the Yukawa type, 
and the weak primary interactions are of the Fermi type. 

Justification of this assumption will be discussed in the next sections. Now, 
according to the above assumption, a copious production of hyperons occurs 
through a combination of several strong interactions of the Yukawa type, while 
the weak lepton processes are derived from the combination of some of the 
strong interactions of the Yukawa type and one of the weak interactions of 
the Fermi type, except the u-e decay where the decay interaction is of Fermi 
type between leptons. 

The primary interactions between the elementary particles are summarized 
as follows: 
strong interactions (G2? ~ 1) 


Yukawa type: AU=0, AI=0, (BB, )K 


weak interactions (f? ~ 1071) 


\AVI=L, AT) ont (BB BLE, 
opt |AV|=1, |AZ|=}, (B, BLU) 
Fermi type: a Wye 

LAPS 25 AN AT ER (BE 7) 

Au=0, AI=0, dev) 


In the above table, (BB) and (B_B/) mean respectively the baryon pairs 
interacting strongly with the K and rx-mesons, and the wave symbol ~ 
designates anti-particle. 1, l’, l mean leptons. Besides the assumption I we 
set the folowing assumption in order to derive results consistent with the 
experiments. 


() M. GELL-MANN: Proceedings of the 6-th Rochester Conference, VIII (1956), p. 25. 
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; 2 
Î ASSUMPTION II. In the primary weak interactions, the coupling strengths + 
_ are of the same order, but the type of coupling may be different from process x 
to process (°). : 
For the convenience of later calculations we list here the more concrete 0: 
expression of the above table. 
strong interactions (AI —0, AU— 0) 
(ZE)K, (NX)K, (NA)K, (AIR; 
(ÉEr, (Ex, (NN, (BA E 
weak interactions 
(i) baryon-baryon type (|JAU|=1, |AI|=#4 or 3) ÿ 
{(Z8), (45), (NZ), (NAY}x{(ES), (ZI), (NN), (ZA}. 
(ii) lepton-lepton type (Au =0, AI =0) 
(uv) (Ey) . 
(iii) baryon-lepton type 
DENVER AT == ARE T: 
{(HE), (£2), (NN), LANE), Gv) f 5 
@) |(AV)|=4, [AT] =3 
f 
{(ZE), (AH), (NE), (NA}x{(G), Gv)} 
AI-0 
[Aul=2 
lAVI£1 |AV|=2 
ZA Au-0 lAllsı { 
Ia A1-0 
cris |AUI= 1 BE 
Fig. 1. — Model for the weak SR Se Lori === 
interactions. Full lines mean JU: AU=0 U-0 
the weak Fermi interactions i}= À lall=3 a Nee lAII=1 ıl=1 
(f2 ~ 10-4), and bundles of theer % 
dotted line denote the strong 
Yukawa interactions (G? ~ 1). ee 
|Aul=2 


(5) S. Onena and A. Waxasa: Nucl. Phys., 1, 445 (1956). 
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In order to derive the weak interactions of baryon-lepton type as secon- 
dary. processes, we use the model which was proposed by GELL-MANN (7) and 
DALLAPORTA to unify the weak interactions. But our model differs from 
theirs, because we assign iso-spin and strangeness for leptons, while in their 
case leptons are not assigned any iso-spin and strangeness. 


3. — Assumption of primarity of the strong Yukawa interactions. 


By using a beam of 1.3 GeV x--mesons, it has been observed that the 
K° particles produced in the reactions 


(3.1) nx + p — K° + A° 


(3.2) n+p>ke +> 


exhibit a pronounced forward asymmetry in the centre of mass system, while 
the angular distribution of K*-particles, produced by 


(3.3) xp Ke ae 


is comparatively isotropic and favours the backward direction. 

In this section we calculate the cross-sections for the reactions (3.1) ~ (3.3) 
by the lowest order perturbation for the cases where (3.1) ~ (3.3) are con- 
sidered to occur through one step direct reactions and through two step re- 
actions with interactions of the Yukawa type. It is shown that two step 
reactions are more apt than the one step reaction to interpret the exper- 
imental result mentioned above. 


31. Case of the one step reaction (?).- We assume that the spins of the hyperons 
are all one half, and that of the K-meson zero. The interaction Hamiltonian 
including the reactions (3.1) ~ (3.3) through one step reactions is assumed to be 


(3.4) H = 6 P/Tyd*p + h.c., 


where Ÿ, y, ®, and @ are respectively the wave functions of hyperon, proton, 
K-meson and r-meson, and J’ takes the value 1 or y,. Throughout this paper 


(°) W. B. FowLEr, R. D. Saurr, A. M. THORNDIKE and W. L. WHITTEMORE: 
Phys. Rev., 93, 861 (1954); 98, 121 (1955); R. Buppe, M. CHRETIEN, J. LEITNER, 
N. P. Samıos, M. Schwartz and J. STEINBERGER: Phys. Rev., 103, 1827 (1956). 
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we take the y-matrices as follows: 


| Vu» Ai VV y = 20, (u, Vz 1, 2, 3, 4) 


(3.5) Ona = — On = — 08 = One == alt 


| Ys = Yıyayayı - 


According to the interaction Hamiltonian (3.4), the production cross-section 
(k=e=1) for the reaction (3.1) is given in the centre of mass system as 
follows: 
do GT! 
dQ 2Æk 


kk' 
EE, +eM M, 


(3.6) 


(EE, + eM M,) (1 cos 0) : 


Ke IN 


Pp N 


Fig. 2. - Feynman graphs for the reactions (3.1) (3.3) regarded to be one step reactions 


where 0 is the angle between the directions of the incident x and the emitted 
K°. M, and M, mean respectively the rest masses of proton and A°. k and k' 
are the values of the momenta of the incident and final particles. Boy Er Hy, Br 
mean respectively the energy of proton, rn, A’ and K, and E the total energy 
of the incident (or emitted) particles. e is equal to 1 (—1) according to 
lee): 

The cross-sections for (3.2) and (3.3) are obtained simply by replacing My, 
E and M,-, Ey- into (3.1) instead of M,, E,. Therefore the interaction 
Hamiltonian (3.4) gives no dissimilar asymmetries in the angular distributions 
of K° and K* particles in pion nucleon collisions. The tendency to similar 
angular distributions of K° and K* particles will not be altered by taking other 
types of coupling if (3.1) ~ (3.3) are considered to occur through the one step 
reaction. 


3°2. Case of the two step reaction (9). — We take the interaction Hamiltonian 
as follows: 


(3.6) H = GH(NNx) + GH(ANK) + GH(ENK) + G,H(ZAr) + GH(EEx) 


(3.7) H(NNr) = V2 (Dr sn P+ + PnVsPoP-) + (PrYsYo — Pr¥sYn)Po 


.(®) H. Iwao: Soryushiron Kenkyu, 10, 192 (1955) (mimeographed circular in 
Japanese). 
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(3.8) H(ANK) = Py DE + PrysprO* + hie. 


(3.9) H(ZNK) = v2 (Boys Pz+ D, aia Wns LS D.) + 
+ (Poys Poo D, 3 Pays ®;) + h.e. 


(3.10) H(ZAn) = Pr Pipe + Pays Pr, Yo + Pos Pıp- + hic. 


(all 1 ) H(Z3r) V2 (PooysPo- = Yry Poo)P+ + (Pay Pro — Pays +) + 
ae Corps Por SE DNS + h.c. 


Here the intrinsie parity for each particle is assigned according to Table II. 


TABLE II. — Parity assignment. 
Particle N A » T K 
aie = =p = ar 
parity 
al ts =p > = 


If we use the parity assignment in Table II, the strong interactions of 
Yukawa type are given by the y,-type (11): 


GP, 751, 2 


Ke Q he Dy ° + = 
a Aa ELA yy * À = > 
Ke kK* K+ 2 
n À n \ \ 
EN 
SEN ZEN n N X 
\ N \ N \ N 
R N \ \ N \ N 
P ne n- Ne N N N \ 
P T Pp = Pp neg eo Tp T- 
TE 
rr 
SHO) (3.2) (3.3) 
Fig. 3. — Feynman graphs for the reactions (3.1) ~ (3.3) regarded to be two step 
reactions. 


The differential cross sections for the reactions (3.1) ~ (3.3) in the center of 


(1) R. Urryama and W. Tosocman: Phys. Rev., 98, 780 (1955). 
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mass system are given by the following expressions: 


do(3.1) 1k) aa 
(3.1a) Te = EL? k (B: Ze I): (C } D cos 0) — 


200,6,6; Ow + Di cos 6 | 
(E?— Mi)CE Ex + M3 — M? mi) 14+ 250086 © 
| Ee C> + D, cos 6 
oe 


(2H, Ey. + MS — Mi — mi)? (1+ & cos 0)| ’ 


do(3.2) 2 kT @@ 
3.2 2 el OR ea 2 
ren dQ Prem‘ 


1 


C; + D, cos 0) — 


j 24024, Ci, + Di cos 0 | 
(BE? — M)REE, + ME — M?—m?2) 1+Le;cos0 | 


; CG 03 + D, cos 0 


CEE + Me — Mm (+ es cos 0)?’ 


do(3.3) 1 k'[ 2 


(3.3a) do = LE? 7 (EP Le m): (61 + 12} COs 0) + 


ie 2654; Cee ay. cos 6 
(2H, Ei. + M3 — M?— m2) (1 + &% cos 0} 


GG: CO; + D; cos 9 


à 2(2E,E, + MA — Mi m2)? (1 + 64 cos 0)? 


24/2GG2G, 4 CE DieosA 
_ (Æ— M)CE,Ex LME Mm) 1 + 6 cos 0 


206,66; ih C3 + D! cos 0 we 
(H? — M,)(2E,E, + Mi — M2 — mi) 1+ & cos 0 


\/24,42454, O33 + D’, cos 0 


(2E,E,+ Mh —M}; — mr )(2E,E),+ ME — M?— m2) (1+e\ cos 6)(1 +e% cos 6)| ” 


with the abbreviation of 
[ C, = (B’+ M'\EE, + M,M,)—2EM (ME, + M,E,) 
| D, = kk'(E? — M!) 
C, = X (E,\B,+k”)+M (MM, )}EE,+{(Ms;—M )—-mEE,+ 
+2M (My, — ME Ex +k) + MM, {Ms — M,)* + m2} 


D, = {2(E,B,+ k”) + 2M,(My — M,) — (My — M) + mi dkk' 
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Ci, = (HE, — M,)(B,B,. +k?) + M,(My — M,\(BE, — M?) + 
+ M M,B.E. + M,(My— M)E,E, 


2Kk' 1 

NS Ex = (BE + MA — mi 

© = oF Ey, + M3 — Mi m2’ A ae on hog 

By = (Be MA +m), b= IE: — MA — m2) — 4m?) 
0 oH Seal K/ 3 AP? A K INA 


lt 


1 = (24 MEE, + MMs) — 2EM (ME; + ME) 
D, = kk’ (EB? — M?) 


D 


au 


N = (BE, +k”) + My(My—M,)} BLE. +{(M,—M ’—miYE Es + 
EM — M) + m2} M Ms + 2M (Ms — M )(E5Ex + k”) 


D, = {2(P5E, + kb”) + 2M (Ms — M) — (My — M) + mt" 


Ci, = (BE, — M°\(E,E, + Bey ae MMS — M,)(EB, — M?) + 
+ M,MSEE, + M (M; — M )ESE. 


Kr 


i 2kk" 1 5 
vo ay Es = nn E:? = = a 
2 ORE + ML Mm ne ere 
! il 2 119 1 2 2 2 
Ey = 55; ®—Mitm), k : [ (#2 — M2. — m2) — 4M&m}] 


4 


Cl = (BEL +Rk") + MMM BE, + {MM )—miB ES + 
+2M (M, — M,\(EsE, +b”) + MM {(M, — M,) + mi} 


D, ={2(E,E, + #7) + 2M,(M, — M) (M, M) + ment 


D 


Ci; = (EE, — M?)(EE +k") + MM, — M \(BE, — M?) + 
+ MME B+ M (M, — M, )EE, 
Ch, ={2E,B, + MM. + M, —2M (EE +8) + 
+ {(M,— M,)(M, — M,) — mz} E Ey + mM Ms + 
+ (My + M, —2M,) MEE. + M My(My— M,)(M, — M) 


Diy = {2(By Ey +k") + mi, + MM, — M,) + My(My— M,)} hk" 


2kk" 
SEE, Mee ne 


" 
EA = 
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Now, taking G? = 100 =1, 0, = 0.8, & — 1, & = 0.05, we write the 
graphs of (3.1) — (3.3) which are given in Fig. 4. As is seen from Fig. 4, the 
result of our calculation is qualitatively consistent with experiments. When 
the lowest order perturbation is used, the case of the two step reaction is better 
than the case of the one step reaction as far as the angular distribution of 
the K-particles is concerned. 


02 21072 
3 0.2 0.2 
ow ENS 
2 : ES 
= 01 “ 01 E 
= Bie ‘| ay oi 04 
Er Is le 
9° SR 
Oo 
0 re 
1 0 -1 0; 0 2 0 i 
—> cos 8 —> cos8 1 0 -1 
+ >. C0S 0 


Fig. 4. — Angular distributions of the K-particles (C.M.S.). 38 


4. — PrimarityJof the weak Fermi interactions. 


As is well known there is the y-e decay as the first example of maintaining 
the primarity of Fermi interaction which is weak, i.e. the u-e decay 


(4.1) Une = Ge EUR ur > e + 24 

should be considered to be primary as far as a new field is not introduced, 

since it is a decay process between leptons which have no strong interactions. 
The ß-decay should be considered to be primary since the ß-decay which 

is considered to occur through intermediate states such as 


(EN) a (e, v) 


is inconsistent with the experiment of the r-e decay. If we assume that the 
free neutron decay is primary and without pseudoscalar and pseudovector inter- 
actions, the x-decays n > e-+¥ and n° > e* +v are forbidden by relativistic 
considerations. According to the ß-decay experiments a linear combination 
of S and T seems to be favourable to the interactions. If we assume the above 
interactions for the ß-decay, the branching ratio of the decay mode t > e+v 
relative to the normal pion decay mode x > u+y can be made small enough 
to be consistent with the experimental value such as 2) 


wn—e+v) 


Er w(t > u + y) 


———— 


(2) Cf. for example, R. P. FEYNMAN: Meson Theories (1951), p- 72. 
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Summarizing the above facts the primarity of the weak Fermi interactions 
among four Fermions seems to be the natural assumption. 


5. — Secondary decay processes. 


It is shown here that by using the model proposed in Sect. 2, any weak 
decay interactions can be derived as a secondary process from combination 
of a weak Fermi interaction and several strong Yukawa interactions. In this 
case it is remarkable that only special combinations are allowable by the 
selection rules derived from the assignment of iso-spin and strangeness for 
leptons. We will show these facts in the following by using the Feynman 


graphs shown in Fig. 5. 
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x a ke 
Kye > ae D y Kus v 
IE 
©) 
Ban) Ri BE N, 
\T° 
(d) (e) (N) 
Fig. 5. — Feynman graphs for the various decay processes considered to be secondary. 


In the following we denote the Fermi coupling constant by f, the Yukawa 
coupling constant by @, and write the coupling constants contained in the 
matrix element in the lowest order perturbation in parenthesis. 


(I) Stronglys-stronglys. — The following three types of decays are included 
in this category. 


(1) Hyperon decay (f@). -— We consider here the AP-decay only. 
WAS. = oo 3 : ; 
The Z and & decay can be similarly treated. In this case the four types of 
baryon loops shown in Fig. 5-a are allowable. 


(2) K,,-decay (f@*). - If we dont care about the position of r-meson 
vertex, there are different graphs like Fig. 5-b. 
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(3) K,.-decay (f@*). — This case is obtained from the K,--decay by 
adding one meson external line to an appropriate baryon internal line, as is 
shown in Fig. 5-e. 


(II) Stronglys-leptons. — To this category the following three types of decay 
are included. 


(1) K-74 ecay (f@) (K-,,decay). — Four types of graphs, one of which 
is shown in Fig. 5-d, are allowed. 


(2) n-u decay (f@) (n-e decay). — Four types of graphs, one of which 
is shown in Fig. 5-e, are allowed. 

(3) K,,-decay (f@®) (K,-decay). — This type of graph is obtained from 
the K,,-decay by adding one external 7-meson line to the baryon loop. One 
graph as an example is shown in Fig. 5-f. 


6. - Some results expected from the present model. 


In this section we describe a few results which can be derived at once from 
our model. 
(1) All the processes including neutrino and antineutrino pairs are for- 
bidden. — This statement follows as an immediate consequence of the present 
model shown in Fig. 1. The restriction mentioned above is very useful to 


forbid the following unwanted processes 


(6.1) >et+v+v+¥ 


ete. 


It is remarkable here that the process K+ > rt-tv-+3 being allowed in the 
formalism given in the paper (I) is now forbidden in conformity with the 
experiments. 

(2) Decay of m-mesons. — It is known experimentally that, relative to 
the normal pion decay mode 7 > p.-+Y, the branching ratios o and o, for the 
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alternate decay modes x — e+v and tm —e—+v—+y are very small (#), i.e. 


wm — 6e + v) 


= Same 
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6.2 
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Since we consider in the present model that the pion decays z > u+y and 
rx — e—y occur as the secondary processes through virtual baryon pairs, these 
reactions are forbidden for any one of the scalar (S), vector (V), and tensor (7) 
couplings of four Fermion interactions. If the mixed S and 7 coupling pre- 
dominant in nuclear ß-decay is generally applicable to the four Fermion inter- 
actions including electron-neutrino pairs and the axial vector (A) coupling is 
assumed in the four Fermion interactions to include muon-neutrino pairs, a 
pion decay into an electron and a neutrino is forbidden, whereas a pion decay 
into a muon and a neutrino is allowed in conformity with the first relation 
in (6.2). Though the pion decay x — e+yv is forbidden for the mixed scalar 
and tensor coupling, the radiative decay n > e+v+y occurs by the tensor 
coupling (**), and the ratio o, of the rates of the two decay modes x > e+v+y 
and t—u-+y is obtained such as 


3 ; 1 \ /fr\? (mz\? 
(6.3) 07 = 0.067 (2) = 


\ / 


by using the result given by TREIMAN and WYLD (eq. (25) in their paper (1°)). 
If we take f, — f,, m = nucleon mass, the ratio becomes 


(6.4) 0,10, 


a result which is consistent with the experimental upper limit. 

A similar discussion as above can also be applied to the K-meson decays 
K—e+v, K+yu+v and K+e+y+y¥. In this discussion we effectively use 
the intrinsic parity assignment for the stronglys given in Table II. 


(3) The decays of K,, and K,,. — The energy spectra of the secondary 
u and e* emitted in the decays of K,, and K,, seem to be different from each 
other as far as the results of the present experiments are concerned, though 
a definite conclusion may not be drawn for lack of experimental data. 


(*) R. SHERR and R. H. Miter: Phys. Rev., 93, 1076 (1954). 

(4) K. Iwara, 8. Ogawa, H. Oxonoci, B. Saxira and $. OnEDA: Prog. Theor. 
Phys., 18, 19 (1955). 

(5) S. B. TREIMAN and H. W. WyrD: Phys. Rev., 101, 1552 (1956). 
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According to the calculation of YONEZAWA et al. (#*), a combination 
of S and T coupling which is similar to the case of nuclear ß-decay is sufficient 
to explain the energy spectrum of the secondary electrons in the K,,-decay. 
In the case of the K,,,-decay agreement of the theoretical and experimental 
energy spectrum of the secondary u* seems to be good provided A or V inter- 
action is assumed. The above circumstances will be easily understood by 
using the present model since in our model appropriate linear combination of 
the four different types of baryon loops are allowable for the K,, and K,, 
decays and there are sufficient degrees of freedom to explain the experiments. 

Finally we add a remark on the selection rule |AZ|= 3 or 3 in the K,, 
and K,, decays. The branching raties are given as follows: 


JAI|=4  |AT|=4 


Kt = pt +m +9 al 2 

Te Bl N 1 2 
(6.5) 

Op N 2 il 

Kor m+ y 2 il 

ke Ser =o Er 1 2 

K’-e+n’ + 1 2 
(6.6) 

K° — et nv 2 1 

K- 220 Ent, 2 at 


The selection rule | AZ| = 3 seems to be more favourable than |AZ| =3, though 
the number of experimental data (17) is very small and it is too early to draw 
any conclusion. 


7. — Conclusion. 


In this paper we have proposed to use the modified model of Gell-Mann 
and Dallaporta for the weak interactions by assigning zero iso-spin and ap- 
propriate strangeness for leptons, and have constructed the compatible theory 
in a general consideration. 


(1) M. Yonezawa, S. FuruICHI and 8. OGAWA: private communication. 

(7) J. BALLam, M. CRISARU and S. B. TREIMAN: Phys. Rev., 101, 1439 (1956); 
M. M. Brock, E. M. Harry, M. E. BLEVINS and G. C. SLAUGHTER: Nuovo Cimento, 
4, 46 (1956). 
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As was stated in Sect. 1 and 2, the present theory shows that the transform- 
ation properties of leptons in the ise-space are meaningful even in the lepton 
processes practically observed, while according to the formalism stated in the 
paper (I) the transformation properties of leptons in the iso-space lose their 
meaning in the lepton processes observed though definite transformation 
properties have been assigned to each lepton when the self energy effects are 
all neglected. It is noteworthy to remark that the process K+ > m++v-+¥% 
being allowed by the selection rule given in the paper (I) is forbidden according 
to the present theory in accordance with the experiments. 

The accumulation of experimental data will enable us in future to compare 
with experiments the various calculations resulting from the present model. 


RIASSUNTO (*) 


Assegnando isospin zero e stranezza 2, — 2 e 0 ai leptoni +, e~ e v rispettivamente, 
si dimostra che si pud coerentemente derivare l’universalità delle interazioni deboli, 
compresi i processi leptonici se le interazioni primarie forti si assumono essere di tipo 
Yukawa e le interazioni primarie deboli di tipo Fermi. 


(*) Traduzione a cura della Redazione. 
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Polarization in Neutron Proton Scattering at 95 MeV. 


G. H. STAFFORD, C. WHITEHEAD and P. HILLMAN 


The Atomic Energy Research Establishment - Harwell, Berkshire, England 


(ricevuto il 17 Marzo 1957) 


Summary. — The free neutron-proton polarization has been measured at 
centre-of-mass angles from 20° to 160°. The asymmetries were obtained 
using fixed detectors and by rotating the plane of polarization of the 
neutron beam with respect to the scattering plane by means of a long 
solenoid. The polarization cross-section was found to be strongly non- 
antisymmetrical about 90° centre-of-mass and evidence for D-wave inter- 
action was obtained, 


1. — Introduction. 


In a recent paper in this journal HILLMAN and STAFFORD (!) reported 
measurement of the polarization in free neutron proton scattering at energies 
in the region of 100 MeV with the 110 in. Harwell cyclotron. The asymmetries 
were obtained in the conventional manner by measuring counting rates to 
the left and to the right of the direction of the incident partially polarized 
neutron beam. Recoil protons were detected at centre of mass angles between 
60° and 160°. The polarization of the incident neutron beam was low (less 
than 10%), the measured asymmetries small and the possibility of false asym- 
metries correspondingly important. As a result of a new method of measuring 
asymmetries in neutron polarization experiments (HILLMAN, STAFFORD and 
WHITEHEAD (?)) effects due to false asymmetries have been made entirely 
negligible and this has enabled us to repeat the previous measurements with 
improved precision and to extend the measurements to smaller scattering 
angles. In the present experiment neutrons were detected in the centre-of-mass 
angular region from 20° to 76° and protons from 78° to 160°. 


() P. Hiruman and G. H. Srarrorp: Nuovo Cimento, 3, 633 (1956). 
(2) P. Hırıman, G. H. STAFFORD and C. WaiTengaD! Nuovo Cimento, 4, 67 (1956). 


101 - ZI Nuovo Cimento. 


1589 


aoe 


1590 G. H. STAFFORD, C. WHITEHEAD and P. HILLMAN 


2. — Method. 


If an incident beam of neutrons has a polarization P, then the asymmetry 
obtained after a second scattering is given by 


70,0 270 0 oa 


where P, is the polarization in the second scattering and /(6, o) is the intensity 
of the scattered particle at scattering angle 6 and azimuthal angle » with 
respect to the plane perpendicular to the direction of polarization. In con- 
ventional measurements of asymmetries /(9, 0) and J(0, 7) are the scattered 
intensities to the left and to the right of the direction of the incident beam. 
In this experiment, instead of rotating the counters about the plane of po- 
larization from an angle (0, 0) to (0, x), the counters were kept fixed and the 
plane of polarization was rotated first through 90° in one direction and then 
through 90° in the opposite direction by passing the partially polarized neutron 
beam through a longitudinal magnetic field. This method has been described 
in detail by HILLMAN, STAFFORD and WHITEHEAD (?). Briefly, the principle 
is that if a spinning magnetic moment is acted on by a uniform magnetic field 
it will precess in a direction normal to the plane containing the spin and the 
magnetic field vectors, the frequency of precession being given by 


V9 = RU ; 


where: h = Planck’s constant, 
g = gyromagnetic ratio, 
Un = nuclear magneton, 
H = magnetic field. 


In this experiment a solenoid was used to produce the magnetic field. It 
can be shown that if the neutron velocity is v and the length of the solenoid 
is /, then the integrated field strength required to precess the neutrons through 
90° is given by 


oh 


UE Agua, (A — ß2) 9 


where: H, = 4nnI/10, 
n — number of turns per centimetre, 
I = current through the solenoid in amperes. 


For 95 MeV neutrons a value of 1,H, = 1.18:10° Gem was required and 
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this was obtained using a solenoid of 903 turns approximately 11 feet long and 
a current of 1030 A. 


3. — Apparatus. 


31. The experiment in which neutrons were detected. — In the measurement 
of the polarization in the neutron forward scattering hemisphere a large liquid 
scintillation counter and a liquid hydrogen target were used. The procedure 
adopted in the use of this counter as a threshold neutron detector has been 
described fully by THRESHER, VOSS and WILSON (?) who used it to measure 
the neutron-proton differential cross-section. Their method of varying the 
counter bias as cos? 0 (where @ is the scattering angle in the laboratory system) 
to keep the effective energy constant was adopted. A correction for the non- 
linear response of the scintillator as a function of energy was also made. This 
procedure proved successful in THRESHER, Voss and WILSON’s experiment and 
should be satisfactory in the present experiment as the polarization is not 
expected to vary rapidly with energy. 

The liquid hydrogen target was 18 cm long by 10 em wide by 4 em high. 
The counting volume was defined by the dimensions of the neutron beam 
which were 7 em wide by 2.5 cm high. The counter was placed 2 metres from 
the target. Its dimensions were 45 em long by 15 em wide by 7.5 em high. 
The upper diagram in Fig. 1 shows in vertical section the geometry used in 
this experiment. The boron trifluoride slow neutron detector which was used 
as a beam monitor was located between the two shielding walls. During the 
runs no changes were made in the cyclotron operating conditions. 


Detection of scattered neutrons 


= A VERGZZ 


Solenoid Hydrogen target 


He [N ZZ TS peutron detector ~ 


er collimator 


RZ WA 22 
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Hydrogen target Proton telescopes 


Detection of recoil protons 


Fig. 1. - The upper diagram shows the vertical section of the geometry employed in 
the experiment in which scattered neutrons were detected and the lower diagram shows 
the geometry for the recoil proton experiment. 


(?) J. J. THRESHER, R. G. P. Voss and R. WiLsow: Proc. Roy. Soc., A 229, 492 (1955). 
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3°2. The experiment in which the recoil protons were detected. — Two identical 
four-unit scintillation telescopes were used. They were arranged in triple 
coincidence plus anticoincidence with aluminium absorbers placed between 
units 2 and 3 to maintain the same effective energy at all angles and between 
unit 3 and anticoincidence unit 4 to place a limit on the maximum energy 
of protons recorded as coincidences. As the neutron energy spectrum was 
known, the corresponding recoil proton energy spectrum at each angle was 
calculable and it was possible to adjust the absorber between units 3 and 4 
to stop all genuine recoil protons before unit 4. The anticoincidence counter 
then helped to reduce background effects. Pulses from the individual photo- 
multipliers were fed into a coincidence unit with a resolving time of 10° s. 
The coincidence output was counted at two discriminator levels as a check 
on the stability of the apparatus. The proton telescopes were placed above 
and below the beam at scattering angles similar to within + 0.5°. By suitably 
combining the results from the two telescopes any error introduced by the 
boron trifluoride monitor into the measurement was made very small. 

A different liquid hydrogen target was used for this part of the experiment. 
The target hydrogen was contained in a 2.5 em diameter cylinder made from 
0.0025 em nickel foil 10 em in width. The reservoir held 4.5 litres of hydrogen 
which was sufficient for a 9 hour measurement, although the liquid nitrogen 
jacket required replenishing every 3 hours. Measurements were made at angles 
between 80° and 160° (centre of mass). The size of the neutron beam at the 
target was 2.5 cm high by 3.75 cm wide. 


4. — The neutron spectrum and the effective neutron energy. 


The maximum neutron energy in the incident beam was 120 MeV. The 
neutrons used in the experiment had energies from approximately 75 MeV 
to the maximum and the shape of the spectrum was approximately triangular. 
For convenience the measurements are said to have been made at an effective 
energy of 95 +2 MeV where the effective energy was calculated using the 
measured attenuation of the neutron beam in polythene and the total cross- 
sections for hydrogen and carbon given by TAYLOR, PICKAVANCE, CASSELS 
and RANDLE (*). The attenuation measurement was made with the neutron 
counter in the direct beam. In the experiment in which neutrons were de- 
tected the effective energy was kept constant by suitably adjusting the bias 
level with angle as mentioned in Sect. 3°1 above. In the experiment in which 
recoil protons were detected the. effective energy was maintained constant 


(4) A E. .TayLor, T. G. PICKAVANCE, J. M. CASSELS and T. C. RANDLE: Phil. Mag., 
42, 328 (1951). 


1592 


Br) RDC CR AS A OR RSS ET 
LT ï CES 


POLARIZATION IN NEUTRON PROTON SCATTERING AT 95 MeV 1593 


by changing the absorber thickness with angle. The correct absorber thickness 
was calculated from the known shape of the neutron spectrum (measured with 
a similar telescope in a previous experiment ()). Allowance was made for 
the shape and thickness of the hydrogen target and as the same target was 
used for all angles the low energy cut-off decreased slightly with decreasing 
centre of mass scattering angle. 

The attenuation experiment defined an effective energy Æ given by 


e(E)N(E) exp [— +0(E)|dE = exp [— xo(E)] | e(E)N(E)dE , 

where e(Æ) is the detection efficiency of the counter for a neutron of energy E, 
o(E) is the total neutron cross-section for polythene and E is the effective 
energy deduced from the measured total cross-section o(E). The effective 
energy used in the present experiment should be calculated from 


fear (P 7), 18 = P (35), fey an. 


where P is the measured polarization for the band of neutron energies used 
and (do/d2), is the mean neutron proton differential cross-section. The va- 
riation of the polarization P with energy is not known and so it is impossible 
to estimate reliably how much this will affect the value of the effective energy 
given. This should be borne in mind in fitting theoretical curves to the exper- 
imental results. 


5. — Background effects. 


Background measurements were made at each angle before and after the 
liquid hydrogen runs. In the neutron experiment, background counting rates 
were comparable in magnitude to the true counting rate but in the proton 
experiment the background was less than 10% of the true rate at all angles. 
It is possible to tolerate large backgrounds with some confidence (as was the 
case in the neutron experiment) because it should be independent of the sign 
or magnitude of the solenoid current; the asymmetry observed in the back- 
ground measurements was, in fact, not significantly different from zero. 


6. — The magnitude of the polarization of the neutron beam. 


The best value of P,, the polarization of the incident beam, was obtained 
by combining the results of Voss and WILSON (5) at 97 MeV and 104 MeV 
and our results (2) at 95 MeV and 99 MeV. 


5) R. G. P. Voss and R. WizsoN: Phil. Mag., 1, 175 (1956). 
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The polarization P, was measured by scattering the neutron beam off 
uranium at an angle of (1/3)°. The polarization produced at this angle by the 
interaction between the magnetic moment of the neutron and the coulomb 
field of the uranium nucleus is large and calculable. It was assumed that 
from 95 MeV to 104 MeV the polarization of the incident beam changed linearly 
with energy. A least squares fit to the experimental points gave a value 
0.088 + 0.007 for the polarization at 95 MeV. This revises the value given 
in a previous report (?). 


7. — Errors and corrections. 


The measured asymmetries were small (never greater than 5%) and drifts 
in the electronics during the day were about 1% but by cycling the measu- 
rements the effect of this slow drift was very much reduced. Asymmetries 
were measured in the following cycle of solenoid current settings: anti-clock- 
wise rotation, clockwise rotation, clockwise rotation, anti-clockwise rotation; 
each set being completed in about 35 minutes. At all angles the ratios « clock- 
wise rotation »:« anti-clockwise rotation » were analysed statistically for both 
hydrogen runs and background runs, and all were found to have the expected 
statistical standard deviations with a satisfactory « y-square » probability. 

The angular resolution of the neutron detector was + 4° base width at 
small angles increasing to — 7° at the large angles but calculation showed 
that the error introduced by this coarse resolution in no case exceeded 3%. 
The acceptance angle of the proton telescope was + 3°. A correction has 
been applied to the measurements made with the neutron counter at centre 
of mass angles of 22.5°, 29.8° and 41.0° as the background runs were made 
with the hydrogen target filled with air. 


8. — Results. 


The results are presented in Table I. In column 2 of the table the measured 
asymmetries are given; in column 3 are listed the unpolarized differential 
cross-sections which were used to caleulate the values of P(do/dQ) (column 4). 
The unpolarized differential cross-sections for free n-p scattering at 95 MeV 
were obtained by interpolating between the results of STAHL and RAMSEY (°) 
at 91 MeV; RANDLE, SKYRME, SNOWDEN, TAYLOR, Woop and URIDGE (’) at 
133 MeV and THRESHER, Voss and WILSON (3) at 105 MeV. 


(5) R. H. SrAHL and N. F. Ramsey: Phys. Rev., 96, 1310 (1954). 
(*) T. C. RANDLE, D. M. SKYRME, M. SNOWDEN, A. E. Taytor, E. Woop and 
F. UrIDGE: Proc. Phys. Soc., A 69, 760 (1956). 
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TABLE I. 
: Ss 
6 (e.m.) e% (mb/sr) (mb/sr) | 
Es = —- = — | = = MR ee eS 
22.5 | 1.26 + 0.28 9.6 1.370081 
29.8 1.50 + 0.33 8.4 1.43 + 0.31 | 
41.0 | 2.80 + 0.53 6.8 2.16 + 0.41 | 
52.5 | 3.55 + 0.36 5.5 2.22 + 0.23 
61.5 4.94 + 0.56 4.7 2.64 + 0.30 
76.0 2.70 + 0.35 | 4.0 1.23 + 0.16 
78.5 | 3.40 + 0.30 3.9 1.51 + 0.13 
88.5 2.46 + 0.28 4.0 1.12 + 0.13 
98.5 2.33 + 0.42 4.3 1.14 + 0.21 
108.0 | 0.62 + 0.42 | 4.8 0.34 + 0.23 
118.5 0.43 + 0.48 5.4 0.26 + 0.29 
128.5 HAS 01 6.3 | —_ 0.34 £0.22 
138.5 — 0.14 + 0.25 7.4 | — 0.12 + 0.21 
149.0 | — 0.64 + 0.22 8.9 — 0.65 + 0.22 
| 159.5 | = Uy 2S ODI 10.7 — 0.40 + 0.25 


In column 4 the uncertainties quoted are purely statistical with the ex- 
ception of the values for 22.5°, 29.8° and 41.0° where the uncertainties have 
been increased in view of the air correction applied to these measurements. 
There is, in addition, and estimated uncertainty of + 3% in the value of the 
unpolarized differential cross-section as well as + 8% in the value of P, due 
to the uncertainty in the beam polarization. The uncertainty associated with 
the value used for do/dQ could introduce a small error in the shape: of the 
polarization cross-section curve and hence in the value of the coefficients given 
below but the + 8% error in P, can only change the absolute and not the 
relative value of the coefficients. 

The experimental results are shown in Fig. 2 together with the least squares 
fit which is given by: 


do 


an 


sin 9 ((1.17 + 0.11) P,(cos 8) + 
+ (2.34 + 0.23)P,(cos 0) + (0.21 + 0.26)P,(cos 9)) - 


A least squares fit with two terms gives 


18 nn = sin 0 ((1.12 ete 0.09)P,(cos 0) + (2.28 + 0.21)P,(cos 6)) 4 
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The « y-square » probability of the 3-term fit is 16% and 7% for the 2-term 
fit so that the need for the third term is not established. 


Gem 


120° 150° 


-1 


Fig. 2. — The variation of P(do/d2) with centre of mass scattering angle. The solid 
circles show the results obtained from the detection of scattered neutrons and the open 
circles are the results from the detection of recoil protons. The solid line is that 
obtained by a least squares fit of the form 


P(do/d2) = sin 6(aP,(cos 0) + bP,(cos 0) + cP,(cos 6)) . 


If the revised value for the beam polarization is used the original results. 
of HILLMAN and STAFFORD are given by 


do ; EUR 
12 107 sin 6 ((0.78 


+ 0.30) P,(cos 0) + 
+ (1.96 + 0.69) P, (cos 0) — (0.39 + 0.78) P,(cos 0)) , 


which is in satisfactory agreement. 


9. — Discussion. 


These measurements were undertaken as part of a programme aimed at 
providing information for a complete phase shift analysis at this energy. This 
analysis can only be completed when measurements of the neutron-proton 
and proton-proton unpolarized differential cross-sections and the proton-proton 


15 


polarized differential cross-section are all available. However, there are certain 
observations that are worth while making at this stage. 

Evidence for D wave interaction would be provided by the need for the 
P,(cos 0) term. This term is small and by itself would not be convincing but 
the preliminary results of a measurement of the proton-proton polarization 
at 95 MeV (TAYLoR and Woop: private communication) indicate that the 
magnitude of the coefficient of the P, (cos 0) term in their experiment is 1.3--0.1. 
As there is no evidence in their experiment for any F-wave interaction this 
term arises from P-P interference effects whose contribution to the P,(cos 4) 
coefficient in the neutron-proton case will be one quarter of 1.3 + 0.1 Le. 
0.33 + 0.03. The coefficient of P,(cos 7) required to fit the neutron proton 


results is 2.34 + 0.23 and this disparity indicates the existence of appreciable 


S-D interference effects. 


Our grateful thanks are extended to Dr. R. J. N. PHILLIPS for theoretical 
discussions; Dr. J. J. THRESHER, Dr. R. G. P. Voss and Dr. R. WILSON for 
the loan of equipment; Mr. E. W. SHARRATT for his help in always providing 
liquid hydrogen when required; Mr. F. URIDGE for help with the experiment 
and the cyclotron crew for their willing co-operation. 


RIASSUNTO (*) 


La polarizzazione libera neutrone-protone & stata misurata ad angoli nel sistema 
del centro di massa da 20° a 160°. Le asimmetrie furono ottenute usando rivelatori 
fissi e ruotando il piano di polarizzazione del fascio neutronico rispetto al piano di seat- 
tering per mezzo di un lungo solenoide. La sezione d’urto di polarizzazione fu trovata 
fortemente non antisimmetriea intorno a circa 90° nel sistema del centro di massa e 
furono ottenute prove di un’interazione di onde D. 


(*) Traduzione a cura della Redazione. 
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Integral-Darstellung kausaler Kommutatoren. 


R. JOST 
Physikalisches Institut der BE. T.H. - Zürich 


H. LEHMANN 


Institut für theoretische Physik der Universität - Hamburg 


(ricevuto il 20 Marzo 1957) 


Zusammenfassung. — Die Struktur des Kommutators von Feldoperatoren 
wird untersucht. Für das Matrixelement zwischen Eigenzuständen des 
Impulsoperators wird eine Integral-Darstellung angegeben. Dabei ist die 
mikroskopische Kausalität und das Spektrum des Impulsoperators berück- 
sichtigt. 


1. — Eigenschaften eines kausalen Kommutators. 


Die Kausalität drückt sich in der Feldtheorie bekanntlich durch das Ver- 
schwinden des Kommutators (bzw. Antikommutators) geeignet gewählter 
Feldgré8en für raumartige Distanzen aus. Wir wollem im folgenden einige 
mathematische Methoden behandeln, die vielleicht für Untersuchungen über 
die Auswirkung der Kausalitätsbedingung von Interesse sind. 

Der Einfachheit halber diskutieren wir skalare Feldgrößen A(x), B(x). Dann 
gilt: 


(1.1) [A(x), Biw’)] =0 falls ea = (« —2x')?— (w,—#,)? > 0. 
Daher verschwindet auch das Matrixelement: 
(1.2) <P, «|[A(a), B(x')]|Q, B> = 0, fir @ 20. 


Die Zustände 


P,«» und |Q, ß> seien dabei Eigenzustände des Energie- 
Impulsvektors zu den Eigenwerten P und Q. « und B sind zusätzliche Variable, 
die die Zustände eindeutig beschreiben. 


INTEGRAL-DARSTELLUNG KAUSALER KOMMUTATOREN 1599 


Offenbar gilt P, >0, P? <0 und Q, > 0, Q?<0; d.h. P und Q liegen im 
Vorkegel. 

Unter Benutzung der Invarianz gegen Translationen folgt für das Matrix- 
element (1.2) 


(3) <P,al[A(x), B()11Q, B> = 


= exp [ig — P) 2 ET KP, à |[A(E/2), BC #/2)110, BD - 


Dabei wurde § = x — x" gesetzt. 
Demnach genügt es, die Funktion 


zu diskutieren. 

Neben der Kausalität liefert die Struktur des Eigenwertspektrums des 
Energie-Impulsevektors eine wichtige Bedingung für F(£). Durch Summation 
über Zwischenzustände folgt nämlich 


5 ees 4 r ; ei Gg A 8 
iby Fie) = mak k je? ie (x | G,(k) — 


exp ve (i & =) Zu) 
N Ca PEON = _P+Q 
Se on [a q exp [7g] {4 (a DE | a. | Get eg )} ; 


Dabei sind die Funktionen G,(k) und G,(k) nur dann von Null verschieden, 
wenn k zum Spektrum des Energie-Impulsvektors gehört; d.h. höchstens wenn 
k im Vorkegel liegt. 

Die Funktion F(£) hat also die folgenden bemerkenswerten Eigenschaften: 


a) F(&) verschwindet außerhalb des Lichtkegels. 


b) Die Fouriertransformierte F(q) = fare exp [— igé]F(€) verschwindet 
auBerhalb der Vereinigungsmenge des Vorkegels mit Spitze in —4(P+Q) und 
des Nachkegels mit Spitze in 4(P+Q) (). 


(1) Diese Bedingung (b) wird sich in vielen Fällen verschärfen lassen. Etwa wenn 
__ in einem bestimmten Modell — vorausgesetzt wird, daß (abgesehen vom Vakuum- 
zustand) der kleinste Eigenwert des Operators — P? und damit die Ruhmasse des leich- 
testen Teilchens von Null verschieden ist. Dieser Fall läßt sich mit unserer Methode 
ebenfalls leicht behandeln. 
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Der Versuch, eine möglichst allgemeine Klasse von Funktionen mit den 
Eigenschaften a) und 5b) vermittels einer Darstellung zu erfassen, bildete den 
Anlaß zur vorliegenden Untersuchung. Wir werden aber die Problemstellung 
im folgenden verallgemeinern. Die entsprechenden Resultate scheinen brauch- 
bar zu sein. 

Wir bemerken noch, daß es offenbar keine wesentliche Einschränkung be- 
deutet, (P+Q) = (1,0, 0,0) zu setzen. Der Fall (P+Q)? = 0, der damit 
ausgeschlossen ist, wird nicht von großer Bedeutung sein. 


2. — Die mathematische Problemstellung. 


Das folgende betrachten wir als zweckmäßige Verallgemeinerung und 
Präzisierung der Fragenstellung aus $ 1: 

Es sei F(E) = F,(E) — F (€), wobei F,(£) ynd F,(£) Distributionen (?) sind, 
die außerhalb des Vor- resp. Nachkegels verschwinden. Es sei weiterhin 
bekannt, daß #(q) = fase exp [— igé|F(é) im Doppelkegel |,|+|g|<1 ver- 
schwinde. Man suche eine Darstellung für F(q). 

Der Zusammenhang zwischen der neuen und der alten Problemstellung ist, 
daß das Komplement zur Vereinigungsmenge des von (— 1, 0, 0, 0) ausgehenden 
Vor- und des von (1, 0, 0, 0) ausgehenden Nachkegels, d.h. das Gebiet in dem 
F(q) aus § 1 verschwindet, sich als Vereinigung der Doppelkegel |go| + |lq—al< 
<|a|— 1 darstellen läßt. 

Es soll hier freilich erwähnt werden, daf wir das eben formulierte mathe- 
matische Problem nicht in Strenge behandeln werden. Unsere Untersuchung 
macht bescheidene mathematische Ansprüche, sollte aber für die Physik hin- 
reichend sein. 

Aus der Tatsache, daß der Doppelkegel |9|+|q|<1 symmetrisch zur 
Ebene q,=0 ist, folgt, daß wir F(&,,&) in einen symmetrischen Teil 
3[F(&,8) + F(— &, §)] und einen antisymmetrischen Teil 4[F(&,§) — 
— F(— &, §)] zerlegen können, die beide die ursprünglichen Voraussetzungen 
erfüllen (einschließlich der Zerlegbarkeit in retardierte und avancierte Distri- 
butionen). 

Weiter leuchtet es ein, daß der symmetrische Teil sich als Ableitung nach 
&, einer antisymmetrischen Distribution schreiben läßt, die selbst wieder alle 
Voraussetzungen erfüllt. (Siehe Anhang). 

Es genügt also eine Darstellung für antisymmetrische F(&) anzugeben. 
Diese kann man ohne Einschränkung wie folgt ansetzen. 


(2.1) F(&,8) = F,(&0, 8) — Fa(— £0, 8) - 


(?) Wir sprechen immer von temperierten Distributionen L. Schwarz: Théorie des 
Distributions (Paris, 1951), Vol. II, p. 93. 
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Jetzt gehen wir von der Feststellung aus, daß eine in & bezüglich der ortho- 


chronen Lorentzgruppen invariante, in &, antisymmetrische Distribution 


außerhalb des Lichtkegels verschwindet. Dasselbe gilt auch von ihrer Fourier- 
transformierten. Es sei dann Z(£; n) in & eine derartige Distribution, in n 
sei L(£; n) unendlich oft differenzierbar und jede Ableitung sei durch ein pas- 


sendes Polynom in n beschränkt (*). Nun dürfte 


(2.2) F(&,,8) = L(&o, §; 8) 


eine völlig hinreichende Klasse von antisymmetrischen außerhalb des Licht- 
kegels verschwindenden Distributionen sein. 
Durch Fouriertransformation entsteht aus (2) 


(2.3) Fig; q) = je Lig, g—u;u), 
wobei 
(2.4) Lig; u) em [as far exp [— igé — iun] L(£; n) 


eine in q, ungerade, in q orthochron-lorentzinvariante Distribution, in u eine 


stark abfallende Distribution (*) ist. 

Die Gleichungen (2.2) und (2.3) sind vollständig äquivalent, so daß wir (2.3) 
als Bedingung für das Verschwinden von F(£,, 8) außerhalb des Lichtkegels 
auffassen können. Es handelt sich jetzt darum, Lig; u) so zu wählen, daß 
Eq, q) im Doppelkegel \do\ + |g|<1 verschwindet. 


3, - Das Verschwinden vom F (qos q) im Doppelkegel. 


Wir setzen nun an 


=~ 


(3.1) L(q; u) = &(4,) bu; qu) 


A) . . 
wobei ® für negatives erstes Argument verschwindet (°). 


für jede Testfunktion p(£) E Se. L. SCHWARTZ, 1. ¢., p. 99. 


(4) L. ScHwartz: |, c., p. 100. 
_() Schreibt man analog 


L(E; n) = eS) PA-E N 
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Dix, u) soll in x? eine Distribution sein. Wir beschränken uns also auf 
Distributionen Z, die die Darstellung (3.1) gestatten. 
Unser Ziel ist es, den folgenden Satz zu beweisen. 


Satz 1: Notwendig und hinreichend dafür, daß F(qo, q) (2.3) in |o|+|g <1i 
verschwindet ist, daß ®(x?, u) in x? + u? < 1 verschwindet. 


Beweis: 

a) Die Bedingung ist hinreichend: setzt man (3.1) in (2.3) ein, so erhält 
man 

~ A 

(3.2) F (qo, 4) = &() TT (g— u), u). 
Es wird Dr, u) also über die Kugel x?-+(u — q)? = qj integriert. Diese Kugel 
ist ganz in der Kugel x? + wu? < (|qo| -+|q|)? enthalten. Daraus folgt die Be- 
hauptung. 


b) Die Bedingung ist notwendig: wir zeigen dies zunächst für stetige 
/\ x à 
D(x?, u). Es ist dann zu zeigen, daß aus dem Verschwinden von 


(3.3) Fig, q) = Ja [ve 6(qo — x2 — (q — u)°) D(xe?, u) 


A N 
in |g|+|q|< 1 folgt: O(x?, u) = 0 für x?+u? < 1 und zwar für stetiges D. 
Es scheint bequemer, eine Variablentransformation vorzunehmen: 


| LEUR OM ne 
y = ei == 2 
| er en 
(3.4) { 
2u n 
om te ee 
Bee nee nee 


Offensichtlich gilt 


(3.5) SAIS (1 — x? — u?)? + Au? 
NO Gruey 


so gilt formal 
D2 WU) N — (x?) de & exp [— iun]J (xx) D(o2, N) 
) (2x) Ox? 4 N MH 


wobei J, die Besselfunktion der Ordnung Null ist. 


2 2) Jul V a2 — x?) 


A(x2, x — x?) = Be De 


ist die bekannte invariante Funktion. 
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Wir haben uns also im 7-Raum nur mit dem Innern der Einheitskugel zu 
befassen. 


Weiter ergibt sich aus dem Verschwinden von F, im Doppelkegel 


(3.6) | din Pin) (yoyo + YN — 6) = 9, 
wobei 

ee Be! 3 2q 

0735 >57 = ———— re FT , = À = = = ’ 

Midian gS) 4" un gel) + Ag 
(36) | 
| Lg = 
= 
V(q2 — q? + 1)? + 4q° 

und 
(3.7) Pn) = (14m) Ble, u), 


gesetzt ist. Y(n) ist für »+n?>1 Null zu setzen. Natürlich gilt (3.6) nur 
in dem durch (3.6/) vermittelten Bild des Doppelkegels, das ist für 


2 A : 0 { 
(3 8) Vinyl, Yor 0, ES 
Vi y 


Anschaulich bedeuten (3.6) und (3.8), daß das Integral von Y(n) über jede 

Ebene, die den Zylinder — 1 < 79 <0, n?< 1 nicht trifft, verschwindet. Zu 

zeigen bleibt dann, daß daraus das Verschwinden won Y(n) für n > 0 folgt. 

Das ist gemäß (3.7) und (3.4) mit der Aussage von Satz 1 gleichbedeutend. 
Dieser Nachweis geschieht auf Grund des folgenden Hilfsatzes. 


Hilfsatz: Die stetige Funktion x(n) verschwinde außerhalb eines be- 
schränkten Gebietes. Sie habe außerdem die Eigenschaft, daß ihr Integral über 
jede Ebene, die einen gegebenen endlichen (abgeschlossenen) konvexen Bereich 
8 nicht trifft, verschwindet. Dann verschwindet x(n) außerhalb ®. 


In unserem Fall ist der Bereich ® der oben erwähnte Zylinder. 

Wir verschieben den Beweis des Hilfsatzes. Den allgemeinen Fall des 
Satzes führt man auf den eben behandelten zurück, indem man die Distri- 
butionen F,(g,g) und P(x’, u) durch geglättete Funktionen ersetzt. Es sei 
etwa a(x?) eine unendlich oft stetig differentierbare Funktion, die stark ab- 
nimmt, ebenso f(u). Dann definiere man 


(3.9) BG, q) = [arn [ar rc — x, (q — u)) «(x?)B(u) . 
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Offenbar ist 


(3.10) Far da fav oc — (q —u)?, u) 
mit 
(3.11) D2, LE [avr Jar ou — À, u— v)a(2?)B(v). 


Man kann nun leicht eine Folge x, 6, so finden, daß 


a) F, > F,, D, > D für k— co. 


Al 


b) F,, im «geschrumpften » Doppelkegel |q,| +|q|<1-—-e verschwindet. 


Auf Grund des schon bewiesenen verschwindet ®, in x?+u? — (1 —é)?. 
s . . . . A . 5 
Da e>0 dabei beliebig ist, verschwindet ® also in x2+u? < 1. 
Es bleibt jetzt noch der 


Beweis des Hilfsatzes (5). Der Anschaulichkeit halber beziehen wir uns 

zunächst auf den 2-dimensionalen Fall und legen ein Koordinatensystem 

zugrunde, wie es in Fig. 1 angedeutet ist. 

À Das wesentliche dabei ist, daß die Halbebene 

70 von B einen nicht verschwindenden 
Abstand hat. Offenbar eilt 


yp = 


< (3.12) fan, Jar fon) zum = 0 
; 5 
7 für jedes stetige f(7). Wir wählen (76) =; 
77 schreiben also 
Fig. 1. - Wahl des Koordinatensy- : ; ‘ Ne ee 
stemes im Beweis des Hilfsatzes. Ge fau [ann AU) oa 


0 
Jetzt drehen wir das Koordinatensystem um einen Winkel 0: 


! 


Mo = N COS Ô + H Sin Ô 
(3.14) 
| m = —nsind-En,c08d, 


(5) Wir verdanken diesen Beweis Herrn F. J. Dyson, dem wir auch hier unseren 
Dank aussprechen möchten. Er ersetzt den ursprünglichen, nicht elementaren Beweis 
der Autoren. 


ee ARS RP RC ME RATE AT 
‘ER re eT ee 37 " 


INTEGRAL-DARSTELLUNG KAUSALER KOMMUTATOREN 1605 


Falls 6 klein genug ist, hat No > 0 immer noch einen nicht verschwindenden 
Abstand von %. Also gilt 


(3.15) fan Janine tn) = 0, 
0 
wobei ÿ'(7') = x(n) zu setzen ist. In den alten Variablen 


(3.16) fans [ant cos 6 + 7, Sin 0) y(n) = 0, No COS Ô + 71 Sin 0 > 0. 


Nun wird das Integrationsgebiet 7, cos d+-7, sin 0 > 0 aufgespalten in 
H > 0, das Gebiet I: 7, < 0 und — y, tg à > 7m, > 0 und das Gebiet II: 7, > 0 
und 0 > 7 > — #1 tg 6. Wegen (13) also 


fos} 


(3.17) sinö [an Jan MAT) fa [ann cos 6 + 71 Sin ö)x(n) + 


0 (1) 


_ Jar [arnt cos 0 + 7, Sin 0) (7) = 0. 


(II) 


Sei zn) = 0 für 42+? > R? und |y(7)|< A dann findet man leicht die Ab- 
schätzung 
(3.18) Jen [ano cos 6 + 7, sin ö)x(n) |< 2R*A0 sin OR 


(1) 


Entsprechendes gilt für das Integral über (II). Jetzt dividiert man (3.17) 
durch 6 und geht mit 6 —0. Es folgt 


(3.19) Jone fan ztu) — 0: 
0 


Da das Koordinatensystem (abgesehen von der erwahnten Einschränkung) 
willkürlich war, folgt, daß mit y(n) auch UKn)xn), wobei {(7) ein beliebiges 
lineares Polynom ist, die Eigenschaft hat, über jede Halbebene, die 8 nicht 
enthält, integriert Null zu ergeben. Wegen der Stetigkeit von ZUn)y(y) kann 
man auch über jede Gerade integrieren, die ® nicht trifft und erhält Null. 
Un)x(n) erfüllt demnach dieselben Voraussetzungen wie y(n). Anwendung von 


102 - Il Nuovo Cimento. 
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Induktion führt deshalb zu 


co 


(3.20) fan fau P(Ho, M) X(n) = 0, 


0 


wobei P(no, m) ein beliebiges Polynom ist. (3.20) gilt in jeder Halbebene, 
die 8 nicht enthält. Wegen der Vollständigkeit der Polynome verschwindet 
x(n) in jeder solchen Halbebene. Da % konvex ist, also x(m)= 0 fir n&®B. 

Der Beweis für den n-dimensionalen Fall läßt sich offensichtlich genau so 
führen. An Stelle der einen Transformation (3.14) hat man deren (n — 1) 
zu betrachten: 


Ny = 1 COS Ô + 7, sin d 
1 : — N] 

(3.21) My = — Yo SN OEE Nx COS Ö 
| M = Nr Lb, 120 


(3.18) ändert sich in unwesentlicher Weise. An Stelle von (3.19) tritt 


co 


(3.22) fans Jar i 3) = 


0 


und an die Stelle von (3.20) ein n-faches Integral, das ein beliebiges Polynom 
(Finn Yisieesy Yin) woudl: h 

Als Anwendung des Satzes 1 bestimmen wir die Funktionen ®(x?, u), die 
zu der Problemstellung aus $ 1 gehören. Wie in $ 2 erwähnt wurde, verschwin- 
det das entsprechende F(q),q) für alle Doppelkegel q,|+|q—a|<|a|—1. 
Daher verschwindet D2, u) in allen Kugeln «+ |u—a/|?< (|a|— 1}, |a>1. 
De, u) ist also höchstens im Zylinder |w|<1 von Null verschieden. Als 
Folgerung daraus ergibt sich, daß L(&;n) gemäß (3.1) und (2.4) in n eine 
reguläranalytische Funktion ist. Damit ist der Ansatz (2.2) wohl hinlänglich 
gerechtfertigt. 

Weiterhin bemerken wir, daß es leicht möglich ist, Satz 1 auf allgemeinere 
Gebiete zu erweitern, da der zum Beweis benutzte Hilfssatz für beliebige end- 
liche konvexe Bereiche formuliert ist. 

Im Hinblick auf Anwendungen geben wir folgenden Satz an, den man durch 
elementare Betrachtungen erhält (7): 


(‘) Die Wahl des Gebietes in dem F(gos q) verschwindet, entspricht der in Fuß- 
note (!) erwähnten verschärften Spektrumsbedingung. 
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Satz 2: Notwendig und hinreichend dafür, daß Fig, q) außerhalb 
(Idol + a)? > q? + b? (a,b >0) 
verschwindet, ist, daß (A, u) nur in 


lul<a 
und 


x > Max {0; b-Ve— u} 


von Null verschieden ist (x = + v2). 


4. - Die Funktion F,(k,, k). 


A 
Falls @(x?, u) in (3.2) für x? — co genügend stark abfällt, dann existiert 


œo 


ul "F(g, k) du 
Qt} Gy — ho do - 


— © 


(4.1) P,(k, k) = 


fir Im[k,]>0 und stellt für Im[%,] =+0 die Fouriertransformierte von 


Fo; 8) dar. 
Einsetzen von (3.2) liefert 


~ 


(4.2) B (ko, k) = for @,(k? — (k — u)!, u) 


mit 


(4.3) Cote tay M) 
Qa À — x? 


0 
D, +, u) ist in x? in der von 0 bis oo längs der positiven reellen Achse auf- 
geschnittenen komplexen Ebene regulär analytisch. Daraus folgt, daß AUS k) 
regulär analytisch ist, falls Im[k] im Vorkegel liegt. Diese Eigenschaft ist 
charakteristisch für die Fouriertransformiete einer retardierten Distribution. 
Nun folgt aber aus (4.3) 


Sr ae (x?) ’ 


(4.4) De, u) — 


GEH DM frs à DR 0) 
rei (A? + 1)rm(212 — x?) 
0 
wobei R,_,(z2?) ein Polynom vom Grade (m — 1) in x? mit Ko effizienten, die 
Funktionen von u sind, darstellt. Nun läßt sich zu einer vorgegebenen Distri- 
bution ® immer ein m so wählen, daß (4.4) sinnvoll ist. Falls F„(k,, k) über- 
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haupt existiert, ist es notwendig von der Form 


= EURE + 1 » D( À 
(4.5) Fos k) = oa | % fare te il eo BTE Sus : en = Nagy (los fee, 


wobei R-n(%, k) ein Polynom von Grade 2(m — 1) in ky, k,, kz, k, darstellt. 

Für den Fall, daß F(q., q) im Doppelkegel verschwindet, also @ in 
2 -+u2? <1 Null ist, liest man aus (4.5) leicht Regularitätsgebiete von #,(ho, h) 
ab. Hs gilt z.B. der folgende 


Satz 3: Falls F(g) in |qo| +|q|< 1 verschwindet und falls F,,(k) existiert, 
dann ist es für 


(4.6) pw? < Max[0; (1 —|q|? —@] 


regulär analytisch. Dabei ist « = Im[k] und ¢ = Re[k]. 
Folgerung (5): P,(k) ist regulär in |k,|< 4(V3 —1). 
Beweis: Nach (45) ist F (ko, k) regulär solange kj — A? — (k — u)? für 


22+ u? >1 nicht verschwindet. Trennt man in Real- und Imaginärteil, so 
mul 


(4.7) g+tw<A?+(g— u) 


sein, sobald 2 + u? >1 und un — p(q — u) = 0 ist. 

Nun ist aber bei festen q das Minimum von 7#?+(q — u)? gleich (1 —|q])?. 
Demnach ist #,(k) regular für p? < (1 —|q\|)?—q,- Andererseits ist F,(k) tri- 
vialerweise regular für w?< 0. Der Satz gilt natürlich auch für gerades F(q), 
wie aus § 2 folgt. (Anhang). 

Zur Herleitung der Folgerung schreibe man k, = o,exp[iy,]; dann be- 
deutet (4.6) 


3 


(4.8) > à sin’ p, + 09 0089, < [1 — (ZX of cost g,)*? + 06 Sin’, , 
k= 1 
oder 
3 
(4.9) > en (> 9% cos? 9,)* Ar 205 Sin? Ps - 
A 


Will man eine Abschätzung vom Typus der Folgerung, so setze man 0,—0 
und 9,=0. Die entstehende quadratische Ungleichung führt zur Folgerung. 


(*) Diese Folgerung ents;riche einem Satze, den N. N. BoGoLIUBoY am 
International Congress on Theoretical Physies in Seattle (September 1956) mit- 
geteilt hat. Wir möchten Herrn N.N. BoGoLIUBOV für anregende Diskussionen danken. 
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ANHANG 


Es sei 


(A.1) F(&, 8) = FRE, &) SF I Eo, 8) . 


Behauptet wird die Existenz von 


(A.2) G(&, 8) = GrlEo, &) > Gr(— Eos 8) 


derart, daß F(£) = (0/0&,)@(£) ist. Wir verlangen etwas mehr und setzen 


OG ,() 
(A.3) ee 
(A.3) bedeutet (°) 

6 
(AM) Bp) =— 0 Ge) 


wodurch G,(y) für alle y definiert ist, für welche | vd&,=0 ist. Nun sei 


a(E) € S:,, verschwinde in &,> —1 und erfülle Ja(éo) dé, = 1. 
Ein beliebiges y wird jetzt aufgespalten in 


(A.5) | p(Eo, Ë) = rd, 8) + as [vis )dr. 
Da > 
[as =. 
ist ss 
(A.6) pl, 8) = fu E)dreS. 
Jetzt definiert man a 
(A.7) Gn(p) = — Fat) 


und G(é,,§) durch (A.2). 


(°) L. Schwartz: l.c., Vol. I,Ch. II. Testfunktionen immer aus § (Vol. II, p. 89). 
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G, verschwindet außerhalb des Vorkegels. In der Tat: falls y den Träger 
außerhalb des Vorkegels hat, dann gilt dasselbe auch von y, da es von «(&) 
gilt. Aber die Aussage gilt auch von y, da jede Gerade & = const. mit dem 
Vorkegel nur eine Halbgerade gemeinsam hat. 

Also ist G;(y) = 0. 

Schließlich haben F(q) und H(q) denselben Trager, denn es gilt 


~ ~ 


(A.8) F(p) = — iG (po) , 


wodurch Gy) für ungerades y definiert ist. Für gerades y aber ist Gy) NI} 


RIASSUNTO (*) 


Si esamina la struttura del commutatore degli operatori di campo. Si dà una rap- 
presentazione integrale per l’elemento di matrice tra stati propri dell’operatore d’im- 
pulso, tenendo conto della causalità microscopica e dello spettro dell’operatore d’im- 
pulso stesso. 


(*) Traduzione a cura della Redazione. 
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Low’s General Equation. 


W. KRÖLIKOWSKI (*) 


Physikalisches Institut der E.T.H.- Zürich 


(ricevuto il 25 Marzo 1957) 


Summary. — This note contains a derivation of a formally exact relation 
in the field theory between the elements of the S matrix corresponding 
to a given number of particles. This relation is similar in form to Low’s 
equation (!), but all elements of the S matrix associated with different 
numbers of particles but one distinguished are here eliminated (*). 
The derivation of this relation is based on the equation for a distinguished 
component of the state vector corresponding to a given number of part- 
icles. Low’s general equation obtained here contains the interaction 
operator of the given number of particles. So far, this operator can be 
evaluated practically only by expanding it in the coupling constant. 


1. - The equation for a distinguished component of the state vector. 


We consider an arbitrary quantized system, e.g., a system of interacting 
fields, described in the Schrödinger picture by the state equation 


6 
(1) (i Er -x) Wit) = 0, 


where H is the total energy of the system (4 = 1). 


(*) Permanent address: Institute of Physics of the Polish Academy of Sciences, 
Warsaw. 

(1) F. E. Low: Phys. Rev., 97, 1392 (1955); G. F. Cuew and F. E. Low: Phys. Rev., 
101. 1570, 1579 (1956); G. F. CHew: Theory of Pion Scattering and Photoproduction 
(Berlin, 1957, to be published). 

(+) Fuxupa and Kovacs published recently (Phys. Rev., 104, 1784 (1956)) a method 
of successive elimination of these different amplitudes in the fixed-source meson theory. 
This method of elimination is similar to the New Tamm-Dancoff procedure. 
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We take into account a situation, when we are interested in a distinguished 
component Yı of the state vector Y (23%). E.g., this component may describe 
a given number of particles, when we are considering a system of interacting 
fields. 

Denote by Pı the projection operator which acting on the state vector W 


produces its component Yı. The projection operator P; = 1— Py acting on 
Y produces its component Yı =Y—Yı. We have, of course, 
(2) Pie Pu Bis BP, =0—P if. 


In the equation (1) we may write H—P,yHP;+P, HP; +PıHPı +PıHP|. 
Now, we transform the equation (1) by means of the following unitary trans- 
formation: 


fie 


F 


(t) = exp [Ü(PıHPı + Pı HP, JE) , 
3 
> | O,(t) = exp [PH Pr + Pi HP1)}t]0 exp [— (Pi AP) + Pi HP )t). 


Since the operators Pı and Pı commute with Pj HP)+P,HF,, we obtain 


A 


(4) iz W(t) =[PAA)P, + P HP PU). 


Multiplying this equation by Pı and P1 respectively, we get 


0 
| i= Pt) = PHP Pri), 


(5) 2 
| a A Yt) == Pi) PP O1, 


where ¥,, = PF, =Y,, and Y,, =P,Y,=Y,,. Eliminating now from 
the first equation (5) the component Y,, by means of the second equation 
we have 


t 
A 


(6) i = Y(t) = P\H,t)P | Pr, (to) — À Jarre a) ’ 
ty 

where 

(7) H(t) SP POP TA) be 


(?) W. KRÖLIKOWSKI and J. RZEWUSKI: Nuovo Cimento, 3, 260 (1956); Bull. Acad. 
Pol. Sei. Ol. III, 4, 19 (1956). 
) W. KRÖLIKOWSKI and J. RZEwUSKI: Nuovo Oimento, 4, 1212 (1956). 
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Going back to the Schrödinger picture and making use of (2) we obtain the 
following equation of the component Yı of the state vector W: 


N: ‘ 
(8) Œ =, PHP) Pi() = PHP, exp[—iP, HP (t—t)l7,(t)— 


— À far —+t)#;(t), 
lo 
where 
(9) K(t—t') = PıHPı\ esp|-iP, HP ı(t—t)\PıHP\. 
In the case, when Y,(t,) = 0 and t, > — co, we may go over from (8) 
to a time-independent equation by means of the substitution 
Y(t) = x, xpl—iWi]. 


Then we get 


(10) [WP HP = Um, =0;: 
where (*) 
: À : 1 
GOD) SKK) = == 2120 exp{iWt] = PHP, MSP AP ome (Py EP. 
ale (RIE I 


0 


In the case Yı(t) —0 and t, > — © the integro-differential equation 
(with respect to time) (8) is equivalent to the following purely differential 
equation (with respect to time) 


(12) (i a PHP, — v) Wit) =0, 


if the following equation defines the operator V uniquely: 


foo} 


(13) V = — i [ac exp [i(P,HP, + Wil, 


0 


(ét): 


(*) We understand the integral (11) so, that the oscillating part of its integrand 
vanishes for t-> co. For this purpose we may use the integrating factor exp [— et], 
where « >|Im W| and let e>0 after all calculations are carried out. 
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By means of the substitution 
Y(t) = x, exp [— Wi] 
we obtain from (12) the time-independent equation 


(14) (W— PHP —V)y, =0, 


which is equivalent to (10), if (13) determines the operator V uniquely. Then 
we have 


(15) Vix, >= DOTE 


what may be seen also directly from (13), (14) and (11). 

The equations (12) and (14) have the form of Schrôdinger equations but 
the « potential» V is here a complex (= non-Hermitian) operator (in general 
it is an integral operator) (cf. (?)). Its imaginary part is due to the instability 
of states described by the distinguished component Yı, e.g., states with a 
given number of particles, when we consider a system of interacting fields. 
We have in general W= #— il, where E is the expectation value of the 
energy PıH Pı+Re V in the state A and 1//' is the life-time of this state. 
In order to evaluate the interaction operator V in the case of a field theory 
we must for the present expand it with respect to the coupling constant of 
the interacting fields. 

Now we take into account a system of interacting fields and denote by 
Y\, the distinguished component of Y describing a given number N, of phy- 
sical particles. 

Let us denote by |A(N,)> vectors forming an orthogonal representation 
related to a given number N, of physical particles appearing in the system 
of interacting fields. Here A(N,) is a set of eigenvalues of a complete system 
of commuting observable determining states of N, physical particles. N, is 
(speaking more strictly) a given set of total numbers of physical particles 
corresponding to the different fields under consideration. We assume here 
also that the whole Fock representation given by the vectors A(N)> for all N 
is orthogonal. We have thus (*) 


(16) Da Piss PH 


N#N, 


(*) If the representation given by vectors |A(N)) were non-orthogonal, the oper- 
ators (16) might be defined by 


Py = Z|MNIAN)| = ZIMNKAN|= II I [aay grea!) | = 
AN) 


AN) MN)N AN) 


= > 3 > |A(N)y Orr ANZ) 


AN) N' HN’) 


> 
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where 


Pe => AN) CAN): 
AW) 
We assume further that i) among other representations for N, particles 
given by |A(N,)) there is one, for which the vectors |A(N,)» represent asymp- 
totic forms of scattering eigenstates of total energy of the system corres- 


ponding to eigenvalues E,,,: 


| (Bye) —DO®, =0, 
(17) 


(=) F6 il 7 T 
| Din, = |A(N 0)2 sr i, —H Lie (H Fa, E;v,) | A(N:) A 


and ii) the operators 


(18) 


je} 
are free from divergences (renormalization), where H is given by 
ay LANDE y AN) | - 
N Am) 


We note that, if we construct as above the operator H, for which | A(N)> 
are the eigenstates with eigenvalues #,,,,: 


(19) (Ey — Dam) = 0, 
then 
(20) (H — Eyy)|AN)> = H|AN)), 


where H is defined by 
[e) 1 
(21) H=H+H. 


where vectors |A(N)> =|A(N)> and |A(N)> would form two mutually contragradient 


representations : 
| 1. AW) = a(n"), 
CAN) AN) = Onan = 
À [ 0 AN#AN), 
and, where 
gunxen — ÇAN)| 2 (N) , Iaunzun = AN) LAN. 
a 


1616 W. KRÖLIKOWSKI 


© 
In the conventional renormalization method, H is identical with the 
AN 


(renormalized) energy of the free fields and H represents their (renormalized) 
interaction energy. 


Note that the operators Pı and Pı commute with H and hence we have 
° © 1 
PHP; == EDER PHP = Pi Pie Thus 


iL 
(22) P\HP)|A(N Hye ds PHP) ANS = PIE AND: 
From (22) it follows that, if |A(N,)» are eigenstates of HA we have also 


(23) (Evo — PHP) AND) = 0. 


AN) 


Introducing into (8), (10) and (12), (14) the operator PHP, describing the 
energy of N, free physical particles, we can see that the operators U (H AG) 
and vH ) given by (18) are the interaction operators between these part- 
icles, and must vanish asymptotically for scattering states. Thus, for scat- 
tering states of N, particles we have 


(24) Wh SH (DER het: 


AN) AN? 


where E is an eigenvalue of the total energy of the system. Writing x, —=Xaa,» 
we obtain from (15) 


(25) Van — UE, 5) ac : 


It will be shown in the next Section that for scattering states of N, particles 


26 = = (ae) 
(26) Kram) — Ds = P Pr * 

© ne Se ie (+) —_ (+) (+) (+ 5 Py 
In general, however, we have ®{'? = PL Pray Din, 1 DP? is not a sta 


tionary state, in spite of the fact that here [= 0). 

From similar arguments, as above, we can see that for bound states of N, 
particles (or scattering on bound states) W is in general complex (since V is 
complex) and we have WZE, X * Dı=P,®, where ® is an eigenstate of 
the total energy of the system corresponding to the eigenvalue H: 


(B—H)® =0% 
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f (Im V)z, = 0 (in this case ['=0, but the reverse implication is not true, 
as it is seen for scattering states), then W— Æ, x, = ®, and, moreover, 
D = PıD = D (ie. Dj is a stationary state). The case (Im Wi — (0 occurs, 
when x, is a ground state of N, particles. 


. — The S matrix. 


As is well known (cf. (*)), the elements of the 8 matrix for transitions 
A(N,) — A(N,) may be represented in the form 


(27) AN )IS | A( MN p= = Oy, AN») — 2m En = Eyyy) 2 very(ANo)) ’ 
where 
(28) Ty (AN) = (X(N;)|(H — Byres) Da? 


Here D, is given by (17). 
Multiplying the first equation (17) by Pı and Pı respectively, we obtain 


[Ein — PHP) Pio, = PyP Dis » 


AN) II 
(29) J 
( 
(Exar) 23 14 HP, ) ri, ace HP, (D Dr all 
From the second equation (29) we have 
1 
(30) i+) eae ees ae Be HP ID) ; 


CN 0) L ri 
AE En, Pi BP i pis 


(there is no inhomogeneous term, because Wi (to) = 0, t > — ©). ‘Insert- 
ing (30) in the first equation (29) we get the equation 


(10°) [Eye FF PHP, ir, U (Eyer) Pico =0, 
where 
U(E Pia P L PARLE 
1 ee = ; ng, r 
(11 ) ( Ay) Il su Baas c= P'HP\ me je A II 9 
(of course PHP, + U(E) = PHP, = U(H,E)). Here 0, = PO) and 
Bi > PD Comparing (10) and (10) and using (24) we obtain 


(!) B. LIPPMANN and J. ScuwinGer: Phys. Rev., 79, 469 (1950); M. GELL-MANN 
and M. L. GOLDBERGER: Phys. Rev., 91, 398 (1953); H. ECKSTEIN and K. TANAKA: 
Phys. Rev., 104, 259 (1956). 
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DB» je. (26). Instead of (10) we may write thanks to (26) and (25) 


Xiaw,) — FAI 
the equation 


(14) (Eyes = PEEK) Driv = 0 
(of course PHP +V= PHP, + V(H)). 

Now, the transition amplitudes (28) may be—by virtue of (30), (11’), (26) 
and (25)—rewritten in the form 


(31) Po Mo)) = <A (Mo) LPH = Eig JP, + PEP IO, = 


Ay) Ny) 


=<A(N IL Pl Gi Es) Py + U(E AW) Pan = a 
<A (No) | U(E y D) Bon = 
= SAU NN (Exam) Dee 


I 


From (14') we obtain 


1 


39 (+) = N Le : 
(3 ) Dim | A( »)> j Din PHP) >> V+ à 


V (Eu) | A(No)> 


Thus, (31) takes the form 


(33) Dauyy(A(Mo)) = AN) | V Bary) AND + 


1 
Es — PHP —V + te 


nn AN 0 | V( (Er, ) V (Law) | MN)» = 


Note that the vectors BY 


xy) are not orthogonal, because 


D(+) CRE (+) (+) 4 (+) (HN 
D )II Da? a = (Dia) P Prax) a japan — Po Pı Dyin) È 

It is consistent with the fact that the «potential » V is complex (— non- 
Hermitian). The same can be said of solutions of equation (41) other than 
scattering states ®,,,,, if such solutions, say x, representing bound states 
(or scattering on bound states), exist for the given number N, of particles. 

Note further that the two systems of vectors y, and y,* satisfying the 
equations 


(15°) (W,—- PHP, — V)y,, = 0 
and 
(34) (W*— PHP, — V*y = 0 
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ET ayy * r £ 
A aioe 
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(and the same boundary conditions) are mutually contragradient: 


| In =; 
(35) Hy Loe? Fa Ô a | 


| 9 Oh ae ell 


Here V* in the Hermitian conjugate of V. Ths, if the y,,'s form a complete 
system of vectors (a non-orthogonal basis) in the subspace of N, particles, 
we have 


(36) P=% Xe) = À A D Aie = 2, Xe D Xe = D xi Du A ) 
& x x! O00" 

where 

(37) es = Chere, ’ Door = GAY AD : 


Assuming that the vectors Din 4 form a complete system in the sub- 


space of N, particles, we obtain from (33), by means of (36) (putting there 
(Xia) = (Pan, Xw)) and by virtue of the fact that V(E,.,) = P\V(Eyy,)P,, 


(38) Tux (No)) = (A N '(N,) )|V{ (Law, Dra i = <A AN 0 )IM (E y) [AN aD se 
a > <i (N 0 \|V (Era) Prey BF au (Law) | AN) > 
AN) Ex au Ex ar 0B 
a DS < X' (No) | V (Bry) Xi? x PV (Era) | AN)» 
b Ey, = E, = Ves a le 4 


(W, = BE, —iI,). The term (No) |V (Ey) |ANo)> represents the Born ap- 
proximation for the transition A(N,) — 4'(N,), but with the exact interaction 
operator V(#y.».) =P (A — Byq,))P,+V of No particles. 

The equation (38) connects the quantities 


Tres (AN 0) = ee AN o) |V(E AN. ) Do) 
and 


An) (AN ,)) = <A(N,) [V* (En) DE ie 


with the interaction operator V(Z,,,,). Apart from (38) we obtain easily 
another equation, in which the rôles of T and X are interchanged and V*(2,,,,) 
appears instead of V(£,,,,) (and — il’, instead of +17). This equation to- 
gether with (38) forms a simultaneous system of two equations for 7 and X. 
Shortening 1 = A(N,), we have 


DENKE 5 yy AV Bs nw ><a VE) 12) 
E,— Ey + ie | b E,— BE, +il, + ie 

X, (AT) <A 
> E,— 2, + ve 92 QT, +4 


T (A) = <A'| V(By)|a> > 


| X;(1) 
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If for N, particles under consideration no bound states exist, then in (39) 


> 0: 


d 
If for the system under consideration the number N, of particles cannot 


change in real transitions, then the «potential » V is real (— Hermitian) and 
so the vectors D, y, form an orthogonal system. In this case (38) reduces 
to the form 

L(A") TFA") 


miata | AV (Bx) xn><A| V (Ea) xi0>* 
(40) Pa) AV Eta) en ee 


If the imaginary part of the « potential» V is small in comparison with 
its real part, then one may neglect in (38) the influence of the imaginary part 
in the numerators. So we obtain the following approximate equation 


TATEN) yy AI (Bx) tm><Al V (Er) * 
4 , == 4 7 | - - = 
(41) TE ITEM + 3 mE DB Nm pire 


The above results give à relation between scattering amplitudes and the 
interaction operator of particles, in which they differ from dispersion relations, 
that allow for à discussion of the energy dependence of scattering amplitudes 
independently of the interaction operator. 

Low’s general equation obtained in this paper may be of some importance 
only when it is able to give more information about scattering amplitudes 
than the corresponding dispersion relations (when they exist in the given case). 
Instead, the equation for the distinguished component of the state vector 
corresponding to the definite number of particles gives, of course in principle, 
all possible information about these particles. 

The method of this paper may be extended to the general case of scattering 
transitions with a change of the number of particels: A(N,) — 4'(N,) (cf. (5)). 


I am extremely indebted to Professor W. PAULL and Professor R. Josr 
for the hospitality in E.T. H. in Zürich and for helpful discussions. 


(6) W. KRÖLIKOWSKI: A General Equation for Scattering Amplitudes (to be published 
in Acta Phys. Polon.). 
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RIASSUNTO (*) 


La presente nota contiene una derivazione di 
in teoria del campo fra gli elementi della matric 
di particelle. Tale relazione & simile nella form 
zione di tutti gli elementi della matrice 8 associati con differenti numeri di particelle 
meno uno. La derivazione di questa relazione & basata sull’equazione per una componente 
distinta del vettore di stato corrispondente a un dato numero di particelle. L’equazione 
generale di Low qui ottenuta eontiene Poperatore di interazione del dato numero di 


particelle. Per ora, tale operatore puö essere praticamente calcolato solo sviluppandolo 
in potenze della costante d’accoppiamento. 


una relazione formalmente esatta 
e S corrispondente a un dato numero 
a all’equazione di Low, salvo l’elimina- 


(*) Traduzione a cura della Redazione. 
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On the Viscous Fluid Model in Multiple Production of Mesons. 


M. HAMAGUCHI 


Institute of Theoretical Physics, Kyoto University - Kyoto, Japan 


(ricevuto il 27 Marzo 1957) 


Summary. — The viscous effects in the hydrodynamical description of 
multiple production of particles in high energy collisions are discussed 
quantitatively. The multiplicity of the particles and the angular distribu- 
tion (mean plateau) in the laboratory frame of reference are numerically 
calculated, and these results are compared with those obtained by Ro- 
ZENTAL et al. It is also shown that the viscous coefficients can be roughly 
estimated by the comparison with experimental data. 


1. — Introduction. 


In a recent paper (1) the multiple production of mesons has been discussed 
using the viscous fluid model. The basic assumption of this model is that 
the entropy of the total system is not conserved by the influence of viscosity 
during the hydrodynamical expanding process of the meson cloud surrounding 
the nucleons. The entropy distribution has a conspicuous increase in the 
extreme point of the fluid motion of the system, where the viscous effects 
are remarkable (discussed in I, Sect. 2). From the view point of the second 
law of thermodynamies, however, the maximum point of the entropy is deemed 
as the equilibrium state of the system. So, we believe that the above as- 
sumption is necessary for a true description of such phenomena. Our model 
is somewhat similar to Heisenberg’s theory (?) in regard to the standpoint of 
the increase of the entropy of the system. 

The developments of the above idea were already given in I. In this case, 
we have followed only the hydrodynamical expression in the centre of mass 


(1) M. HamaGucui: Nuovo Oimento, 4, 1242 (1956), hereafter referred to as I. 
(?) W. HEISENBERG: Zeits. f. Phys., 133, 65 (1952). 
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system, but we shall transform here this expression into that of the laboratory 
frame of reference which is given in Sect. 3 of this paper. 

At first, the limits of the application of the perturbation method with 
respect to the viscosity are given in detail in Sect. 2. 

In Sect. 4, we set the scattering angle 0, in such a way that the megon 
shower produced by a nucleon-nucleon collision contains half the energy of the 
incident nucleon in the laboratory system, and calculate the so called « mean 
plateau » (Table I). The multiplieity of the particle is also given in Table I. 
From the above results, we see that the viscous effect has no such a large 
contribution that the effect is verified by the experiments. But, the energy 
and the scattering angle in flight of the greater part of the produced particles, 
which is at the maximum point of the particle distribution, are very sensitive 
to the viscosity (see Sect. 3). 

If we are permitted to estimate the viscosity according to the kinetie gas 
theory, the ordinary viscous coefficient has generally a large value. As pointed 
out in Sect. 2, the order of magnitude of the viscous coefficient determined 
by our perturbation calculation is incompatible with that obtained by the 
usual gas theory for the (incident) energy region 105 ~ 107 GeV. But, we pay 
attention to the fact that both methods on the different standpoints are com- 
patible for the energy region lower than 1045 GeV. 

In conclusion, we have determined the viscosity by the comparison with 
the experimental data for the energy region 105 = 107 GeV (for example, mean 
plateau). We can report here the fact that this determination does not con- 
tradict the perturbation method. 


2. — Preliminary. 


In this section, we shall explain in full detail the limits of application of 
the perturbation method with respect to the viscous coefficients. From eqs. (51), 
(52) in I, the condition to assure the utility of the perturbation method is 
given as follows: 


| E \3541 | (*) 
In aot oA) 
where E is the energy of the incident nucleon in the laboratory frame of refe- 
rence. As was shown in I, we also use the relation between transversal and lon- 
gitudinal viscosities &= — 2» (7 < 0), and chose [ee | as the value of y in 
the above expression. From the relation (1), we have for the incident energy 


(*) The formalism given in I holds also for the transformation n —yn without 


any modification. 


Co) 
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E = 105 > 107 GeV 
on 10 UNSEREN 
(2) 
lyn |< 10-74; for E10" GENS 
respectively, where the atomic weight A=1 is assumed for the nucleon-nucleon 
collision. 
Now, we shall estimate ae values |e*/e*| and |e*/e* |, in which ef, e* are 
restricted with eqs. (24'), (30) of I. 


hese: 1 ‘eee 
| er >2 ET use? 

äl Er 
| & > 0.5: 49-155 15 4259 ° 


Considering the case that the equations of motion were reduced under the 
condition t>>& >A, the values of y satisfy 


(3) y =|e*/e*|> 10-81 10 , 


for the energy E = 105 — 107 GeV, respectively. On this occasion, we have 
used £ — 104, t — 100001, A being the width of the meson cloud in Lorentz 
contraction. Hereafter, we shall use the value y given by the above relation, 
because |e/e | has a small value compared with that of (3). Substituting the 
relation given by the footnote (*) into the relation (2), the following rela- 
tions are obtained, 


1 x 
lyno|< Oe 


(*) The viscous term in relativistic hydrodynamics has the expression, 
ov 
1 a) 
O& 


where is the four-velocity. In order to rewrite the above expression into the 
viscous term in C.G.S. unit, we use the relation 


= DR 2 
V1 — (uje)? 
As a result, 7 in our expression is written over as follows: 


H = Hoe (1 — u?/e?) 


where 7, and ¢ are the viscosity expressed in C.G.S. units, and the light velocity, respec- 
tively. It is of interest to notice that if the Lorentz contraction (1 — w2/c?)t~ A/a= 


=exp[— L] = \/2Mce2/B is used, the above relation becomes as follows: 


n = noc: (2Mc?/E)? . 
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for E = 10° — 107 GeV, respectively. Moreover, if we insert (3) into the above 
relation, we have 


Îmol< 4:10 ; . for H — 105 GeV, 
(4) 
Inol< 4-10? ; for E = 107 GeV. 


On the other hand, if we allow the use of the usual gas theory, the 
viscosity 7“ is given by 


1 wm. nul=m_uloe (3), 


where # & e in the conical scattering of the fluid motion, and o= 1/(nt) is 
the scattering cross-section which has + (h/m_c)? ~ 3.4-10-*6 em? in the case 
of the strong r-r interactions. If we consider the meson cloud as the assembly 
of a boson gas, finally, we obtain 


Ne % 2.4:10!! dyne-s/em2 , 


where the mass of the meson m, == 2.7-10-%5 9. 

It can’t be helped that the above results are inconsistent with condition (4) 
obtained by the perturbation calculation. But we lay emphasis on the fact 
that our perturbation method is compatible with the results of the usual 
kinetic gas theory for the energy region of H < 104 GeV. 

For the energy region considered in our present problem, #= 105 ~ 10? GeV, 
we shall then determine y1,) by comparison with the experiments. 


3. — Physical quantities in the laboratory system. 


31. Angular distribution. — As is well known, the transformation from the 
scattering angle 9 in the centre of mass system (c-m-system) into @ in the labo- 
ratory frame of reference (L-system) is given by the following relation, 


HV Le V2-sin 0 
6080 Ve 


(5) te 0 & 0 = 


u, and V are the velocity of the particle in c-m-system, and the relative ve- 
locity between e-m-system and L-system, respectively. Analogously to Lan- 
dau’s method (4), we can write the relation, 

1 

Qi? 


(6) u. cos 0 + V=1 + cos 0 + 


(8) S. Z. BELENkIJ and L. D. LanpAU: U.F.N., 56, 309 (1955). 
(4) L. D. Lanpau: Iev. An. SSSR. 17, 51 (1953). 
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where v, is the four velocity in free scattering of the particle in c-m-system. 
Since the last term on the right side of eq. (6) can’t be neglected for 
(1 + cos 0) when @ is nearly equal 7, we estimate this as follows: 


1 
> ou 2yn-exp[7.082L]-(1 + cos 6), 
k 


for reasons we shall make clear in our following discussions. 
We have now to prove that the right hand side of eq. (6) under the above 
consideration of our arguments, in case of 0 & x, satisfies the condition, 


al 
(1 — 2yn-exp [7.082L])-(1 + cos 0) > — 


9% vr. 
This relation is written over again as 


il ae 
(1 — yn exp [7.082L]) v; ° 


(7) > 


Ü and v;,, used in (7), were already given by eqs. (43), (49) of I, 


(43.1) 6 ~ exp [— A]-(1 — 3yn- exp [7.082A]) , 
(49.1) Op CED ed VE 4 2: (1 + 2yn-exp [7.0824] + 
ot N exp [7.0824] — = ayn exp 4 4164 12 Bee 


3 9 
+ Yn — ZN exp [6.082L] + yn-exp [7.0822] P 


Inserting the above relations into the condition (7), we have 


1 VER ey 
(y exp[T.082L)) °*P ls VIT a) 


(1 + yy-exp [7.0821] — ta an exp [7.0822] + 


+ À yn-exp 1.1102 | : (QL VIF 15) 


3 9 
NER 3 YU exp [6.0824] — yn°exp (7.0827) <a Ne 
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We see that the left hand side in the above relation has the values ~ exp [— L/6] 
and ~1 when À — 0 and À = lux respectively. Now that the above con- 
dition holds for all the region of À satisfying A<A „, we may proceed to 
the estimation of the last term in eq. (6). 

Then, the transformation formula from the centre of mass system into the 
laboratory frame of reference becomes as follows: 


8 7 Cie = Le ‘to 
(8) (1 — 2yn-exp[7.082L]) © 2 


= VL VE 6 

2 

Now, we shall define tg (0/2) by the following relation in order to take 
into consideration the angle 6 of order ~ 1, 


(9) te 2 — exp [= 4]-(1 + 34-exp[7.082]) 
iQ > — rai gu £ | 


where A=— yy. As is seen in eq. (9), the angle for 2 & 0 has 0 x a/2 which 
is a permissible maximum angle in c-m system. For the particle flying to 
the opposite direction in c-m system, we may substitute tg ((z — 0)/2) for 
tg (0/2) in eq. (8). 


Taw. IN exp TA 3A-exp [7.0822]) 
2 tg (0/2) 3A 


Using the relation, Ayo exp [— L], we finally obtain the transform- 
ation formula between c-m system and L-system, 


1 + 3A exp [7.082-|2]]) 


(10) 9 = exp[— L a. Test --(1+2yn-exp[7.082L]), 


where |A| means the absolute value of À, and À, A have positive sign for the 
particle flying to the right side in c-m system and negative sign for the left 
side, respectively. 

In this connection, we shall mention the scattering angle of the greater 
part of the produced particles in the L-system. Since the variable A satisfying 
the above consideration was given by eq. (44) in I, 


L 3yn, 
{- van ee + 2.933: exp [5.008] — 8.624-exp si) 
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we applied the above condition to eq. (10), and obtained 


0 wexp|— 


Ve got 


v2 


2 |. + 2yn-exp [7.0822)). 


In the above expression, we have considered only the term of maximum 
contribution of viscous effects. 
If we estimate the viscosity as follows, 


l'une 201208) 10 20 2 (0 08, 
(11) 1 
| wn & — (0.1 = 0.9)-10%4,. (B= 107 Gey), 


which is given in Table I, we have 


1+2 7.082L]) = |1 +2 he = DEE er 

a "ex UL a = 
al a Re in E — 10’ GeV. 
Therefore, we see that the scattering angle for the greater part of the produced 
particles is very sensitive to the viscosity. 


3°2. Energy and particle distributions. — In this section, we ask for the 
expression of the energy in the laboratory frame of reference analogously 
to Landau’s method. 

The energy distribution in L-system is connected with that of c-m system 
by the relation, 


mw. ar Où ‘4 


(12) mo, = 
NL Ve 


) 


where m®,, mv, are the energy in the laboratory and the c-m systems respect- 
ively, and P, is the momentum projected in the #-direction parallel to the 
trajectory of the incident nucleon in c-m system. In the extreme relativistic 
case, eq. (12) can be written as 


mv, = Mr: (1 + cos O)/V1. — V?, 


by using P, & mv,:cos 0. If we consider eq. (9), the above relation becomes 


MG 5) 
mov, = MV. EXP BIN i exp [— 24]-(1 + 34-exp [7. 0822])2 
(1 + 342) 


rw M0," exp|[L]. 
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: In this expression, we may consider that the above approximate transformation 
[ formula is valid, even if À varies from 0 to L, provided that the following 
L relations are satisfied: 
6 , 

O<exp[—21]<1, 

: and 
: 3A-exp [7.0824] <1, 
which signifies the applicability of the condition of our perturbation method. 
Under the same arguments as above, we obtain 
| ) 
| mv, © M exp[L — A], 
4 


in the flight of the particles into the direction of the left side in e-m system. 
Inserting these relations into (49) in I, we have for the energy distribution 
(L-system) 


1 
(13) moe — Mexp |=L + 1 + =VIL: |. 


€ 
‘ 


9 3 
(1 + yn: exp [7.082L] — 3 71: exp [6.0822] + = yn + 2yn-exp [7.082-|A|]+ 


Ace Al + QL vo ml), 


ar Lena 


3 
-exp [7.082-|A|] — 3 71° exp 116 


where 2 has positive sign for the particles flying to the right side.in e-m 
system, and negative sign for those flying to the left side, respectively. 

In the next place, we shall discuss the partiele distribution which is given 
by eq. (42) in I. For the benefit of the following calculation, we are content 
with the normalization constant of the non viscous term as a substitute for that 
of the particle distribution. This means that for the present there is no alter- 
native except this method. If we expand the exponential distribution in the 
vicinity of the maximum point under the condition, Jan —N\, andre 
N = KA-exp[L/2] (see (2.1), (46.1)), we obtain 


KA LE | 
ae ex A/T = aa 
(14) dN RL exp 5 
nee 1.082: |A|]- Zl-ex Et Eee CL VIE) aa 


where ||] means the absolute value of A. 
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Under the same considerations as the above mentioned, we can obtain the 
normalization constant of the energy distribution (12), which is the same as 
the result obtained by LANDAU. In this case, we have used, frs: AN = Jh, 
as the conditional equation. Then, we have the energy distribution (L-system). 


! mm 55. M 5 | | 1 T2 = 2|. 
(13) mi, = oa OP ght hd ae À 


-(1 + yn-exp [7.082L] — - y exp [6.082Z[] ane 5 71 + 2yn-exp [7.082-|2|] + 


|A 
| ae -exp [7.082- Bi exp [4.416 [A] + = (21 — VE )|). 


In this connection, we shall discuss the viscous effects on the energy of 
the greater part of the produced particles. If we insert the condition (44.1) 
which satisfies the above consideration into eq. (13'), we obtain 


8 
8 + 5V2 > |A + yn-exp [7.082L]) , 


& Mc?-exp 
642 


where the second term in the brackets signifies the maximum effect of the 
viscosity. Analogously to the method followed in the discussion of the angular 
distribution, we also adopt the relation (11) for the viscous coefficient. So, 


we have 
a E (8+57y2)/12yz E 3,541 
mo. À Aa | er 
mo, & Me (sara (1 Sie (sara | A 


and 


sa [(0.96—0.61); H =10' GeV, 
Day: Pat nee 
sie À 1 (0.95 ~ 0.53); EH — 107 GeV. 


From the above results, we can conclude the possibility that the above energy 
decreases in half the energy in non-viscous treatments by using the maximum 
viscosity inserted in Table I. 


4. — Comparison with experiments. 


In this section, we discuss the relations between the viscosity, the mean 
plateau, and the multiplicity of the produced particles. For this purpose, 
we shall rewrite the particle and the energy distributions, and the scattering 
angle into the parametrie expression by means of the variable transformation 


1630 


ON THE VISCOUS FLUID MODEL IN MULTIPLE PRODUCTION OF MESONS 1631 


2 — L:ô. Using the relation Z = In VE]2 for eq. (14), we have 


(A) ee Kv In (E/2)! "+ za eh 


Vin 5 Te) 
> 3)" Wı-or+ssu-jl Iyn h (aye Sie da 
2 4 2 


where |6|=|A|/Z means the absolute value of 6, and M=C — 1. By the 
same method as the above, we obtain from eq. (13’) 


(B) 2 _ 5/5. il. 5 ER +41 6 


RE SE 
E\ 3-541 2. E\ 3.041 E\ 3.5410] 
ft À (5) 7. 2) ar n° (à) = 


za et. ie oe Sy (eee mnt) 


1+|6| 4112 


“a 


The scattering angle, given by eq. (10), becomes as follows: 


(©) 5 x 3. (1 at 2yn: ua ES 3yn 2) 2:0) 


2 1—3yn 


We shall now determine 0, satisfiying the relation 


in which mv, and AN are given by the above eqs. (A), (B). Oy means a para- 
meter corresponding to such an angle that it contains half the energy H. The 
above relation is written over as follows: 


1 


j Æ£E\251 9 E\>.021 E (6/2) +3Vı- 6: 
o +) oo 


os 


1 —|Ô| (6/2) +3V1 —62 +3,541- 0] a 
Hm (04 en) à 


1 
E\S 0/2+2.208-|ö] | B\; 2, /6x 

2e Al ae | Ve 

3 IE 5V5-VIn (EJ2)! 


bh 
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The applicable regions of the perturbation theory are given by 


respectively. 


val <1 
|yn| <10-; 


Oz for 


for 


E=10° GeV, 
EH =107 GeV, 


TABLE I. 
Half Angle Mean Plateau ER 
Oo, | Smear (L-system) | (Experimental Mulvipleity 
(GeV) ln 0) 0, Value ~1-2 m) N/N, 
105 | 0.52 0 2.684- 10-4 4.026 m 1 (N&28, for K=2) 
2-105 1.585 : 10-4 2.378 m | 
4- 108 9.359: 10-5 1.404 m 
0.5 6413-1022 2.696 : 10-4 4.045 m 1 + 2.26.10 
0.45 05362 105% 2,683 10% 4.024 m 720 
0.4 0.546 - 10-17 2.693 - 10% 4.04 m 1 + 1.09-10-4 
0.35 0.683 10-17 2.726.102 4.09 m 17221237210 
105 
0.3 0787102127 Deion Lm 4.16 m 1 + 1.58-10-4 
0.25 08651022 2.843 : 10-4 4.27 m 1271073310 
0.2 | 0.925-10-17 2.939.107 * 4.41 m | 1 + 1.85-10-4 
0.15 | 097107 3.059: 107% 4.59 m | 1 + 1.95-10-4 
0.54 0 6.946 : 10-6 | 1 (N&90, for K=2) 
0.5 0720 D 1534100 1 + 7.65-:10-6 
0.45 0.541: 10724 5.989 : 10-6 1 + 1.11-10-5 
0.4 0.582 : 10-21 7.924. 107$ 1 + 12-10 
10° 
0.35 0.681 : 10-24 8.532105 1 + 1.4 :10> 
0.3 Oso 1Al0S2 92522108 1 + 1.54.10 
0.25 0.803 : 10-24 1.011-10-5 1 + 1.65-10-5 
022 50/8590 1.120-10- 1 + 1.72-10> 
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By a suitable estimation of yy for the energy region E — 105 = 107 GeV, 
we can obtain 6, satisfying the above condition (D). 
For the special case, yy = 0, we have 


\ [ 0.52; for A =105.GeV, 

| = | 

; 0.54 ; for, H=101GeV, 

| which is somewhat different from that obtained by ROZENTAL et ul. (5). This 

. difference may depend on the accurac y of numerical calculation. By the way, 
the domain of 6 in our calculation has been devided into fourty sections. 

| Table I shows the relations between ö, and yy for the energy E = 105 ~ 

: — 107 GeV. No parts, which disagree with the limit of application of our 

3 theory, are inserted in this Table. 


Substituting these values ö,, yn into the relation (C), we obtain the angle 6, 
and show this in the fourth column of the Table. 4 

We shall now assume that the meson showers are produced in depth 
of the order ~ 100 g/em?. This altitude is 15 km distant from the position 
detected by HAZEN et al. (%). Then, we obtain the Table of mean plateau 
under the consideration of the above circumstance. 

From the Table I, we see that the viscosity has such a little effect that 
the difference of the mean plateau can not be discriminated by the experiments. 

Table I shows also the value of plateau for twice and fourfold the energy, 
in the case of 6, = 0.52, yn = 

! Considering that the mean plateaus have a little change in spite of the 

large fluctuation of the viscosity, it might be permitted to suppose PES 

w (0.1 — 0.09)-10-" for the energy E = 105 GeV. 

Moreover, the multiplicity of the produced particles is given in the last 
column of the Table, in which N and N, correspond to the produced particle 
number in our model and that in Landau’s one yn = 0, respectively. 


5. — Discussions and conclusions. 


We have seen in Table I that 6, grows gradually downwards as the vis- 
cosity increases. Since the former and the latter bring on the increasing and 
the decreasing effects respectively for the angle 9 in relation (C), 0 has 


(5) I. L. RozeNTAL and D. S. Grernavsxis: U. FE. N., 52, 185 (1954). They had 
obtained, 6, = 0.54 ~ 0.55, for the same energy region. 

(*) W. E. Hazen: Phys. Rev., 85, 455 (1952); W. E. HAzen, R. E. HEINEMAN and 
E. S. Lennox: Phys. Rev., 86, 198 (1952). 
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a minimum value 2683-1074 at 6, = 0.45 (— yn = 0.36-10-”"), and after- 
ward increases in its value. Also, the mean plateau traces the same inclination 
as the above mentioned. But, it is worth while to notice that the mean plateau 
has roughly a value = 4m for E = 105 GeV in spite of the fluctuation of 
the viscous coefficient. So to speak, this means that the viscosity has not à 
remarkable effect for the mean plateau. 

The value of the plateau for twice the above energy is nearly equal to the 
experimental value. 

From the last column of the Table, we see that the viscous effects are also: 
very negligible for the multiplicity of the produced particles. 

But, as pointed out in Sect. 3°1, 3°2, the scattering angle and the energy 
of the greater part of the produced particles are very sensitive to the viscosity. 
Therefore, we may think that the viscous coefficients obtained by us are de- 
termined more exactly provided that these above quantities are detected by 
the experiments. 

In Sect. 2, we have expressed the relation between the kinetic gas theory 
and our perturbation calculation in respect to the viscosity, and emphasized 
that both results are consistent for the energy region Æ < 1045 GeV, which 
may depend on the technique of our perturbation calculation. But, it will 
be a general tendency of the perturbation method that such bounds appear 
customary. In conclusion, this fact does not always mean that the statistical 
model of the elementary particles can not be used in a wholesale way for our 
present energy region. 

We have treated here the case for Reynolds number R> 1, which signifies. 
the ratio of the effect of inertia and the viscous effect in relativistic hydro- 
dynamics, according to the perturbation method. The treatments under the 
circumstance satisfying À <1 (7) still have not been given by reason of the 
unavoidable difficulty of treating the differential equation in relativistic 
hydrodynamics. 


Finally, the author wishes to express his appreciation to Profs. H. 
YUKAWA and T. INOUE for their continuous interest in this work. He is also: 
much indebted to Miss K. UEMURA for her numerical calculations. And this 
work was performed under the financial aid of the « Yukawa Yomiuri Fellow- 
ship ». 


(7) M. Hamacucui: Progr. Theor. Phys., 15, 588 (1956). A d fferent attempt to 
attack this problem was given. 
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RIASSUNTO (*) 


Si discutono quantitativamente gli effetti viscosi nella descrizione idrodinamica 
della produzione multipla delle particelle nelle collisioni di alta energia. Si calcolano 
numericamente la molteplicità delle particelle e la distribuzione angolare (plateau medio) 
nel sistema del laboratorie, e questi risultati si confrontano con quelli ottenuti da Ro- 
ZENTAL et al. Si dimostra anche che i coefficienti di viscosità si possono grossolanamente 
valutare per confronto coi dati sperimentali. 


(*) Traduzione a cura della Redazione. 
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On the Relation between the Lee Model 
and Ordinary Meson Theory. 
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Istituto di Scienze Fisiche dell’ Universita - Milano 
Istituto Nazionale di Fisica Nucleare - Sezione di Milano 


F. Durmiro (*) 


C.E.R.N. Theoretical Study Division at the Institute for Theoretical Physics 
University of Copenhagen 


(ricevuto il 28 Marzo 1957) 


Summary. — Some features of a possible generalization of the Lee-model 
are examined. It is shown that it can be considered as an approximation 
of the neutral scalar meson theory with fixed sources, obtained by intro- 
ducing a cut-off on the total energy of the mesons. 


1. — Introduction. 


The simple model of a renormalizable field theory proposed by T. D. LEE (') 
has raised much discussion. In particular, by analyzing its mathematical 
aspects PAULI and KALLEN (?) have emphasized the existence of a critical 
value g,, of the renormalized coupling constant g in connection with the shape 
of the cut-off function. If g>g,,, one obtains typical consequences such as 
non-hermiticity of the Hamiltonian and the appearance of « ghosts », and not 
even the introduction of an indefinite metric makes it possible to construct 
a Satisfactory theory (for example the S-matrix is not unitary in this case). 
When there is no cut-off, then g, = 0, i.e. for any value of g 40 one gets 


(*) On leave of absence from the Istituto di Scienze Fisiche dell’ Universita, Milano. 
() T. D. LEE: Phys. Rev., 95, 1329 (1954). 
(2?) G. KäLLÉN and W. Pau: Dan. Mat. Fys. Medd., 30, no. 7 (1955). 
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| a theory with these unpleasant features. On the other hand, it is well known 
> that a scalar neutral meson theory with fixed nucleons is renormalizable and 
/ exactly soluble, both with and without cut-off. 

The aim of this paper is to examine whether the Lee model can be re- 


garded as à kind of approximation of the neutral scalar theory, to look for 
the possibility of further approximations, and to study their limits of appli- 
cability. 


First of all we notice that the one-nucleon problem in the Tamm-Dancoft 
approximation (0-meson and 1-meson states taken into account) is very similar 
to the one-V-particle problem of the Lee model. The difference consists in 
the fact that, in the TD case, the nucleon in a 1-meson state is regarded as 
identical with the nucleon in à 0-meson state, whereas in the Lee cage they 
are looked upon as different particles (V and N); consequently the renormal- 
ization proceeds differently in the two cases. In both cases, however, one 
may regard these theories as derived from the neutral scalar theory, with a 
cut-off on the allowed numbers of mesons, independent of a possible « normal » 
cut-off on meson frequencies. Now, we can look for the next approximations, 
ie. for extended Lee models related to the original one as the higher TD 
approximations are to the first. } 

We would like to remark in this connection that these « Lee approximations » 
of the one-nucleon problem may have a better chance than TD approximations 
of having a physical meaning (we use this word in a rather vague sense, prin- 
cipally due to the vague hope that a neutral scalar theory may somehow give 
useful suggestions on the behaviour of a «true » meson theory). Namely we 
suppose a nucleon which «cannot » emit mesons to be of a nature somewhat 
different from a nucleon which « can ». 

There are two essential possibilities for these approximations: 


a) an introduction of a cut-off on frequencies, and a cut-off on the meson 
number, independent of each other; 


b) introduction of a cut-off of a more general type which acts both on 
frequencies and on the meson number. 


HABER-SCHAIM and THIRRING (*) have investigated an approach of the a) 
type which, already in the 2-meson approximation, gives very complicated 
formal equations. However, they worked with a symmetrical pseudo-scalar 
theory. 

A simple theory of the b) type follows from the introduction of an energy 
cut-off. This theory is essentially an approximation of the neutral scalar 
theory with fixed sources, obtained cutting-off the states in which the total 


(?) U. Haper-Scuaim and W. THIRRING: Nuovo Oimento, 1, 100 (1955). 


104 - Il Nuovo Cimento. 
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energy of the mesons is greater than a fixed value. In such a way we impose 
an upper limit to the frequencies of each meson and at the same time, due 
to the finiteness of the rest-mass of the mesons, to their number. 

The eut-off functions will therefore depend not only on the frequency of 
the meson which performs the transition (emission or absorption), but also 
on the total energy of the other mesons in the state. 


2. — General formalism. 
Let us consider the Hamiltonian 


| H = H, ar Takeo 


ay | He = ZE pan) + EH), 


| 
H nt = TUE > Joi > [2a(k c)J 4 {f(Q Ja a( pr )0° *(k) ar c.c. hs 


F 
Vv mi = 2 


where b(k) and b*(k) are absorption and emission operators of mesons (zx) 
with momentum k and mass u. o(k)= (u?+k?}. Everywhere we put #—c—1. 
a;(p) and a;(p) are absorption and emission operators of «i-nucleons » N,, 
with mass M,. They satisfy the commutation relations 


| [b(k), b*(K)] = du, {ap} a*(p'} = 6,0 


[b(k), b(k')] =[b(k), a,(p)] = {a(p), a;(p'}} =. —0, 


o 


Jo: are the unrenormalized coupling constants for the transitions N, 2 N;,, +7. 
For the sake of simplicity we hereafter make the assumption that all g;; 
are equal to a given g,, and all M, equal to a given M (*). 
The energy cut-off operator f(2) is a given function of the operator 
Q = > w(k)b*(k)b(k) total energy of the mesons, such that 


k 


Q)|QY = (919 


for every state |Q2" satisfying Q|Q = Q2'|Q'. 


(*) No essential change in the results would derive from the supposition that all 
M; can be different, but fulfill the conditions M, < M,,, + u. Otherwise we should 
be faced with a problem of instable particles. This case, in the context of the Lee 
model, has been examined by GLASER and KLLÉN ( ). 

(4) O. GLASER and G. KALLGn: Nuel. Phys., 2, 706 (1957). 
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As it can be easily verified, the operators 


| Q = Zi > 4; (p.)a;(p.) == > b*(k)b(k) 


z D; k 


| Q2 = > > a¥(pi)ai(p,) , 


| i Dy 


commute with the total Hamiltonian. They are therefore constants of motion, 
We shall consider as physical states the states with Q, — 0. For example, 
if we have a physical state with one nucleon and j mesons, the nucleon must 
be denoted by N,. So the Hilbert space of our physical states, F5, will be 
the subspace of the total Hilbert Space Æ, spanned by the eigenstates of H,, 
belonging to the eigenvalue 0 of the operator Q,. These eigenstates will be 
denoted in an occupation number representation by symbols such as (5) 


(4) ee Qu), 


which expresses that « N,-nucleons, 8 N,-nucleons ..., À mesons with given mo- 
menta are present in the state. They form à complete orthonormal system 
in Ze. 
Following the renormalization custom, we introduce: 
a) Mass renormalization terms of the form — 6M, > a (pi)a(p;). 
? 


b) Renormalized field operators 
(5) api) = a(p,)/G, . 
¢) Renormalized coupling constants g; related to g, by 
(6) CA = 6,054,259 - 
The eigenstates of the total Hamiltonian 7 (including mass renormalization 
terms) with Q,=0 describe physical « clothed » states. They can be expressed 


as linear combinations of states (4). For example the physical « clothed » 
single nucleon state |N,) can be developed in the following way (5): 


(7) IN» = Do{|No> + Zn} | Ns in}: 


(°) We use notations similar to those used in the paper by Tu. W. RursGroKk and 
L. Van Hove: Physica, 22, 880 (1956). 
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This particular state has to satisfy the equation 
(8) HN o>: 


That is, the state |N,> has to be eigenstate of H, with eigenvalue M, the 
« experimental » mass. 
All the other eigenstates of H, with Q, = 0, and eigenvalues ranging from 
M +u to co, with proper boundary conditions will describe scattering states. 
~ In accord with our assumptions a state |N,), with à 4 0, satisfying the 
equation 
H|N» = M,|N» ’ 


has no physical meaning because it belongs to a subspace &Æ, of the total 
Hilbert space Æ, with eigenvalue of Q,-<0. But a state of the form b*(k,) ... 
b*(k,)|N,», having Q, = 0 should have a physical meaning: it should represent 
a state compound of a clothed nucleon plus à free mesons (obviously it is 
not an eigenstate of H), something which we might call an asymptotic phy- 
sical state (°). 

As it will appear form the following, where we shall use only special forms 
of the cut-off function, it is useful to redefine such asymptotic states as states 
IN, {n,}>., Obtained by applying à creation operators of mesons to a state 
which is solution of the equation (*) 


(9) Hiny)\ND = MIND, 


where H[{n,\,] is the total Hamiltonian with the cut-off operator f(Q42'({n33,)) 
instead of f(Q), Q'({n, 3) being the total energy of the free mesons in the 
state |N.{n,}:>as- 

The equations (8) and (9) are sufficient to determine the quantities 6M,; 
and the coefficients of the development of |N,» and of |N;> 


(10) IN» = DL{ngd {| + TOPs mgd Ne} 


We notice again that |N;> in itself has no physical meaning; only the 
state IN {ns }das has the just described physical meaning of an asymptotic 
state. 


(5) We use the word « asymptotic » in a sense similar to the one it has in the 
papers by L. Van Hove: Physica, 21, 901 (1955); 22, 343 (1956) or H. EKSTEIN: 
Nuovo Cimento, 4, 1017 (1956). 

(*) More care should be taken in defining asymptotical states with more than one 
nucleon, but we don’t need them for our purposes. 
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In order to determine the renormalization quantities Ci, D7, ande Z, we 
impose the following conditions: 


(11) {0 |a; NE = A (field operators renormalization) 
(12) <N;|N;> =1 (normalization) 


(13) HL}: + ©] = 
= 9<Niv |b(k) > > f[ 2’ ({n,3;) te 2]a,(p,) a}. ı(p,:.)b*(k) IN.» 


3 Pj Pit tk 
(charge renormalization). 

Conditions (11) gives immediately D,— (,. 

From the definition of |N,) it is evident that the Ci and the y®, for i 40, 
are functions of the energy of the mesons present in the complete asymptotical 
state. As a consequence, if g, is a constant, the g°, i 0 will also be functions 
of the energy of the mesons. 

The equations (8), (9) can be solved exactly. Omitting the lenghty but 
trivial calculations, we quote the results: 


(14) nt; {nx};] = Ir sai (nr!) À {ok} Q'({ns}) =e 2Q'({n,},)]} 5 


where the symbol II’ means symmetrized product. For exemple: 


‘ ; 

| = er Kot, +0) +1) +f(@o+e2)] fr MO OHS CE 
Gr (Mo; Oa] = “ : 

2 2303 oo + 20 ,)f(@o + ©) , for O1 = 0% 
2 
(15) OM ins] = — Er SO) + ofa? . 
a 

From (12) 


2 À 1 = 

(16) Gl) = 1 + x > PLO (na) + o]/o® + 5 Bas 
el 

> an 


3 
AT 3)" 


FLO" m) + o+o' KR m) + ©] + Qu) + RIP + … 


and from (13) 


an) Zaho] =1+ À LAU) + 0 +01 


20 + 


HO us) + oY COQ (Lu) + ©] +... 
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3. - One-meson case. 


As a first simple example we consider the case in which the cut-off function 
has the form f(x) = 0(2u — 2). 

The function O(y) is the step function equal to 1 for y > 0 and to 0 
Oe 7 D (SE 

We are now in the case considered by LEE, but with our particular cut-off 


function. One obtains immediately (using 0? = 6) 
(18) lo) = 2°, 024 —w)Joi 
* (2v)? ‘ 
(19) CO a0 for 742 922 
BES 

(20) OM y= Mo > 624 — w)lo?, 

= k 
(21) Re En S 6(2u — w/o , 

= k 
(22) CSI Kye 30 SS Il 
(23) ix == A for all à 


The expectation value of the operator > b*(k)b(k), number of mesons in 
k 
the state |N,>, must obviously be less than 1. We can write the inequality 


77) 


(24) 0 <<N,| I b*(k)bik) No = C22 ¥ G24 — wo) <1. 
k k 


From (21) and (24) follow the well known results that the value of C, must 
lie between 0 and 1, and that there is an upper limit for gf = (,0,Z,9 = (69; 


(*) To avoid the troubles pointed out by Paurı and KÄLLEN (?) (p. 11, footnote) 
we can use a function 6'(y) of the form 


[eins for y>0, 
CEE 
| ög(y) ; for y < 0, 


with 0 < 0 <1 and g(y) a continuous function tending to 0 faster than I/y as y > co. 
So all the relations involving the function 6(y) which appear in the following, are to 


be considered approximate relations obtained, dropping all terms involving ög(y), or 
powers of it. 
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given by 


1 = 
(25) Ga, = 15 > 0(2u = Ola] & 


for 9, > Joon, One Obtains the inconsistencies pointed out by PAULI and KäLLÉN. 


4. — Two-meson case. 


We are now going to consider the case in which 
f(z) = 0(38u — 2). 


The general results (14)-(17) assume the form: 


) 


j= one (Bu — 5 — w)lot , 


| Po (w) = car Mau — w)/o8 , 


| ee: O(3u—o, O2) (3u—@,) +-6(3u—a,] , for 70% 


20 2wiws 


Po (W102) = g 1 
| m 23008 O(3u — 20,)0(3u — «;) , TOP 058 
Go = 0% ford Et = 3. 
9 
6M, = — >; > O(Bu — w)/o® , 
— k 
2 2 
Se 6M,(o,) = — = D Ou — ©, — w)/w? , 
— k 
6M; =0, for 41>2, 
C°= 1 + Eu > 0(3u — w)/o® + 
k 
4 te 


Bu — © — w'\0(3u — ©) + O(Bu — w')]? , 


Y 3,113 
FT © 4 ww 


(28) 
2 
Cox) = 1 + 22 034 — 0 o)jor, 
k 


ORT, for i>2, 
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| % 1 perl ! Le INT 
| Az y > 7 6 (3u — o)0(3u — © )0(3u o—o') = 
) x! tL 
(22) | =1+— By 2 is 6(3u — © — w')/w” = e7(w) (*), 
eee forme le 


The impositions on the expectation value of the number of mesons give 
for the state | N,> 


(30) 0<<N,| I b*(k)b(k) IN) = Con) 2 ¥ (34 — © — w)Je? <1. 


20 5 
We have now 


Ji(@o) = 0;()Go » 


from (30) we obtain a limitation to the values of 


aL “4 : 
(31) 1(p) <{5 2 (Eu — 5 — lu] = hr (Gr 


for the state |N,> we have the condition 


(32) 0 < <N,| > d*(k)b(k)| N» = Co |: a > O(Bu — @)/@? + 


à Ou — © — w' (Bu — ©) + (3p — oo te 


It is identical to the condition 0 <C}<1. When it is satisfied, patho- 
logical states are excluded. 
5. — Concluding remarks. 


Further, it is possible to consider cases in which an increasing number of 
mesons are taken into account, assuming 


(*) This equality Z, — C;?, presents itself also in the model of Ruijgrok and 
Van Hove (°). 
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| when n — co, f(x) — 1, ie. the operator f(2) becomes the identity operator. 
The upper limit of the allowed energies of the mesons is shifted to infinity. 

The results (14)-(17) assume the form 
(3) Lee : Jo NEA 
| Pi md; Mm}] = II (20)! (nr!) ok), 
= (2v)t 
de i Ge eek 
| OMT{nx}] = — Be, 
ZU W* 
| 


2 ! GE 1 
O;*[{n,};] = exp | = > u 
: 


ONE CD 
Jor 1 
Feilen ren, 30 
Zar}; ©] = exp RER 


All these quantities become independent of ini}, and i and coincide with 
the quantities lin}; öM, C, and Z obtained from the neutral scalar meson 
theory with point sources. 

This supports our initial assertion that our theory can be considered as 
an approximation of the neutral scalar theory obtained, taking into account 
only states in which the mesons have an energy less than a fixed value (this 
is due to the choice of the step function for the f(x) and the definition (9)). 

We hope that the method outlined in this note may be of some use when 
applied to more realistic cases of meson theories, because of its possibility to 
give a sharp definition, in terms of energy, of the «ignorance zone », that is 
of the energy region in which other phenomena not taken into account in 
the schematization of the meson theory as a closed one, become important. 


We thank Professor P. CALDIROLA for his interest in this work, and our 
colleagues of the Theoretical Section of the Universities of Milan and Pavia 
for helpful comments. 

One of us (D.F.) wants to express his gratitude to several members and 
guests at the Institute for Theoretical Physics in Copenhagen for comments 
and discussions. Particularly, thanks are due to Dr. G. KÂLLÉN for useful 
advices and criticism. 


RIASSUNTO 


Si esaminano alcuni aspetti di una possibile generalizzazione del modello di Lee. 
Si mostra come essa possa essere considerata come un’approssimazione della teoria 
mesonica scalare neutra con sorgenti fisse ottenute con l’introduzione di un taglio sul- 
l’energia totale dei mesoni. 
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Angular Correlations in High Energy Fission (*). 


L. MARQUEZ 


Centro Brasileiro de Pesquisas Fisicas - Rio de Janeiro, Brasil 


(ricevuto il 28 Marzo 1957) 


Summary. — The exist:nce of an angular correlation between the incident 
beam of nucleons and the fission fragments in high energy fission of heavy 
elements leads to the conclusion that the number of neutrons evaporated 
before fission is probably zero or very small. 


1. — Introduction. 


It seems to be now established that when a high energy nucleon collides 
with a heavy nucleus, and the collision leads to fission, the events take place 
in the following way: 

The incoming nucleon develops a nucleonie cascade inside the heavy nucleus. 

The nucleonic cascade can be absorbed in the nucleus or can come out 
of it. From the work of BELOVITSKI et al. ('), it seems that the change from 
one case to the other takes place around incident nucleon energy of 150 MeV. 

The nucleus is left with a large excitation energy forming a compound 
nucleus which decays by fission and by the emission of many neutrons. 

We can assume, as BLATT and WEISSKOPF (?) do in a similar case, that 
all the reactions of the decay of the excited nucleus take place through ele- 
mentary reactions in which only two products are formed. This will be true 


(*) This work was done under the auspices of the Conselho Nacional de Pesquisas 
of Brazil. 

(1) G. E. BeLovirskir, T. A. Romanova, L. V. Souxmov and I. M. FRANK: Zu. 
Lauper. Teor. Fiz., 29, 573 (1955). 

(?) J. M. Brart and V. F. Weisskorr: Theoretical Nuclear Physics (New York, 
1952), p. 374. 
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if the time between reactions is longer than the tr 
the nucleus. 


The decay of the excited nucleus 
different schemes. 
In scheme I, the first e 


ansit time of nucleons over 
‚an now take place according to three 


vent is the fission of the heavy nucleus, with the 
emission of the neutrons taking place from the excited fission fragments. The 
reactions will be as follows: 


H, =~ Fy ir G 


1, = Vibe ee Ci Gn 
PRE CE EE 
etc. etc. 


Here H means heavy nucleus, F and @ are fission fragments. 
has been suggested already (?). 

In scheme IT there are neutrons emitted before fission, and neutron 
from the fission fragments. The reactions will be as follows: 


This scheme 


8 emitted 


lols, NAS où 
A = Hen 
etc. 


lal. = Fy ar G, 


F, — F, +n G, — Go +n 
in — F,+n Gq = G, +n 
ete. ete. 


A third scheme proposed by GOECKERMANN and PERLMAN (*), in which 
all the neutrons were emitted before fission, seems to be ruled out by the 
experiment of HARDING and FARLEY (5). They irradiated U with 147 MeV 
protons and measured the ratio N,(f, n)/Noo(f,n) of the intensity of neutrons 
emitted at an angle of 0° with the fission fragments, and at an angle of 90° 
with the fission fragments, and found 1.27 + 0.11. Although they interpreted 
their result as meaning that, of the 13 neutrons emitted in the process, 2.5 


(?) L. Marquez: Nuovo Cimento, 12, 288 (1954). 
(4) R. H. GOECKERMANN and I. PERLMAN: Phys. Rev., 76, 628 (1949). 
(5) G. N. HARDING and F. J. M. FarLeY: Proc. Phys. Soc., A 69, 853 (1956). 
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were emitted after fission, it has been shown (°) that their result is compatible 
with the emission of all the neutrons after fission, according to scheme I. 


2. — Angular correlations. 


WOLKE (7) has measured the angular correlation of one of the fission pro- 
duets of Bi when irradiated with 450 MeV protons, and he found the distri- 
bution N,(p, f)= 1+ 0.13 cos? 0 between the proton beam and the fragments. 
LOZHKIN et al. (§) have measured in plates the angular distribution of the 
fission of U with 660 MeV protons and found the correlation N,(p, f) = 
— 1 + 0.29 sin‘@ between the proton beam and: the fragments. 

From the data of STEINER and JUNGERMAN (°), we extrapolate that the 
fission cross-section for Bi with 450 MeV protons is about 0.23 barn and for U 
with 660 MeV protons about 1.3 barn. 72? for protons of 450 MeV is 1.17 mb 
and for protons of 660 MeV it is 0.73 mb. This means that, to add up to the 
experimental cross-sections, we have to take the partial waves to J = 13 
and / = 41 respectively. Even if there is some angular momentum leaving 
with the nucleonic cascade, the compound nucleus will have a large spin. 

On scheme I, the existence of the angular correlation can be readily under- 
stood. This angular correlation means quantum mechanically that the fission 
fragments are emitted with orbital angular momentum of 0 and 1 in the case 
of Bi and 0, 1 and 2 in the case of U. 

Since the average direction of the nucleonie cascade is the same as the 
direction of the incoming proton, it does not matter for defining a direction 
whether the cascade comes out or is absorbed in the nucleus. If the first 
event to happen to the excited nucleus is the fission, this will have a direct 
angular correlation with the direction of the incoming proton. 

There are still several questions to be answered, such as why the coefficients. 
have the values that they have, and why the angular correlation of U is peaked 
at 0° below proton energy of 60 MeV and at 90° above proton energy of 
60 MeV. 

On this scheme the angular distribution N,(p, n) of neutrons with 
respect to the incident proton beam can be calculated, and it turns out 
1-+-0.004 cos? 0 for Bi, and 1 — 0.008 cos? 0 for U. As can be seen, they are 
practically symmetric. A forward cone due to the neutrons from the nucleonic 
cascade will be superimposed on this distribution. 


(8 
(7 
( 


8 


) L. Marquez: Proc. Phys. Soc. (to be published). 
) R. L. WoLkE: Bull. Am. Phys. Soc., 1, 165 (1956). 
) ©. V. Lozuxin, N. A. PERFILOV and V. P. SHAMOV: Zu. Haper. Teor. Fiz. 
29, 292 (1955). 
(°) H. M. STEINER and J. A. JUNGERMAN: Phys. Rev., 101, 807 (1956). 
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It is also possible in scheme I that there is an angular correlation N,(f, n) 
between the fission fragment and the emitted neutrons due to the emission 
of the first neutron with angular momentum equal or greater than one. We 
guess that this correlation is small, strongly reduced by the remaining neutrons, 
and cannot be separated from the correlation due to the motion of the fission 
fragments. There might be also a small correlation N,(n, n) between any two 
neutrons, due to the emission of two consecutive neutrons from the same 
fission fragment with angular momentum equal or greater than one. We guess 
also that this correlation would be small and strongly reduced by the remaining 
neutrons. 

In scheme II, the angular correlation between the incident proton or the 
nucleonic cascade and the fission fragments has to be preserved through the 
angular correlation of the intermediary neutrons. That means that all the 
neutrons evaporated before fission are emitted with angular momentum equal 
or greater than one. 

The first neutron emitted would have to have a strong angular correlation 
N,(p, n) with the proton beam or the nucleonie cascade. Each emitted neutron 
would have to have a strong angular correlation N,(n;, n;,,) with the following 
neutron, and the last neutron emitted before fission would have to have a 
strong angular correlation N,(n,,f) with the fission fragments. 

We have made calculations considering all the emissions until fission with 
!=1. The three distributions mentioned in the previous paragraph would 
have the form a,-+ca, cos? 0. We found that, with values for the coefficients 
in the range of other measurements of nuclear angular distributions, the 
number of neutrons emitted before fission would be zero. We also found that, 
in the best of cases, the number of neutrons emitted before fission in Bi would 
be 4 and in U would be 2. 

We then made calculations considering all the emissions before fission 
with 1 —2. The three distributions would have the form a )-+-a, cos? 0-+-a, cos! 0. 
We found again that, with values of the coefficients in the range of other 
measurements, the number of neutrons emitted before fission would be zero, 
or perhaps one, and the largest number of neutrons emitted before fission 
would be 4 in U and 7 in Bi. 

In the case of scheme II, there should be also an angular correlation 
N,(p, n) between the incoming proton and any neutron. We found that 
Nigo(p, 2)/No(p, n) —1 = 0.12 m, where m is the number of neutrons emitted 
before fission and the relation is true within 40%. There would be super- 
imposed on this correlation the forward cone of neutrons from the nucleonic 
cascade. 

In the case of scheme II, there should be also an angular correlation 
N,(n, n) between any two neutrons if there were two or more neutrons emitted 
before fission. If three or more neutrons were emitted before fission, this 
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angular correlation should be more asymmetric than the angular correlation 
between the proton beam and the fission fragments, in spite of the smearing 
from the neutrons emitted after fission. 

In conclusion, there are 4 kinds of angular correlations in high energy 
fission. They are N,(p, f), V,(p,n), V,(f,n) and N,(n,n). There are measu- 
rements of the first and third, but there is not any measurement of the other 
two correlations. All the experimental data are compatible with scheme I 
and indicate contradictions with scheme II. A few more measurements could 
settle the problem of the qualitative mechanism of high energy fission, which 
is certainly a preliminary step to any attempt at a quantitative theory of 
high energy fission. 


RIASSUNTO (*) 


L’esistenza di una correlazione angolare tra il fascio di nucleoni incidente e i fram- 
menti di fissione nella fissione ad alta energia di elementi pesanti porta alla conelu- 
sione che il numero di neutroni evaporati prima della fissione à probabilmente zero- 
o molto piccolo. 


(*) Traduzione a cura della Redazione 
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On the Measurements of the Pion-Proton 
Elastie Scattering in Nuclear Emulsions. 


G. FERRARI, E. MANARESI and G. QUARENI 


Istituto Nazionale di Fisica Nucleare - Sezioni di Bologna e Padova 


(ricevuto il 29 Marzo 1957) 


Summary. The scanning methods for the photographie emulsions, 
used in the study of the pion-proton elastic scattering, are discussed. 
A particular method is described, which is useful in the research of the 
backwards scatterings (135°< 6, <180°). It has been employed in 
order to detect some eventual contribution of waves with I~ 1. by 
analysing the behaviour of do/d2 in this angular interval. The analysis 
of dc/dQ for the scattering process z*+p at 120 MeV, based on 871 events. 
shows that no wave with 1 > 1 is present in a measurable quantity. The 
phase-shifts of the S and P waves result: 


De 1032 Bl 1,6, eye = 216, 4 1.8% 


The study of the pion-proton interaction up to 300 MeV energy has been 
very much improved in the last years. The phenomenon seems tu be rather 
clear in its general lines and the ensemble of the results obtained in numerous 
experiments already permits a theoretical treatment of the problem. So far, 
however, the available data are not sufficient to give a definite answer to the 
fundamental hypothesis, such as the rigorous validity of the charge indepen- 
dence principle, or, for instance, to determine the pion-nucleon coupling con- 
stant exactly (1). 

From the experimental point of view the situation is such that more pre- 
cise and accurate measurements are needed, in order to solve the present 
uncertainties. In the elastic scattering experiments, the most convenient 
technique, for the rapidity and the statistical precision, seems to be at present: 


() G. Puprr and A. STANGHELLINI: Nuovo Oimento, 5, 1305 (1957). 
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the counter-technique. However, we think that the use of different techniques 
may be helpful for two reasons: the information they add and the better 
estimation of the systematie errors, proper to each technique, which arises 
from the comparison of the results obtained in different ways. 

The photographie emulsions have been used by several authors, who 
measured the differential cross-sections of the pion-proton elastie scattering. 
Usually the pions are sent directly into the emulsions and the hydrogen, con- 
tained in the gelatine, constitutes the target. 

The criteria for the identification of the pion-proton elastic scattering are 
based on the well defined kinematics of this two body process and have been 
described and discussed in previous papers (>). 

Our purpose here is to discuss the problems, which are tied to the usual 
methods of scanning in this kind of experiments, and also to present a different 
method, which provided us with good results in the determination of the dif- 
ferential cross-section of the scattering process z++p at 120 MeV for 135° < 
AE SU 

The usual methods are: track-scanning and area-scanning. The track- 
scanning is certainly the method, which provides the most reliable results. 
Unfortunately it can be employed only when the cross-section is rather large, 
i.e. when the mean free path in the emulsion is sufficiently short, so that good 
statistics may be reached in a reasonable time. This becomes possible for the 
scattering process m*+p at energies near resonance. In the other cases, 
if the work needed for track-scanning becomes prohibitive, one uses pre- 
ferably the area-scanning, which is in fact more rapid than the precedent 
method. The success of the area-scanning more as for every other method 
depends on the observability conditions of the emulsion, i.e. the quality of 
the processing, the back-ground and the flux of the tracks. 

Even with the best conditions the efficiency of the scanners is never com- 
plete. As was discussed in previous papers (+), the inefficiency is not completely 
independent of the type of event and this fact may be seriously critical in the 
scattering experiments. One finds a sensible dependence of the inefficiency 
on the angle between the scattering plane and the emulsion surfaces; it is 
stronger for the planes near the vertical one. The inefficiency also depends 
on the scattering angle. For the smallest angles, the recoil-proton is very short 
and it is therefore hard to see it, until its range overcomes 10 microns; a cut-off 
at about 15° of the scattering angle is needed at energies around 100 MeV of 
the incident pions. The corresponding inefficiency rate was carefully examined 


(2) G. GOLDHABER: Phys. Rev., 89, 1187 (1953). 
\ L. FERRETTI, E. MANARESI, G. Pupri, G. QUARENI and A Ranzı: Nuovo Oi- 
mento, 1, 1238 (1955). 
(4) J. OREAR: Phys. Rev., 96, 1417 (1954). 
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by OREAR (1) and by FERRETTI et al. (?), by studying the Coulomb interference, 
Equally, the events, in which the scattering angle is very large, present diffi- 
culties for the scanning. Here the recoil proton is rather fast and its track 
has many gaps; besides its direction is near the incident pion. Especially in 
the case of à high density of tracks, it frequently happens that an aceidental 
superposition of some tracks of the beam conceals the point origin of the recoil 
proton track, simulating its continuation, so that such an event may be lost 
also by à careful scanning. For this reasons, other authors, working with a 
high flux of tracks/em?, do not take into account the scattering angles larger 
than 160°. In the emulsions used by FERRETTI et al., the flux is rather low 
(5:10% tracks/cm?); thus a reasonable efficiency was also reached for the angles 
near 180°. From several checks, the inefficiency ı rate, within the experimental 
uncertainties, turned out to be the same in the whole angular interval from 
15° up to 180°. However, a certain bias in the angular region near 180° could 
not be excluded. 

The differential cross-section found in that experiment was better deter- 
mined by a new way of scanning, whose method we describe here. The same 
emulsions of the earlier eee were used, i.e. a stack of 20 stripped 
emulsions (Ilford G-5, 600 um thick, 7 em x11 em) exposed to the positive pions 
of (132 +5) MeV produced by the a of Chicago. 

The beam enters through one of the smallest faces of the stack parallel 
to the longest edges and it is concentrated in the central part (~ 3 em) of the 
emulsions. The scanner observes the A,B; 
sections of the plates perpendicular to the 
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mean direction of the beam; the sections beam 
are 44 mm long and at à distance of 5 mm = 
from each other, as indicated in Fig. 1. — 

— 


One observes in immersion with an 8 


; De $ : 123456 
eyepiece, of 8x magnification a 55x obje- 
ctive and with a field of ~300 um of diameter. Fig. 1 — Position of an emulsion 
One searches for the gray and black tracks, with respect to the beam. The 


sections A,B, have been ob- 


i.e. those tracks having a density compatible 
served 


with the one corresponding to a recoil proton. 

If they form an angle smaller than 30° with 

the mean direction of the beam, the tracks are followed in the opposite sense 
of movement of the beam until they go out of the emulsion or appear asso- 
ciated with an interaction which occurred in the emulsion itself. Many of the 
tracks we followed were due to recoil-protons of the elastic scattering m+--p 
Because the angular limit, assumed for the choice of the tracks to be followed, 
the xp events we found are all characteristized by a large scattering angle 


of the pion. 
We have taken into account only the events whose center is less than 5 mm 
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far from the observed section A,B;. The events having 6, < 135° were not 


e. 
considered. 

The scanning method described above is more rapid than the area-scanning; 
in fact the frequency rate for the events z*-+p with 0, > 135° is 4 per 
scanner per day, whereas the corresponding rate for the area scanning is 
0.4 events per scanner per day. 

A further advantage over the area-scanning method, consists in avoiding 
the difficulties of observation, already mentioned when referring to the area- 
scanning. Many scatterings have been found having 6,, near 180° and a scat- 
tering plane perpendicular to the emulsion surfaces; it is most unlikely that 
these events could have been found with the area-scanning method. 

However, this type of scanning does not find all the n*-+p backscatterings. 
which oceur in the part of the gelatine of volume A,B; X d X 500 um before the 
observed section 4,B;. A rt+p scattering originating in the mentioned 
volume may be detected with this scanning method only if the recoil proton 
crosses the section A,B,. For the scatterings, we have considered (0, > 135°, 
E = 120 MeV), the proton has a range in the emulsion longer than 10 mm 
and the angle, which it forms with the incident pion, is smaller than 23°. 
An event is not observed, if the recoil-proton suffers a nuclear interaction or 
goes out of the emulsion before it crosses AB. Only this last possibility is. 
very important in our case. In order to calculate the factors f(0) = »(0)/»,(0) 
which permit the true frequencies »(0) to be obtained from the observed ones, 
» (0), one must, at each scattering angle, account for all the parameters which 
are required to distinguish in the emulsion à m++p event with a certain 6, 
and the corresponding probabilities of their occurrence. These parameters are: 


d, distance from the section AB, varying between 0 and 5 mm; the ioniz- 
ation energy loss being small in this length, we have assumed that the 
cross-section does not change, i.e. all values of h have the same pro- 


bability ; 
2, depth of the event in the emulsion; all 2’s have the same probability; 
®, angle between the scattering plane and the vertical plane, which con- 


tains the incident pion; ® is isotropically distributed; 


%, %, projected and dip angles of the incident pion direction. The angular 
spread of the beam is 4°. The distributions of &,, and &, have been 
carefully determined. 


An analytical calculation of the factor f(0) is rather easy if a, =o = 0. 
Although the angular spread is small, it influences the factors f(0) appreciably 
and therefore it is necessary to introduce it in the calculation. In this case 
the analytical calculation becomes very complicated, but the difficulty can 
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be overcome by applying the Montecarlo method. This was done using a 
mechanical device, with which the ™ +p events were represented in the space 
by the different 9’s and the various parameters d, r, D, &,, and a. The 
function f(9), we have obtained in this Way, 

is drawn in Fig. 2. 


The calculation was performed by assu- 3 er 
ming the section AB of infinite length. 
In the experiment, AB is somewhat longer : 
than the width of the beam, which is con- 1 
centrated in the central part of the plate; De ate eA ome: Fab, 
thus the experimental condition is equivalent BEN PEUT ee ange. 
to that assumed in the calculation. The error Fig. 2. — Correction factors for 
in the determination of the values f(8) is each scattering angle in the 


En a laboratory system. 
smaller than 1°% and therefore it is negligible de 


if compared with the statistical errors. 

Following the experimental procedure, we have described above. 348 r*+p 
events were found in the angular interval 135°+180°. 

They were divided in three sroups, corresponding to angular intervals 
of 15°. The frequencies were obtained, taking into account for each event the 
corresponding factor f(0) deduced from the 
curve of Fig. 2. The angular distribution 
of these scatterings appears in Fig. 3 toge- 
ther with the similar distribution obtained 
with the 165 events found with the area- 
scanning. The two distributions, within the 
experimental errors, are in good agreement. 
So the reliability of the previous results 
obtained by area-scanning is confirmed also 
for this angular interval. We have averaged 
the two distributions and the average distri- 
bution has been normalized to the value of 
the cross-section for 135° < GQ... 180 
O135~180 — (27.4 + 2.2) mb as obtained by the 
area-scanning. 

In the Fig. 4, the differential cross-section 
do/d£ is reported; it is based on 871 events, 
which were found partly with the previous 


it el! 
160 165 180 


135 


Fig. 3 — Angular distributions of 
the back-scatterings found with 
the new scanning (full lines) and 
with the previous area-scanning area-scanning, partly with the new one. 


(dotted lines). The total cross-section is 0,=(96.6+8.7) bm. 

The experimental data are fitted by an 

analytical expression for do/dQ, where the pion-proton interaction is described 
in the 8 and P states taking into account also the Coulomb interference. 
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The best fit was made with the electronic computer, Avidac, of the Argonne 
National Laboratory by H. L. ANDERSON and W. C. DAvrpoN (5). The re- 


sulting phase-shifts, according to the Fermi solution, are: 


er ag ds = 31.8 16, = 26-0 


These values agree very well with 
those given by FERRETTI et al. 
mb H. L. ANDERSON and W. OC. 
DAVIDON have clearly demonstrated 
| thatthe available data in this energy 
157 range are not sufficient to reveal 
any contribution of the D-wave, 


m which consequently must be very 
small here. Some evidence on a 
contribution of the D-wave was 


recently given by Russian authors (°) 
1 working up to 300 MeV. However, 
the problem of the presence of the 
D-wave (or other waves of higher /) 


is still open: only new precise ex- 


Som periments shall lead to definite 

0 30 60 90 720 150 ®o conclusions. As it is well known, 
Fig. 4. — Difterential cross-section for the the presence of a D-wave may lead 
process z'+p = xt+p at 120 MeV. to terms proportional to cos? 0 and 


cos! 0 in the expression for do/dQ. 
The coefficients of the lower powers of the cosine are also affected, but we 
think that, in this case, the detection of the D-wave is mainly linked to the 
possibility of detecting terms of cos? 0 and cos’9. Obvionsly these terms are 
most important for angles near 0° and 180°. However the forward cross-section 
is strongly distorted by the Coulomb interference with respect to the behaviour 
given by > ¢, cos" A. This does not happen appreciably, for the backward 
scattering. 

The method of scanning, we have used, could be very useful for the search 
for the D-wave in the scattering experiments with the nuclear emulsion technique. 
The result we have obtained shows that at 120 MeV the D-wave is not present 
in a measurable amount. Therefore it would be interesting to pursue the 


research at higher energies. 


(5) H L. ANDERSON and W. C. Davipon: Nwovo Cimento, 5, 1238 (1957). 
(6) A. I. Muxurn, E. B. Ozprov, B. M. Pontecorvo, E. L. GRIGORIEV and 
N. A. Mittin: Proc. O.E.RN. Symposium, 2, 204 (1956). 
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We should like to acknowledge with thanks the helpful assistance given 
us by Prof. G. Puppı and we should like also to thank very gratefully Drs. H. L. 
ANDERSON and W. ©. DAVIDON who provided us with the careful phase-shift 
analysis, and Dr. F. CAVINATO who helped us in the Montecarlo calculation. 


RIASSUNTO 


Si discutono i metodi di osservazione delle emulsioni fotografiche impiegate per 
lo studio dell’urto elastico pione-protone e viene descritto inoltre un metodo partico- 
larmente utile per la ricerca degli eventi m+p a grande angolo d’urto (135°< 0,,, < 180°), 
con lo scopo di rilevare, dall’analisi dell’andamento della do/dQ in questo intervallo 
angolare, eventuali contributi di onde con 1 ~ 1. L’analisi della do/dQ2 per il processo 
m++p a 120 MeV, basata su 871 eventi, mostra che onde con 1 > 1 non sono presenti 
in quantita misurabile. Gli sfasamenti delle onde S e P risultano: 


% = — 12.3 + 2.9; &as = 31.8 + 1.6; Sey = — 26 16. 
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r'- Proton Scattering at 100 MeV. 


R. GESSAROLI and G. QUARENI 


Istituto di Fisica dell’ Universita - Bologna 


G. DASCoLA, 8. Mora and G. TODESCO 


Istituto di Fisica dell’ Unwersita - Parma 


(ricevuto il 29 Marzo 1957) 


Summary. — The differential cross-section do/dQ2 for the elastic process 
mt++p at 100 MeV has been measured. 621 events were found in photo- 
graphic emulsion. The phase-shift analysis gives the following values 
for the S and P waves: 


ts = — 10.6 +19; og — 21.7 41.2; ao, = — 2.5 E13. 


The differential cross-section of the x++ p scattering at 100 MeV has been 
measured, using a stack of nuclear emulsions (20 stripped emulsions, 600 um 
thick, 7 em x11 cm) exposed to the pion beam of (132 + 5) MeV of the Chicago 
Synchrocyclotron. The same stack was used earlier by FERRETTI et al. (*) 
and recently by G. FERRARI et al. (?), who studied the x++p scattering at 
120 MeV. More details on the exposure, the methods of scanning and the 
analysis of the events are reported in their papers. 

For this experiment, the scanning was made at a certain distance from 
the edge of the emulsion, through which the 132 MeV pions enter, so that 
their mean energy decreases down to ~ 100 MeV, because of the ionization 
energy-losses. The energy of the interacting pions was measured in many 
T™ +p events by means of the range of the recoil-proton and the scattering 
angle. 


It resulted a mean energy of 100 MeV and an energy spread of about 
12 MeV. 


(!) L. Ferretti, E. MANARESI, G. Pupri, G. QUARENI and A. Ranzı: Nuovo Ci- 
mento, 1, 1238 (1955). 


(?) G. FERRARI, E. MANARESI and G. QUARENI: Nuovo Cimento, 5, 1651 (1957). 
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Firstly area-scanning was made and later the results were completed fol- 
lowing the scanning method described by G. FERRARI et al. (GE 

With the area-scanning 424 events were found in the angular interval 
15° < 0, <180° and with the second method of scanning 197 having 
135° < 6,,, < 180°. The total cross- 
section is o, = (62.4 + 8.0) mb. 15 

The differential cross-section, 
based on the results of both scan- 
nings, is drawn in Fig. 1. The 7 
phase-shift analysis has been made 
taking into account S and P-waves 


a 
= is 
a 


and Coulomb terms. ae 
The maximum likelihood calcu- SF 
lation has been carried out by means 
of the electronic computer, Avidac, a 
of the Argonne Laboratory (*). Only n h i dem 
0 30 60° 90° 720° 150 1800 


the events found with the area-scan- 

ning were used for that calculation, Fig. 1. — Differential cross-section for the 
but the results do not change adding process p= nr --p- ab 100 Mey 
the 197 events, we later found in 

the angular interval 135°—-180°. The phase-shift corresponding to the Fermi 
solution are: 


= 1.2 5 X33 = 2.5 == RR 


%3 = — 10.6 SE 1.9 , X33 = 21.7 


These values are consistent with those obtained by other Authors at 
energies higher and lower than 100 MeV. From the behaviour of the dif- 
ferential cross-section, drawn in Fig. 1, it appears that the destructive Coulomb 
interference is well confirmed again by this new experiment. 


Peer 


We should like to thank gratefully Drs. H. L. ANDERSON and W. ©. Da- 
VIDON for the careful phase-shift analysis and the scanning groups of the 
Bologna and Parma laboratories for their valuable collaboration. 


(5) F. ANDERSON and W. C. Davipon: Nuovo Cimento, 5, 1238 (1957). 


RIASSUNTO 


E stata misurata la sezione d’urto differenziale do/dQ del processo d’urto elastico 
m-+p a 100 MeV. La tecnica usata & quella delle emulsioni fotografiche. L’analisi, 
basata su 621 eventi, ha dato i seguenti sfasamenti delle onde S e P: 


Ce 2 10.067221. 95 iets NEY] RRS CT = alt el etn 
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r’-Proton Scattering at 83 MeV. 


L. FERRETTI and G. QUARENI 


Istituto di Fisica dell Universita - Bologna 


M. DELLA CORTE and T. FAZZINI 


Istituto di Fisica dell’ Università - Firenze 


(ricevuto il 29 Marzo 1957) 


Summary. — In photographic emulsion 274 events z’+p = n'’+p have 
been found. The energy of the pions extends between 70 and 90 MeV; 
the mean energy is 83 MeV. The phase-shift analysis gives, for the S and 
P waves, the following values: 


Te NAR | eee IPMN OS bee — ll ae Ml). 


The pion-proton scattering in the low energy region, below 100 MeV, has 
been so far not very much investigated. The experimental data are not suffi- 
ciently numerous and precise; the biggest difficulty comes from the smallness 
of the cross-section, which does not allow good statistics in the experiments. 
However, from the theoretical point of view, it would be very interesting to 
know the values of the phase shifts and their energy dependence up to few MeV. 
In fact, the estrapolation down to zero energy of the P-wave phase-shifts should 
provide, the value of the pion-proton coupling constant according to the fixed 
source theory given by CHEW and Low (!). Obviously the result of such cal- 
culation will be the more reliable the more the extrapolation is drawn from 
the values corresponding to the smallest energies. 

Using the emulsion stack mentioned in the previous paper (?) and fol- 


() G. Puppı and A. STANGHELLINI: Nuovo Cimento, 5, 1305 (1957). 

(2) L. Ferretti, E. MANARESI G. Puppr, G. QUARENI and A. Ranzi: Nuovo 
Cimento, 1, 1238 (1955); G. DascoLA, R. GEssaroLI, 8. Mora, G. QUARENI and 
G. Topesco: Nuovo Cimento, 5, 1658 (1957). 
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lowing the same experimental procedure, we have measured the differential 
cross-section for the r*-proton scattering in the energy interval 70--90 MeV. 
By area-scanning 274 of such events were found, having 15° < He = 180° 
The mean energy of the interacting pions is 83 MeV, as obtained from measu- 
rements of recoil-proton range and scattering angle. The total cross-section 
has been evaluated on the basis of the number of the events, the flux of the 
pions, crossing the scanned volume, and the number per em? of hydrogen 
atoms; its value is o, = (34 + 4) mb. 
The differential cross-section appears in Fig. 1. 


= 


_ 
I 


= 9 
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0 30 60 90 120 150 180 


Fig. 1. — Differential cross-section for the process z’+p = rt+p at 83 MeV. 


The best fit has been obtained by the assumption that only S and 
P-waves are present and the Coulomb interference is destructive. 

The formula given by F. T. SOLMITZ (?) was used: the resulting phase-shifts, 
according to the Fermi solution, are the following: 


ea oe Om ae Oe ee oa eS Te, 


The S phase-shift seems to be rather bigger and the P, phase-shift rather 
smaller than that espected by considering the values obtained by other 
authors in the same energy interval. However the disagreement may be con- 


(3) F. T. Sozmirz: Phys. Rev.. 94, 1799 (1954). 
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tained within the errors. The P, phase-shift is consistent with the majority 
of the results available up to now. For these energies it is certainly small 


and negative. 


We are most grateful to Dr. A. M. Sona for her collaboration and to the 
scanning teams of the Bologna and Florence laboratories. 


RIASSUNTO 


Sono stati trovati in emulsioni fotografiche 274 eventi m++p = r'+p nell’inter- 
vallo energetico 70-90 MeV. L’energia media & 83 MeV. L’analisi in fasi ha dato i 
seguenti valori degli sfasamenti delle onde S e P: 


= —19.3 49.93 (os 120 2237 ar 
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On the Angular Correlation in the ß-Decay of u-Mesons 
Observed in Photographic Emulsion. 


B. BHOWMIK (*), D. EVANS and D. J. PROWSE 


H. H. Wills Physical Laboratory, University of Bristol 


(ricevuto il 6 Aprile 1957) 


Summary. — The anisotropy of the distribution in the angle 0, between 
the direction of emission of the positron and that of the u-meson, has been 
measured in stripped emulsion stacks exposed to the cosmic radiation. 
Assuming a distribution of the form (1+a cos 0) a value of — .081+.05 
has been obtained for «a». This result is compared with those obtained 
by other workers and the depolarizing effects of photographic emulsion 
are discussed. 


1. — Introduction. 


Since the suggestion by LEE and YANG (:) that non-conservation of parity 
might be observed by studying the angular correlations in the r-u-e decay, 
and the report by ©. CASTAGNOLI et al. (?) of preliminary results from events 
observed in photographic emulsion, which showed that the effect, if it existed, 
must be small, many groups (7) have independently investigated the aniso- 


(*) On leave from the University of Delhi. 
(UND Lee and EN. Yana: Phys. Rev., 104, 254 (1956). 
(?) C. CASTAGNOLI, C. FRANZINETTI and A. MANFREDINI: The A vogadro Conference 
on Fundamental Physies, Turin, 1956). (In press for Suppl. Nuovo Cimento). 
(?) N. N. Brswas, M. CECCARELLI and J. CRUSSARD: Nuovo Cimento, 8, 756 (1957). 


(*) C. CasraGNozr, C. FRANZINETTI and A. MANFREDINI: Nuovo Cimento, 3, 684 
(1957). 
(5) Private communication from P. H. FOWLER, University of Minnesota. 


(*) J. I. FRIEDMAN and V. L. TeLEGDr: Circulated preprints to appear in Phys. Rev. 
() R.-L. GARWIN, L. M. LEDERMAN and M. WEINRICH: Circulated preprint to 
appear in Phys. Rev. 
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tropy in emulsion of the distribution of the angle 0, between the direction of 
emission of the positron and that of the u-meson. The conditions in these 
experiments have differed considerably, and it has been established that an 
anisotropy in the distribution of 6, can be detected. 

The present communication gives the measurements carried out on the 
u-e decays from r-mesons stopped in four stacks of photographic emulsions 
exposed during high altitude balloon flights to the cosmic radiation, discusses 
the internal consistency of the results and compares them with those obtained 
by other workers. 


2. — Experimental technique. 


The x-u. events were found by area-scanning the emulsions. Only those 
events in which the u-mesons were stopped within a single emulsion strip have 
been utilized in this experiment. The z-meson decays were noted whether 
or not a positron secondary was observed from the u-meson. Thus there is 
no bias in picking up events in which the decay positron is emitted preferen- 
tially in one favoured direction. The events for which no positron was seen 
at first were carefully scrutinized, and in every case the secondary was found 
when a 30 um cut-off from the surface or glass interface was imposed on all 
events. Since all secondaries were found there is no bias against the inclusion 
of positrons emitted in any direction, which might otherwise have arisen. 

The projected angle between the initial direction of the u-meson and the 
decay positron was measured with an ocular protactor to within 4°. The dip 
of each track was measured over the initial rectilinear portion. In some in- 
stances for the u-meson the track length used in this measurement was as 
short as 20 um, because the particle is very rapidly scattered; for the positron 
it was always possible to use the first 100 um. The dip measurements were 
made to the nearest um and the dip angles calculated on the basis of a 
shrinkage factor of 2.0. 

The mean shrinkage factor obtained by measuring the processed thickness 
of a number of the emulsions used was 2.0 4 .1, where .1 is the standard 
deviation. The effect on the final results of errors in this factor has been 
carefully considered. In general the forward/backward ratio is unchanged by 
use of a different shrinkage factor (e.g. 1.8 and 2.2). The maximum effect 
oceurs for space angles near 90° when the dip angles are close to 45°, and the 
overall change in the distribution is to make angles in the forward hemisphere 
slightly smaller and angles in the backward hemisphere slightly larger or vice 
versa. The effect is symmetrical about 90° and if the distribution in cos d 
were isotropic it would have no effect on the sum of the cos 0 values; however, 
because the distribution is asymmetrical, there is a small systematic effect 
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which amounts to about 4% in the value of > cos 9 for a change of 5% in the 
shrinkage factor. An underestimate of the shrinkage factor leads to an under- 
estimate of the asymmetry and vice versa. 

3. — Results. 
The predicted form for the required angular distribution for a spin À 


particle is (1+4 cos 0). The mean value of cos 9 is, therefore, a/3. The de- 
termination of this quantity provides the best method of obtaining the value 


120 


of «a», since all the information provided by the experimental data is used. 
The standard deviation of the distribution of (cos 9), if it were rectilinear, 
is — 0.6, and since the distribution in this case is approximately rectilinear, 
the standard deviation on the mean value of cos Ÿ from » observations will 
be 0.6/n?. 

The results from 1562 events are shown in Fig. 1. The backward excess 
is 6.5% and the value of > cos 9 for these events is — 42.24, giving a mean 
value for «a» of — .081 with a standard deviation of .045, which allowing 
for the possible shrinkage factor error becomes .050. The backward excess 
is slightly more than would be expected for this value of «a», because of a 
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larger number of events in the cos 6 interval 0 to — 0.5. The line corresponding 
to a =.08 is shown in Fig. 1. The results are again shown in Fig. 2 for four 
equal intervals of cosd. The line 1 — .08 cos 6 is again drawn. A y? test on 
this line gives a Pearson probability of 0.8 compared with 0.7 for an isotropie 
distribution in cos 0. The difference between these two probabilities is hardly 


ON 
N cos@ 
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significant. All the information is not however used in this method of ana- 
lysis and the difficulty of obtaining «a» by a best fit line is thus well illus- 
trated. The value obtained from all the information available (a=.08 +.05) 
is 1.5 standard deviations from zero. 


4. — Discussion. 


The results of Wu et al. (§) on the ß-decay of aligned Co nuclei and those 
of GERWIN et al. (7) which gave a value of «a» = 0.33 + .03 for the B-decay 
of u-mesons arrested in carbon, are consistent with the two component neutrino 
theory of LEE and YANG (?) and of LANDAU (3°). Using nuclear emulsion as 


(8) C. S. Wu, E. AMBLER, R. W. Haywarp, D. D. Hopper and R. P. Hupson= 
Circulated preprint to appear in Phys. Rev. 

() T. D. LEE and C. N. YANG: Phys. Rev. (in press). 

(1%) L. Lanpau, Nuclear Physics, 3, 127 (1957). 
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the stopping medium for the u-mesons, GERWIN et al. obtained a value of 
0.18 + .03 for «a» (this value has been obtained by taking into account the 
finite time width of their counter gate). This decrease in «a» might be ex- 
plained by depolarising effects in emulsion which would occur due either to 
the presence of large transient fields, or to the stopping of the u-mesons in 
portions of the emulsion influenced locally by stable fields of considerable 
Strength (e.g. where electron capture to form mesonium were possible). In 
the former case it would be reasonable to assume the probability of a u-meson 
being depolarized to be proportional to the time for which it is present in the 
emulsion before it decays. If this were so, one would expect a difference in 
the value of «a» obtained under the conditions of the present experiment 
to that obtained by the Columbia group, due to the difference in the time 
intervals for which the u-mesons are observed after being stopped (t=0 = co 
for this experiment and t = 0.75 ~2.0 ys for that of the Columbia group). 
It can be shown that under these conditions, the ratio 


effective «a» t = .75 —2.0 us 


effective «a» t = 0 = co 


In addition, to enable a direct comparison to be made between the Co- 
lumbia result and those obtained in emulsion using the procedure of the present 
experiment, account must be taken of the 25 MeV cut-off employed by the 
former group on the counter system for the detection of the B-particles. The 
energy dependence of the asymmetry deduced from the two-component neutrino 
theory is given by: 


N(x, 0) = ©2(3 — 2x + p(2x — 1)) dx d(cos 0), 


where 
energy of electron 
max allowed electron energy ‘ 


Integrating this expression over the energy limits observed in the two types. 
of experiments, one obtains: 
effective «a» æ =}4—1 


—— — 1,31. 
effective «a» «x — 0 —1 


The lower value for «a» obtained, while being in accordance with the 
energy dependence deduced from the two component neutrino theory, is clearly 
inconsistent with the form of depolarization assumed above and together with 
the lack of correlation between the size of the time gate and the value of «a» 
observed by the Columbia group, suggests that the process is very rapid and 
migth be associated with a single component in the emulsion, which for example, 
provides a source of free electrons for the formation of mesonium. 
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Table I gives the details of the results for emulsion of other workers and 
Fig. 3a shows a scatter diagram of the values of «a» obtained together with 
the standard deviations quoted and the weighted mean «a» from all the 
observations. These results are just consistent with a common mean. 


TABLE I. 
| | | : | ; 
| Group Exposure | Field «a» 
| GARWIN ei al. ... . Machine | = MONS MER OS) 
| FRIEDMAN ef al. ... Machine | 107 gauss OA TE ER OBS 
BISWA SCA SCENE Machine | TO | — 0.095 + .04 
CASTAGNOLI et al... . | Cosmic ray | <1 » I NR ENT 
| : | 
| FOWLER et al. Cosmic ray ail) » | — 0.01 + .03 
Present experiment | Cosmic ray | <1 » | —0.08 + .05 
(*) This value takes into account the energy cut-off imposed (see text). 
| gave À gave 
127 12- 
| °HA54 
08- 08- 
FOWLER ] 
04, et al “047 | 
| | 
00! t 00 
| ts | °G-Stack 
a. aus | | at 
| | ale | 
-08- | © 08 L 
| ] ‘ MEAN = MEAN 
ae | | a=—-11 12- aA 
| i = T PRESENT 
a Aion | | Er 2 I 
| ’ ° HA.46 
20+ | ar | 
, FRIEDMAN | 
-24- et al -24+- | 
b) 
28 | “ 28+ L 
a-Ve  CASTAGNOLI aXe 
Y et al Y 
Fig. 3. 


In Table II, the results of the present experiment have been analysed 
with respect to the stacks in which they were obtained and Fig. 3b 
shows the resulting scatter diagram for «a», the mean «a» from all obsery- 
ations being again shown. Although the errors are very large, due to the 
small number of events found in the individual stacks, when the results of 
Fig. 3a are taken into account, it seems just possible that in emulsion either 
a value of about — .16 is obtained for «a», or a large degree of depolarization 
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TABLE II. 
Stack Locality Max. alt, Time | Number | PERS 
of flight at alt. | of events | 
HA 46 Oxford | 87.000 6 hours. u 831 | = TS EXO 
(England) | 
HA 54 Cardington | 70 000 CE 8971.10 2.20 
(England) | 
DNS D Sardinia 85 000 7 » 425 — .15 + .09 
(Italy) | 3 
| G-stack Novi Ligure En Al re A7 —_ KP SE 07 
| | (Italy) | = | 
| | | 1 562 = 3 28 Oe | 


occurs reducing the asymmetry to a very small amount. In any case it appears 
possible that the results considered here are inconsistent with a unique mag- 
nitude of the asymmetry of the cos@ distribution in emulsion. Variations 
between stacks are not inconceivable, as some of the substances added to 
Stabilize the latent image are paramagnetic, and small variations in the quan- 
tities of these substances might make appreciable differences to the depola- 
rizing properties of different stacks. 
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BRIASSUNTO (#) 


L’anisotropia della distribuzione dell’angolo 0 tra la direzione di omissione del 
positrone e quella del mesone u & stata misurata in pacchi di emulsioni pelate esposti 
alla radiazione cosmica. Assumendo per la distribuzione una forma del tipo (1+a cos 6), 
si è ottenuto per a un valore di — .081-+.05. Si confronta questo risultato con quelli 
ottenuti da altri sperimentatori e si diseutono gli effetti depolarizzanti dell’emulsione 


fotografica. 


(*) Traduzione a cura della Redazione. 


106 — Il Nuovo Cimento. 


1669 


Effetti galvanomagnetici nel germanio. 
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(ricevuto il 7 Aprile 1957) 


Riassunto. — Vengono esposti i risultati di una serie di misure di resi- 
stivita e di effetto Hall effettuate, a temperatura ambiente, su alcuni 
campioni monoeristallini di germanio del tipo «p» e del tipo «n ». Sono 
riportati i valori della resistività e del coefficiente di Hall in funzione 
dell’intensita del campo di induzione magnetica (fra 0.15 e 1.0 Wb/m?) 
e dell’orientazione del campo e della corrente rispetto agli assi cristallo- 
erafici dei campioni. I risultati vengono confrontati con quelli prevedibili 
teoricamente in base alle attuali conoscenze sulla struttura delle bande 
di valenza e di conduzione del germanio. Per quanto riguarda il ger- 
manio «n », il confronto è pienamente soddisfacente. Si constata che il 
valore del rapporto fra le masse efficaci longitudinale e trasversale degli 
elettroni di conduzione è compreso fra 8 e 12. Per quanto riguarda il 
germanio «p», non & possibile effettuare una interpretazione teorica 
completa dei dati sperimentali, non esistendo attualmente, a causa della 
notevole complessità delle superfici d’energia della banda di valenza del 
germanio, una trattazione matematica soddisfacente. Facendo uso di 
una teoria approssimata, si possono tuttavia giustificare in parte i risul- 
tati sperimentali. Non possono perd essere spiegati i fenomeni di aniso- 
tropia. 


1. — Introduzione. 
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I fenomeni della magnetoresistenza e dell’effetto Hall nei semiconduttori 


sono direttamente collegati alla struttura delle bande di valenza e di con- 
duzione. 
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La teoria delle proprietä elettriche dei semiconduttori & stata sviluppata, 
in un primo tempo, essenzialmente facendo uso della ipotesi semplificatrice 
che le superfici di energia costante nella zona ridotta di Brillouin siano di 
forma sferica. Cid conduce spesso a risultati che sono in notevole disaccordo 
con l’esperienza, particolarmente per quanto rieuarda gli effetti galvano- 
magnetiei. 

Aleune recenti esperienze di risonanza ciclotronica (16), unitamente a mi- 
sure di altro tipo ed a considerazioni teoriche, hanno permesso di determinare, 
con un discreto grado di approssimazione, la struttura delle bande di energia 
del germanio e del silicio. Sulla base delle attuali conoscenze su questa strut- 
tura sono stati fatti vari tentativi per interpretare teoricamente gli effetti 
galvanometrici nei cristalli di questi elementi. 

In tale situazione, hanno particolare interesse le misure degli effetti gal- 
vanometriei in campioni di germanio aventi diverse orientazioni: esse con- 
sentono infatti di controllare e completare le indicazioni fornite dalle espe- 
rienze di risonanza ciclotronica. Misure di questo tipo erano già state effettuate 
da PEARSON e SUHL (1951) (7), con una precisione che si & pero dimostrata 
insufficiente per un proficuo confronto con la teoria. Appare quindi evidente 
Vutilita di dati pit preeisi. 

Nel presente lavoro si & cercato di determinare sperimentalmente l’anda- 
mento del coefficiente di Hall e della resistività nel germanio, sia di tipo « p» 
che di tipo «n>», in funzione dell’intensitä del campo di induzione magnetica 
e delle orientazioni di esso e della corrente rispetto agli assi cristallografici 
dei campioni. I risultati sono stati confrontati con le indicazioni ottenibili 
mediante le teorie attualmente esistenti. In particolare, nel caso del germanio 
«n», tali risultati concordano con quelli ottenuti da GOLDBERG e DAVIS () 
mentre la presente ricerca era in corso. 


2. — Metodo di misura e risultati sperimentali. 


Le misure sono state effettuate a temperatura ambiente, fra 0.15 e 1.03 Wb/m?, 
con il metodo e l’apparecchiatura altrove descritti (°). 


(4) G. DRESSELHAUS, A. F. Kıp e C. Kirrez: Phys. Rev., 92, 827 (1953). 

(2) G. DRESSELHAUS, A. F. Kıp e C. Kitten: Phys. Rev., 98, 368 (1955). 

(3) B. Lax, H. J. ZEIGER, R. N. Dexter e E. 8. ROSENBLUM: Phys. Rev., 93, 
8 


1418 (1954). 
(4) C. Kirrer: Physica, 20, 829 (1954). 
(6) R. N. DEXTER, H. J. ZEIGER e B. Lax: Phys. Rev., 95, 567 (1954). 
(*).R. N. Dexter, H. J. ZEIGER e B. Lax: Phys. Rev., 104, 637 (1956). 
(*) G. L. PEARSON e H. Sunn: Phys. Rev., 83, 768 (1951). 
(2) C. GOLDBERG e R. E. Davis: Phys. Rev., 102, 1254 (1956). 
() G. C. DELLA PERGOLA e D. Serre: Alia Frequenza, 25, 140 (1956). 
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Sono stati usati campioni aventi la forma di parallelepipedi allungati (circa 
1.5mmx3mmx20 mm). Detti campioni sono stati ricavati da grossi mo- 
nocristalli, dai quali sono stati tagliati in modo che il lato maggiore fosse 
parallelo alla direzione cristallografica (100) o alla direzione (110). I campioni 
di tipo «p» avevano una resistività di circa 14 Q cm (~ 2-10" atomi accet- 
tatori per em*); quelli di tipo «n» avevano una resistività compresa fra 14 e 
16 Q cm (~ 10! atomi donatori per em). 

Sono stati determinati l’andamento della resistività 0, e quello del coeffi- 
ciente di Hall, À, in funzione della intensità del campo di induzione magne- 
tica, B, per le tre seguenti orientazioni della corrente e del campo rispetto 
agli assi eristallografici: 


I B 
i! (100) (001) 
2 (110) (001) 
3 (110) (110) 


L’intensita della corrente nei campioni è stata tenuta all’ineirca pari a 
2 mA, avendo cura che essa non variasse durante ogni singola esperienza, nei 
limiti di precisione del dispositivo potenziometrico di misura (1/10000). I va- 
lori della resistivita e del coefficiente di Hall sono stati determinati a meno 
di un fattore di proporzionalita, dipendente dalle dimensioni dei campioni e 
dai parametri del circuito di misura, che si è avuto cura di mantenere rigoro- 
samente costanti. Poichè per gli scopi del presente lavoro hanno interesse sol- 
tanto le variazioni percentuali della resistività e del coefficiente di Hall, non 
ha molta importanza conoscere con grande precisione i valori numerici di 
questi fattori di proporzionalità per op e R. 

Una particolare cura € stata invece dedicata alla misura dell’intensitä del 
campo B, che é stata effettuata mediante un flussometro a risonanza nucleare (1), 
con un errore inferiore a una parte su mille. 

I risultati sperimentali sono illustrati dai grafici 1, 2, 3, 4 e 5, nei quali 
sono riportati i valori di o/o, e R/R, (oo e À, essendo definiti, rispettivamente, 
dalle relazioni: 0, = lim On Jo, lim R), in funzione delVintensita del campo 
d’induzione magnetica B e dell’orientazione di esso e della corrente rispetto 
agli assi cristallografici. 

Poichè non & possibile una determinazione sperimentale diretta di Ry, esso 
é stato determinato, caso per caso, mediante estrapolazione dei dati relativi 
ai più bassi valori dell’intensitä del campo per i quali la misura è stata effet- 
tuata. 


(9) V. ANDRESCIANI e D. SETTE: Ric. Sci., 26, 1101 (1956). 
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Le misure sono state effettuate, per ogni orientazione, su vari campioni, 


tagliati dai medesimi monocristalli, di tipo «n» o «p». I risultati ottenuti 


con campioni dello stesso tipo orientati allo stesso modo sono perfettamente 


concordanti; percid si & rite- 
nuto sufficiente riportare i 
dati relativi ad un solo cam- 
pione per ciascuno 
casi presi in esame. 


dei vari 


3. — Germanio di tipo «p». 

Le Fig. 1, 2 e 3 illustrano 
i risultati delle misure effet- 
tuate sui campioni di tipo 
«p». A questi risultati, pur- 
troppo, non & possibile dare 
una 


interpretazione teorica 


1.2 


% 


© Germanio _ 
0 Resistivita 
I 


x 110 
© 100 
° 100 


001 
001 
001 


nio ‘P, 
(T=295°K) 
B 


B(Wb/m2:10* G) 


04 06 0.8 1.0 


Fig. 1. — Dipendenza della resistività dall’intensità 
del campo di induzione magnetica B in campioni 
orientati di germanio «p ». 


soddisfacente. Infatti il calcolo ‚dei coefficienti galvanomagnetici per il ger- 
manio «p » à, dal punto di vista matematico, estremamente difficoltoso, essendo 


0.8 —— YJhs 


(T=295°K ) 
I B 


» 110 
« 100 
e 100 


001 
001 
001 


z 
Germanio P, Coefficiente di Hall 


07 


Be 


02 04 06 


B(Wb/m*= 10°6) 


0A 


1.0 


Fig. 2. — Dipendenza del coefficiente di Hall dal- 
l’intensità del campo di induzione magnetica B 
in campioni orientati di germanio «p >. 


molto complessa la struttura 
della banda di valenza, che 
è stata resa nota dai risultati 
delle esperienze di risonanza 
ciclotronica. 

Ci siamo percid limitati ad 
effettuare un confronto fra i 
risultati sperimentali da noi 
ottenuti e quelli deducibili 
mediante la teoria semplifi- 
cata di Willardson, Harman 


e Beer (WHB) (1) fondata 
sull’ipotesi di superfici d’e- 
nergia sferiche, che ha per- 


messo di spiegare alcuni dati 
sperimentali ottenuti dagli 
autori di essa su campioni di 
tipo «p » con corrente perpen- 


dicolare alla direzione cristallografica (111). Questa teoria ha il pregio di spie- 
gare le forti variazioni di o e R con l’intensità del campo di induzione magne- 


(1) T. C. Harman, R. K. WıLLarnson e A. C. BEER: Phys. Rev., 96, 1512 (1954). 
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tica, attribuendole essenzialmente alla presenza delle cosiddette «lacune ve- 
loci», dotate di una piccola massa efficace e di una elevata mobilità. La pre- 
senza di queste lacune è stata confermata dalle esperienze di risonanza ciclo- 
tronica. 
(001) (110) (010) (110) (001) 
CA B*05(Wb/m*=10°G) 


Germanio "p, 
Resistivita 
(7=300 °K) 1/10) 


0° 90° 180° 270° 360° 
Fig. 3. — Dipendenza dell’effetto di magnetoresistenza dalla direzione del campo di 


induzione magnetica B nel germanio «p». Neila figura & rappresentato l’andamento 
della resistività in funzione dell’angolo eompreso fra la direzione di B e la direzione 
eristallografica (001). 


Nella teoria di WHB & tenuto conto anche della presenza di elettroni nella 
banda di conduzione, anch’essa supposta con superfici d’energia sferiche. Nella 
espressione del coefficiente di Hall e della resistivita intervengono pertanto 
sei parametri: le concentrazioni n,, N, e nz e le mobilitä 4, 4 € us, rispetti- 
vamente degli elettroni, delle lacune normali e di quelle veloci. Fra questi 
parametri intercorrono tre relazioni: 


| 1 


Ort 0 = (Moy + Nolte + Nzls) ; 
37 2 2 2 P 
| Ro = = (Nu — Nose — Nzu5)|Nıltı + Moto + Nzus)? , 


Lin + m) > 3-10%273 exp[— 0.785/k 7]. 


Restano pertanto da determinare tre parametri. Utilizzando i dati illustrati 
nella Tabella I, dedotti in parte dai risultati ottenuti da WHB, si ottiene per 
o = 1409em 6 = 300 IK: 


Ny de DL OFF Em DO Cite Er 0 CNE 
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TABELLA I. 
T = 
| My Ha Haltız Ms | n/a | 
i Ee | 
3 900 1 900 8 | 15 200 | 0.02 
| (em2/V s) (em?/V s) | + (em2/Vs) | 


Se ne deduce per À, il valore R, = 6:10? em?/coulomb, che è in buon accordo 
con il valore ottenuto da noi sperimentalmente (5.7-104 em?/coulomb). 

L’andamento teorico delle curve che esprimono R/R, e o/o, in funzione 
delVintensita del campo di induzione magnetica (tratteggiato nelle Fig. 1 e 2) 
puè essere allora calcolato mediante la teoria di WHB e precisamente usando 
le formule (10) e (11) del loro lavoro (1). 

Per quanto riguarda il coefficiente di Hall si ha un buon accordo con i 
dati sperimentali. Per quanto riguarda invece Veffetto di magnetoresistenza si 
nota un sensibile scarto fra la eurva teorica e quella sperimentale. Cid è pro- 
babilmente da attribuire al fatto che i valori da noi supposti validi per i rap- 
porti w;/u, e n;/n, sono stati ottenuti da WHB con misure relative a campioni 
orientati differentemente da quelli usati nel corso della presente ricerca. Poiche 
la teoria di WHB & fondata sulla ipotesi di superfici d’energia sferiche, essa 
non pud, evidentemente, spiegare in modo soddisfacente gli effetti di aniso- 
tropia, effetti che sono abbastanza sensibili, come risulta anche dai risultati 
sperimentali illustrati nella Fig. 3. 

In linea di principio, con una conveniente scelta dei valori da attribuire 
ai vari parametri che intervengono nel calcolo, dovrebbe essere possibile otte- 
nere un migliore accordo fra questa teoria ed i risultati sperimentali. Purtroppo, 
perd, non esiste un criterio che permetta di effettuare tale scelta in base a qualche 
ipotesi plausibile. 

Si potrebbero, ad esempio, mantenere inalterati i valori delle concentra- 
zioni n,, N, e Nz (che sono evidentemente indipendenti dallorientazione) e 
quelli delle mobilita w, e u, (le cui variazioni non producono sensibili sposta- 
menti delle eurve teoriche), e far variare invece il valore della mobilità delle 
lacune veloci, us, giacchè questo & il parametro da cui dipendono principal- 
mente le variazioni di o e R. Si osserva, perd, che, mentre l’accordo fra la 
curva teorica della resistività e quella sperimentale non migliora sensibil- 
mente, si ha un notevole disaccordo con l’esperienza per quanto riguarda 
il valore di À, e l’andamento del rapporto R/R, in funzione delVintensita 
del campo. Ad esempio, supponendo wap = 10 (us = 19000 em2/Vs), si ot- 
tiene R, — 7.76-104 em3/coulomb e, per B = 0.75 Wb/m?, si ha 0/0) = 1.092 
© Jilin — 0.011 

Inoltre va osservato che, se si utilizzano le informazioni fornite dalle misure 
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di risonanza ciclotronica sui valori delle componenti del tensore di massa effi- 
cace per calcolare le componenti del tensore della mobilità, mediante la re- 
lazione 


(che & generalmente valida quando la mobilità & determinata essenzialmente 
dalle interazioni fra i portatori di carica e le vibrazioni reticolari), si ottengono 

valori che non sono in accordo con quelli illustrati nella Tabella I. 
Si pud pertanto concludere che la teoria di WHB, pur essendo sufficiente 
per una interpretazione ap- 


Be, j ] prossimata dei dati sperimen- 
g m : 
7g Germanio'n, tali, va opportunamente cor- 
Resistivita (T=300°K) ER. 
110 1 B =| retta per tener conto degli ef-, 
{00 —001 fetti di anisotropia. 
°-119— 110 


1.08 


a 4. - Germanio di tipo «n». 


Le Fig. 4 e 5 illustrano i 
risultati delle misure effettuate 
su campioni di tipo «n». In 
questo caso & possibile dare 
una corretta interpretazione 
1.0 02 PA 06 08 T0 teorica ai risultati sperimentali. 
Infatti la struttura della banda 


1.04 


Fig. 4. — Dipendenza della resistivita dall’in- R : ces 
tensità del campo di induzione magnetica B in di conduzione del germanio © 
campioni orientati di germanio «n ». relativamente semplice, le su- 


perfici d’energia essendo ellis- 
soidi di rotazione. Pertanto il tensore della massa efficace ha due sole com- 
ponenti distinte, una longitudinale m, e una trasversale, m;. 

Vari autori (225) hanno effettuato il calcolo dei coefficienti galvanomagnetici 
nell’ipotesi di superfici d’energia sferoidali. Per Vinterpretazione dei nostri 
risultati ci siamo serviti dei calcoli eseguiti da ABELES e MEIBOOM (1%). Questi 
ottengono le espressioni del coefficiente di Hall e dei coefficienti di magneto- 
resistenza, per varie orientazioni del campo e della corrente rispetto agli assi 
cristallografici, in funzione del parametro K = m,/m,. 

I risultati sperimentali sono in ottimo accordo con le previsioni teoriche. 
Mediante un confronto quantitativo & possibile determinare, entro certi limiti, 


(2) M. SHiBUYA: Phys. Rev., 95, 1385 (1954). 
(1?) S. MEIBOOM e B. ABELES: Phys. Rev., 95, 31 (1954). 
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il valore del parametro K. Dai dati sperimentali relativi all’effetto di magneto- 
resistenza si deduce che K deve essere compreso fra 8 e 12. Una determina- 
zione più accurata non è possi- 

bile, perchè i valori teoriei dei 101 


coefficienti galvanomagnetici R Germanio 'n, 
5 u uns Coefficiente di Hall 
sono assai poco sensibili alle oo 


variazioni di X. Inoltre le va- 
riazioni percentuali del coeffi- 
ciente di Hall con Vintensita 
del campo (v. Fig. 5) sono, nel 23 
germanio di tipo «n», molto 
piecole, e spesso dello stesso 
ordine di grandezza dell’errore ; 1 B 
sperimentale. Per le curve °—100 —110 


della Fig. 5 questo non supera 
3 0 
ib 375 

L’esperienza conferma tut- Fig. 5. — Dipendenza del coefficiente di Hall 
tavia le previsioni teoriche se- dalVintensita del campo di induzione magnetica 
B in campioni orientati di germanio «n ». 


B(Wb/nŸ- 10°G) 
02 04 06 


0.9 


0.8 1.0 


condo le quali le variazioni 
della resistività e del coeffi- 
ciente di Hall con corrente in direzione (110) e campo in direzione (110) sono 
maggiori di quelle che si hanno con corrente in direzione (100) e (110) e 
campo in direzione (001). 

Le indicazioni ottenute nella presente ricerca inducono a ritenere che il 
valore di K alla temperatura ambiente, sia sensibilmente inferiore à quello 
fornito dalle esperienze di risonanza ciclotronica (K= 20). Questo risultato 
è in accordo con altri ottenuti in precedenza nel corso di analoghe ricerche, le 
quali avevano fra l’altro permesso di stabilire un limite superiore pari a 15.6 
per il valore di X (514). 

Va notato, comunque, che il divario fra i nostri risultati e quelli delle espe- 
rienze di risonanza ciclotronica è probabilmente soltanto apparente. Infatti 
una teoria corretta degli effetti galvanomagnetici nel germanio di tipo «n» 
dovrebbe tener conto, come é stato recentemente osservato (1°), oltre che della 
anisotropia delle superfici d’energia, anche di quella relativa ai processi di 
collisione che determinano la mobilitä dei portatori di carica. In tal caso à 
necessario introdurre un tensore del tempo di rilassamento. Con superfici d’ener- 
gia sferoidali questo tensore avrà due sole componenti distinte, 7,e T,, rela- 
tive alle direzioni degli assi principali degli ellissoidi dell’energia. Il para- 


Ke 


(4) G. C. Dena PERGOLA e D. Serre: Phys. Rev., 104, 598 (1956). 
(5) C. Herring e E. Voar: Phys. Rev., 101, 944 (1956). 
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metro K risulterebbe allora definito dalla relazione 


= mi T, 
K = — —, 
Mr Ti 


mentre le espressioni teoriche dei coefficienti galvanomagnetici restano inal- 
terate. 

Va inoltre ricordato che le esperienze di risonanza ciclotronica sono state 
eseguite alla temperatura di 4 °K e, d’altra parte, la struttura delle bande 
d’energia, e quindi il valore del rapporto m,/m,, sono probabilmente variabili 
con la temperatura, con una legge che, perö, non è ancora conosciuta. 


SUMMARY 


Resistivity and Hall effects measurements were performed at room temperature 
on n-type and p-type oriented germanium single crystals, as a function of intensity 
of magnetie induction, between 0.15 and 1.0 Wb/m?. The results of the measurements 
were compared with theoretical expectations based on the present knowledge of ger- 
manium band structure. The comparison is satisfactory for n-type germanium; the 
ratio of longitudinal to transverse electron effective masses has been found to be bet- 
ween 8 and 12. The valence band structure of germanium is so complicate that no 
mathematical treatment has been developed to compare the results of measurements 
of galvanomagnetic effects in p-type germanium with theory. An approximate theory 
has been however used to partially explain the experiment; the observed anysotropy 
however can not be explained in this way. 
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The Flux of Primary Cosmic Ray «-Particles over Sardinia. 


H. H. Aty (*) and C. J. WADDINGTON 


H. H. Wills Physical Laboratory - Bristol, England 


(ricevuto 18 Aprile 1957) 


Summary. — The flux of «-particles in the primary cosmic radiation has 
been determined over Sardinia, geomagnetic latitude, 2, 41° N. A nuclear 
emulsion technique was employed. The result obtained of 72 + 9 


a-particles/m?-sr:s, was considerably higher than the only other directly 
comparable experimental result, but was in good agreement with the 
predicted value. The implications of this result are discussed. 


1. — Introduction. 


It has been shown (+2), that «-partiele and heavy primary fluxes obtained 
over Europe are lower than those obtained at similar geomagnetic latitudes 
over America. These differences have been interpreted as being due to the 
inadequacy of using geomagnetic theory to calculate the true cut-off energies 
at different geographical localities (‘). The correctness of this interpretation 
has been confirmed by the measurements of positions of the «cosmic ray 
equator » (*), and by the direct measurement of the cut-off energies of mul- 
tiply charged particles (11). 

A recent determination of the «-particle flux over Sardinia by DE MARCO 
et al. (°) gave a value of (39 + 8.6) «-particles/m?-sr-s; appreciably lower 
than the value predicted from other observations on the geomagnetic anomaly. 


(*) On leave of absence from the College of Arts and Science, Baghdad. 

() ©. J. Wappineron: Nuovo Cimento, 3, 930 (1956). 

(2) H. Fay: Zeits. f. Naturf., 10a, 572 (1955). 

(8) J. A. Simpson, K. B. Fenton, J. KATZMAN and D. C. Rose: Phys. Rev., 102, 
1648 (1956). 


(4) P. H. Fowzer and C. J. WADDINGTON: Phil. Mag., 1, 637 (1956). 
(5) A. De Marco, A. MıLonE and M. REINHARZ: Nuovo Cimento, 3, 1150 (1956). 
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This determination was, however, of low statistical weight, and the exper- 
imental procedure appeared to be open to criticism. For these reasons the 
z-particle flux over Sardinia has been re-determined using a nuclear emulsion 

method similar to those previously 


10 employed in this laboratory. 
30+ 
50} "¢ 
= 2. - Experimental details. 
x= 
70} À 
8 : 
21. Stack details. — The stack 
used consisted of forty Ilford G-5 
Far stripped nuclear emulsions measuring 
LE MT 0800 1100 1300 1800 10 em X 15 em x 0.06 em, and was 
Fig. 1. - Flight curve as determined by  ©*POsed over Sardinia on the 29th 
radar, visual observation and radiosonde. of July, 1953, for 7 hours 10 min, at 


a mean altitude of 85000 feet. The 
flight curve, Fig. 1, was determined by radar, visual observation and radio- 
sonde equipment. 


2°2. Track selection. — Emulsions near the centre of the stack were scanned 
along lines parallel to the top edge. These lines were separated by a distance 
of one centimeter and were at least one centimeter from the outside edges. 
Tracks crossing these scanning lines were recorded if they satisfied the fol- 
lowing selection criteria. Each track: 


(i) had to have a length of more than 6mm per emulsion; 
(ii) had to have a grain density of at least three times the minimum value; 


(iii) had to make an angle with the vertical of less than 60°. 


All particles whose tracks were found in this manner were traced through 
the stack until they either left, interacted, or were brought to rest. Al- 
together, in a total scanning length of 48 em the tracks of 242 particles were 
found. Of these, 65 were identified as «-particles, 78 came to rest, 83 left the 
stack, and 16 produced low energy disintegrations. 


2°3. Track measurement. — Six hundred grains were counted on every track 
before it was traced through the emulsions. In addition, as a check on the 
detection efficiency (see Appendix), a measurement was made on every track 
of the depth in the emulsion at which it had been detected. 

For those particles which were brought to rest in the stack, the range and 
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grain density were sufficient to identify the particle. The distribution of these 
parameters is shown in Fig. 2. It can be seen that these particles were all 


singly charged. 


Before measuring the scattering parameters of the remaining particles their 


charges were provisionally 


estimated by a visual inspec- 
tion. Scattering measure- 


100! 
ments were then made on 


twenty 500 um cells on the 


a 
oO 


tracks of particles thus iden- 


nn 
i=) 


w 
=} 


tified as being singly charg- 


nN 
oO 


ed, and on fifty such cells 
on those identified as «-par- 


“NJ 
oO 
GRAIN DENSITY [in |grains/50 u 


Re E 
|__| RANGE in mm 


ticles. In both cases a 4D 2 
replacement cut-off was ap- 


AS 10 20 30 60 70 100 200 


Fig. 2. — The variation of grain density and range 


plied, and noise was elimi- for those [particles brought to rest in the stack. 


nated by a procedure si- 


milar to that used by FOWLER and WADDINGTON (?). 
The variation of scattering parameter with grain density is shown in Fig. 3. 
This figure shows that the «-particles are clearly resolved from those of single 


10 70 ©0 30 20 40 0705 0 02 01 007005 00 
Fig. 3. — The variation of grain density 
and scattering parameter for all particles 
not brought to rest in the stack. Those 
particles which interacted are indicated 

by +. 


free path of (17.6 + 5) em of emulsion. 
with those found previously (°”). 


) 
8 
43. 181 (1956). 
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charge. It should be noted that, 
due to the high level of distortion 
in this stack, the scattering para- 
meters obtained for the «-particles 
can only be regarded as upper li- 
mits to the true values. It will be 
seen later (Sect. 4) that the true 
scattering parameters must all have 
been of less than 0.008°/100 pm. 
That these identifications of charge 
are essentially correct is supported 
by the observed characteristics of 
the disintegrations, and by the mea- 
sured value for the «-particle mean 
This value is in excellent agreement 


(6) C. J. Wappineton: Phil. May., 1, 105 (1956). 
M. V. K. Appa Rao, R. R. DANIEL and K. A. NEELAKANTAN : Proc. Ind. Acad., 


1682 H. H. ALY and C J. WADDINGTON 


8. — Results. 


In order to calculate the flux of «-particles observed in the emulsions it 
was necessary to allow for the shielding of some of the scanned area, since 
the scanning lines were not independent of each other. For this reason the 
total scanned length has to be reduced to a true effective length of 30 cm. 
Thus the flux of «-particles in the emulsions was (38 + 5) «-particles/m?-sr-s. 
To extrapolate this value to that at the top of the atmosphere corrections 
were made for the absorption of «-partieles in the matter above the point of 
detection, and for the production of secondary «-particles by heavier particles 
above the stack. The latter correetion was applied by solving diffusion equa- 
tions for the various components of the primary radiation (°), using the heavy 
primary flux values found by Fay (?) at the same geographic locality, and 
the fragmentation probabilities of FOWLER et al. (°). Applying these cor- 
rections the flux of primary «-particles at the top of the atmosphere was found 
to be: 


— 
= 
bo 

[1 


- 9) o-particles/m?-sr-s . 


4, — Diseussion. 


From the «-particle energy spectrum published by FOWLER and WAD- 
DINGTON (1) this flux value gives a cut-off energy Of 2.07%, GeV per nucleon 
for multiply charged partieles over Sardinia, where the quoted errors are solely 
those due to the statistical error in the flux determination. This value of the 
cut-off energy may be compared with that of 1.8 GeV per nucleon predicted 
by geomagnetic theory (®), and that of 2.25 GeV per nucleon predicted on 
the assumption that over Europe there is a 4° shift southward of the « cosmic 
ray » latitudes with respect to the geomagnetic latitudes (1). It can be seen 
that the result obtained in this experiment is consistent with either picture, 
but is quite inconsistent with that obtained by DE Marco et al. (%), since the 


flux value quoted by them corresponds to a cut-off energy of 3.675 GeV per 
nucleon. 


We are grateful to Professor C. F. POWELL for the hospitality of his labor- 
atory. One of us, C. J. W., wishes to thank the Royal Society for the award 
of a Mackinnon Research Studentship. 


(5) M. F. Karron, J. H. Noon and G. W. RAcETTE: Phys. Rev., 95, 1408 (1954). 
(8) P. H. FOwLER, R. R. Hizzrer and C. J. Wappineron: Phil. Mag., 2, 293 (1957). 
(1%) F. 8. Jory: Phys. Rev., 102, 1167 (1956). 
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APPENDIX 


The efficiency of detection of «-particles. 


: The procedure of checking the detection of efficiency achieved in this expe- 
riment closely followed that adopted previously (1), and the reader is referred 


T aT 
600 1 | | 
2 
500 Pe el 
400 - | 
300 aa 
N | N 
200} | \] 
| (3 
III N 
[u 
| e 
| il 
100 R iin mm | 
CARS BOM 


Fig. 4. — The integral length distribution 
of all the tracks found by scanning. For 
convenience of representation all values 
have been increased by a factor two. 


to that paper for details. Essentially 
there are various possible ways in 
which a track might not have been 
detected by the scanner, who in this 
case was one of us (H.H.A.), and 
these are checked as follows. 


(i) The integral length distribu. 
tion of all the tracks is shown in 
Fig. 4. It can be seen that there is no 
apparent evidence for the missing of 
short tracks. 


(ii) Fig. 5 shows the grain den- 
sity distribution of the singly charged 


0 1 1 ee L — 
20 TNT NET 
GRAIN DENSITY per 50 4 
Fig. 5. — The distribution of grain density 


for singly and doubly charged particles. 


Fig. 6. — The distribution of depth in the 
emulsion at which each track was detected. 


particles compared to that of the g-particles, and shows that the possibility 
of missing #-particles due to an underestimate of their grain density was small. 
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(iii) In all 48 tracks found in one scan should have been, and were, 
observed in a second scan, thus showing that there can have been little indis- 
criminate missing of tracks. 


(iv) The measurements of the depth in the emulsions at which each track 
was found are shown in Fig. 6. This figure shows that the scanning efficieney 
has been sensibly constant throughout the depth of emulsion. 


It must, therefore, be concluded that few, if any, of the «-particles present 
in the scanned area have not been detected. 


RIPASS UINSNON (ES) 


Si € determinato sulla Sardegna (latitudine geomagnetica, 7, 4le N) il flusso delle 
particelle « nella radiazione cosmica primaria, servendosi di una tecnica a base di 
emulsioni nucleari. Il risultato ottenuto ((72+9) particelle «/m?-sr-s) & stato consi- 
derevolmente piü elevato del solo altro risultato sperimentale confrontabile col nostro, 
ma si trova in buon accordo col valore previsto. Si discutono le conseguenze implicite 


in tale risultato. 


(*) Traduzione a cura della Redazione. 
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Parity Violation and the Spin of the A° Particle. 


F. CERULUS 
CERN - Geneva 


(ricevuto il 13 Aprile 1957) 


Summary. — The ratio of non-mesonic to mesonic decay is calculated 
using a phenomenological hamiltonian for the A-decay interaction and 
for the pion-nucleon interaction. In the calculation the absorption by 
the nucleons of charged and neutral virtual pions from the A is taken 
into account, and parity conservation in the A-decay is not assumed. 
If parity were strongly violated, a comparison of the results of the cal- 
culation with experiment would indicate that the A has spin 4. If the 
parity violation is slight, spin 3 is still possible. The value of the ratio 
of non-mesonic to mesonic decay is calculated numerically for *He,, 
4H, and *Be, under different assumptions about spin and parity. 


1. — Introduction. 


In a recent article RUDERMAN and KARPLUS (1) derived a relation between 
the ratio of mesonie to non-mesonic decays of hypernuclei and the spin of 
the A°. 

Since the publication of this analysis, the belief in the conservation of 
parity in weak interactions has been heavily shaken, and it seems useful to 
enquire into the effects of a possible parity violation on the A-decay. 

If parity is not conserved, the (real or virtual) pion may be emitted on 
two different /-waves and these transitions will be governed by two different 
coupling constants A; and A_. Interference terms will arise, giving an asym- 
metric angular distribution of the decay of an oriented A°-particle, but in 
the calculation of the decay rates no terms with A;, A- will show up. 


(1) M. RUDERMAN and R. KarpLus: Phys. Rev., 102, 247 (1956) (henceforth cited 
as R.K.; we follow closely the notation of these authors). 


107 — Il Nuovo Cimento. 
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It will appear from the analysis that the ratio of mesonic to non-mesonic 
decay will, for a given spin j of the AP, lie between the two possible values 
obtained in the case of parity conservation, the exact value being determined 
by the ratio 1,/4. 

In comparing the results of the experiment with the calculation one should 
keep in mind that not all decay modes are observable, or could be distinguished 
one from the other. The following mesonic decays occur: 


(A) NS Diet 


(B) Aon+n. 


The last one should be half as frequent as the first for theoretical reasons (?1) 
which seem not to be contradicted by experiment. 

The non-mesonic decays can occur by exchange of a virtual rn” or 7°-meson; 
the graphs for this phenomenon are 


P n n p n n 


Ai p A p A n 
(C) (D) (E) 


Experimentally there is no way to distinguish strietly which of the three: 
graphs (©), (D) or (E) is responsible for a non-mesonic decay of a hyper- 
nucleus containing neutrons and protons. Let us take e.g. the case of the ?H,- 
Its non-mesonie decay is described by three graphs 


Pa Ty n nı pa nu Nap Pa 1 


TT Tee. Tas 


= = oF, 


All pin All pln All pl n 
(©) (D) Œ 


The deuteron-like binding of the n and p has the effect that the r°- will be 
absorbed by a nucleon having already a certain momentum, say p, in the 
center of mass system of the hypernucleus. 


(2?) B. D'ESPAGNAT et J. PRENTKI: Nuovo Cimento, 3, 1045 (1956). 
(5) R. Garro: Nuovo Cimento, 2, 318 (1956). 
(4) G. TAKEDA: Phys. Rev., 101, 1547 (1956). 
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If — k is the momentum of the pion 


in (©) the p has a momentum k 
one n Dee) » P — k 
one n » » » D 

OOS) The MD DR) » p—k 
one n ye » k 
one n » » » — J) 

im (Ee)e thes p, Dr » —p 
one n » » » k 
one n » » » p- k 


It is easy to see when one takes the Fourier transform of the deuteron wave 
function (5) describing approximately the n+p 


DE) = “exp [— VME,x](1 —exp[—2]), 


1.e. 


1 1 
Pol) um + pt (VER ++ pi 
(where H, = 2.2 MeV and YMH,=45 MeV= 0.32 mc?) that for p=k=3 
(in units À =¢ =m,=1) a graph gives 1/500 of its contribution with DU: 
In this approximation one may therefore neglect the interference effects 
between (D') and (E’), and only retain those between (C’) and (D’); in the 
latter we neglect the p-dependence. An analogous reasoning could be made 
for other nuclei; the confinement of a nucleon wave function in the region 
of the nucleus will produce a momentum spectrum of a width 1/2R which 
will always be small compared with the momentum k — 3.0 resulting from 
the r-capture. 

As far as the observability of the non-mesonie decay is concerned, all three 
graphs will give rise to a visible process at the end of a hypernucleus track, 
because even in case (E) it is reasonable to assume that one or more charged 
particles of a few MeV will be ejected along with the two fast neutrons. 
(Compare e.g. the absorption of a x by a nucleus, giving a o-star, 70% of 
which are visible in emulsion). Anyhow, it would be quite easy to allow in 
the calculation for some loss of these events. 


(5) L. HuLTHÉN: Arkiv Mat. Astron. Fysik, 28A, No. 5 (1941). 
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The mesonic decay into neutral particles (Type (B)) will probably not be 
observed, the decay neutrons having only 5.5 MeV. If one wanted to include 
it, it should be counted among the «non-mesonic » decays, as no charged x 
will be seen in the desintegration. 

One should therefore calculate the ratio of the decay rates 


0 rate of (A) 


2. — Calculation. 


We take the interaction operator given by R.K. for process (A) 


(1) Ae arwpr) [ar nur — r')g(r')pA(r) : 


The operator T,, consists of two terms which project the system x-+p on two 
states of the same total angular momentum as the A° but with different parity. 
The Fourier transform of T,, is 


(2) TK) = A,ki+t VE ees (7) Ov, 13 Is: sits ae () Oa | + 


N k DIR k 


7) dna + % EN () BEN: 


+ ARE % an via | 


The coupling constants À, and A_ have different dimensions: 
[A] = [210]. 


The decay rate of a free A° into free p and nr is then given by 
1 2 q2j+2 2 23 
(3) Fées mesonic — on [A2q : ae 2? q | 9 


where q = 0.73 is the momentum of the x. 

If parity is conserved, one of the two terms in (3) has to be zero. 

For calculating the non-mesonic decay one proceeds along the same lines 
as in R.K. The matrix element M._,(k) from graph (C) is given in R.K. 
The matrix element M(k) from (D) is related to M ,(k) in the following 
manner: because of the rule |A7|=} the vertex (nr’A) introduces a factor 
— 1/V2 compared to the vertex (Pr-A) and (px°p) because of charge inde- 
pendence of nuclear forces gives a factor 1/42 as compared to (Ar-p). 
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The sign of the momentum of the pion is changed so as to have the same 
final state in both (M,, and M,): 


<p, k; n, — k|. 
Consequently 


(ua: ku wy LAK) + 37, kur} 
k® +1—[VE + M?— M'P 


Mk) + Mok) = gV2V0 


y™ 


are the normalized spinors of the nucleons. 
The desintegration rate, after summing over the different spin states of 


the end-particles, is then 


1 M 
4 R. -mesonie — —_ = » T / 
( ) charged non 1 g a (M(M'— M) + 1 


{eee y) + #0 + call. 


The matrix element from graph (E) is obtained from the one from (C) by 
introducing again the factor — 1/12 because of the vertex (Ar’A) and 
— 1/V2 because of (nr°n), ie. by multiplying M«y(k) with 4. 

The rate calculated from it is then 


= M = 
[M(M'— M) + 1) 


a 
(5) Rte non-mesonie —— An J? On k23r2(12%2 + 7) > « 


The ratio of non-mesonie to mesonic decay is consequently 


M k\2 3 
») 0 = 29 ar rip () aaa el: 
with 
p,0) = Pr + 1,3] + 1.25 + (- 1) 
à nq +1 ? 
n°k? + al 
De em 
At À 
N save (in units À.). 
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The variation of P,(j) and P, with 7 and j is shown is Table I. 


TABre I. 
LE 
N = 0 0.5 1 2 co 
| a : F 
| Bs | 2.25 2.49 2.94 3.60 4.24 
HEC | 

Py 0.25 4.70 13.40 26.0 38.2 
| j=3,4 
| ie | 1 2.84 6.46 Pay 16.7 


Putting in the numerical values in (6) we obtain 


er 
-] 
— 


Q = (1.320, P;(j) + 0.330, Po) (4-1) . 


3. — Applications. 


For the lightest hyperfragments where the particles may be assumed to 
be approximately free and the exclusion principle does not forbid certain states 
for the decay nucleus, we can use (7). For o, we have to take 


2: Je nanar ; 


to account for the extension of the A outside the nucleus. A similar expres- 
sion is used for o,. 
For ‘He, we took 


eq(r) = ———* exp [= 2V2ME,r], 


where M’ is the reduced mass of the A’ and the *He nucleus, and #,=1.7 MeV 
is the A binding energy. 

For o,(r) and o,(r) we took the density of an s-state in the shell-model, taking 
as the radius of *He 1.7-10-™ cm (%). Because the structures of ‘He, and 


(°) For ‘He the radius as found from electron scattering experiments is 1.5: 10-1? cm 
(R. W. MCALLISTER and R. HOFSTADTER: Phys. Rev., 102, 851 (1956)). The wave 
function of the *He has probably a somewhat larger extension than that of ‘He, be- 
cause the ®He is less tightly bound. 
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4H, are probably very alike and the binding energy of the A is about the same 
in both hypernuclei, we may use the above estimate for *H, as well. 
With the foregoing data we get Table II. 


TABLE II. 
| 1e a à 
| Ne | nl | free) =, | ia ico 
| | | | 
BE IE Vo RCE du «61 6.1... 1.230 "7 2840 
DR Vene Be iar co 6.1 Gta dt e180 370 


For heavier nuclei the exclusion principle forbids certain states to the 
decay nucleon because these are already occupied by other nucleons. 

In a rough way, this can be accounted for as shown in R.K. Making the 
same approximation, I? ~ 4, one gets for a nucleus with Z= N — 4, 
Op = On = 3/87 as in R.K., the results of Table III. 


Tasin III. 


Qu 


These new values confirm the conclusion that the spin of the A° could not 
be larger than 3. To make more precise statemets from a comparison with 
experiment, it would be necessary to have statistics allowing to get rather 
precise experimental values of Q for the various hypernuclei. 

If from another type of experiment it would become apparent that parity 
is strongly violated in the A-decay, one could conclude that the spin has to 
be 4, because j = 3, 1 ~ 1 gives in all cases a much too large Q, compared 
with the known facts. 


We gratefully acknowledge an important remark by Dr. B. D’ESPAGNAT 
and a stimulating discussion with Prof. B. FERRETTI. 
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RIASSUNTO (*) 


Si calcola il rapporto del decadimento non mesonico al mesonico per mezzo di 
un’hamiltoniana fenomenologica per l’interazione del decadimento A e per l’interazione 
pione-nucleone. Nel calcolo si tien conto dell’assorbimento nei nucleoni di pioni carichi 
e neutri virtuali del A e non si postula conservazione di parità nel decadimento A. Se 
la parità fosse fortemente violata, il confronto dei risultati del calcolo coll’esperienza 
indicherebbe che il A ha spin +. Se la violazione della parita è di modesta entita é 
ancora possibile lo spin 3. Si calcola numericamente il valore del rapporto del decadi- 
mento non mesonico al mesonico per *He,, *H, e *Be, con differenti ipotesi sullo 
spin e la parita. 


(*) Traduzione a cura della Redazione. 
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On the Equivalence Theorem for the Massless Neutrino. 


L. A. RADICATI 


Istituto di Fisica dell Università - Pisa 


B. TOUSCHEK 


Scuola di Perfezionamento in Fisica Nucleare dell’ Universita - Roma 
Istituto Nazionale di Fisica Nucleare - Sezione di Roma 


(ricevuto il 15 Aprile 1957) 


Summary. — Anew proof is presented of the Serpe-Fierz equivalence theo- 
rem for the free neutrino case. The interaction of neutrinos with their 
sources is seen to restrict the freedom in the neutrino description. It is 
proved that the only two state theory for the neutrino which does not 
give rise to double §-decay is the Weyl-Lee-Yang theory. 


Recently LEE and YANG (!) have proposed to apply WEYL’s (2) two com- 
ponent theory of the neutrino to the ß-decay process. The result is a theory 
in excellent agreement with the new information on weak interactions recently 
published by WU, LEDERMAN et al. (3), 

It has been pointed out by SERPE (!), FIERZ (5) and by Mc LENNAN (°) that 
Weyl’s theory is completely equivalent to the theory of Majorana (7) with zero 
neutrino mass. In the present note we want to illustrate this equivalence. 


(*) T. D. Lee and C. N. YANG: Phys. Rev. 105, 1671 (1957). 

(2?) H. Wry: Zeits. f. Phys., 56, 330 (1929); see also W. Pauti: Hand. d. Phys, 
vol. 24/1, p. 225 (Berlin 1933). 

(#) C. S. Wu, E. AMBLER, R. Hupson, R. Hayworp, D. D. Hoppes and R. P. 
Hupson: Phys. Rev., 105, 1413 (1957); R. L. Garwin, L. M. LEDERMAN and M. WEIN- 
RICH: Phys. Rev., 105, 1415 (1957). 

(4) J. SERPE: Physica, 18, 295 (1952). 

(5) Frerz: Private communication to one of us. 

(6) Private communication from Prof. FIERZ to one of us. 

(7) E. MAJORANA: Nuovo Cimento, 14, 171 (1937). 
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We begin by giving a different proof of the equivalence theorem which 
does not make explicit use of spinor calculus. 

Let us first consider the case of à free neutrino. We assume that this 
particle has spin 4 and mass zero. The Majorana neutrino is then represented 
by a q-number field y, (o—spinor index) with the property (in Majorana gauge 
which is used throughout) 


(1) My = be: 


The plane wave representation of y, is: 


(2) L(x) = — a(p, s)u,(p, 8) exp[ip:x] + H.C., 


(H.C. stand for hermitian conjugate), where u(p, s) satisfies the equations 


(3) (a: p— |p|)u(p, s) = 9; (c-p—s|pl)u(p,s) = 0 


Here a and f are the usual Dirac matrices and a(p, s) is a destruction oper- 
ator defined by the anticommutation relations 


(4) {a-(p; s), a(p', s')} 0 {a(p, s), at(p’, s')} = Re 

For every given value of the momentum vector p the Majorana neutrino 
can therefore be formed in any one of the two states corresponding to s — +1. 

We shall call a theory of this type a two state theory of the neutrino, to 
be distinguished from the four state theory of an ordinary fermion. 

The Lagrangian 


0 

& 2 = — AS js 
(0) BY a 0%, x 
is invariant under the substitution 
(6) Puk)P" = iyul—%), 
which will be interpreted as representing space reflection, since it acts in this 
way on the equations of motion. 

We now consider a set of spinors: 
(7) V21= (y, V2 =A + ys\m, 


where the second equation follows from the first because of (1) and y*= — y,. 
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Using y; =—(a-e)(o-e) valid for an arbitrary unit vector e and (3) 
we find from (2) that the Fourier representation of À is: 


, 


a 


(8) A, = > (ap +)u,(p +) exp [ip-x] + at(p —)u 
12 


p —)exp[— ip:x)). 


The operator À therefore destroys neutrinos with spin parallel to their 
momentum and creates neutrinos with spin antiparallel. The operator A* does 
the opposite. The expressions }(1 + y;) are « Nullteiler ». Their eigenvalues 
are 1 and 0, and it is therefore clear that there must exist a gauge of the ys 
in which À are two component spinors. 

The number of components however depends on the gauge and is in no 
way significant for the physical content of the theory. To see that the oper- 
ators À, A" defined by equations (7) are identical to those of Weyls theory 
we consider the Lagrangian 


(9) L'= — yy, UNE 


© 
OR, 
which has also been used by YANG and LEE. We show that L'— £-1 1(0,J ‚[6«,) 


where 


(10) I, = MY Volt « 


For by using (7) we have 
p' 0 an a 
or) ANE MT MysVuys a Ur 
care om 


Now, because of the anticommutation of the operators u and because of 
Yıyıys = — (Yay ys)’ one has L'= L+X 0/08 ,)(uyay,ysu). The two Lagrangians 
(9) and (5) therefore differ by a divergence. The transformation (7) is there- 
fore a canonical transformation. 

Since the LEE and YANG neutrino is completely defined in terms of the 
Lagrangian (9) and the condition 


(11) A eh 


and since the latter is obviously satisfied by (7) this proves the complete equi- 
valence of the two theories 
Under the reflection (6) 2 and A+ undergo the transformations 


[ PA (x)P-1 = iyÂt(— x), 


P)*(x)P = ind (— x): 
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We observe that, if one insists on calling À the operator which destroys. 
neutrinos and + the operator which destroys antineutrinos the reflection trans- 
formation (12) requires the replacement of neutrinos by antineutrinos (*). 
It is clear that if for certain interactions the replacement of neutrinos by 
antineutrinos if forbidden parity will not in general be conserved. 

It must be considered an advantage of the Weyl-Lee-Yang (WLY) theory 
that it insures that the mass of the neutrino is zero. For one has identically 
(because of (1— y;)ya(li — ys) = 0) A*y,A — 0. If one wanted to describe 
massive neutrinos by means of À and AT, the mass term would be of the form 


Aya + ya“. 


In the Majorana theory, on the other hand, m — 0 has to be imposed as 
a separate condition. This condition can also be formulated by an invariance 
requirement (5). For if m — 0 the Lagrangian (5) is invariant under the 
transformation : 


(13) w= exp [ty,a]u , 


with arbitrary real « Also (13) insures that the mass is zero. Under (13) 
À and A" undergo the transformation 


(14) “= exp[— tala, A*' = exp[+ia]at. 


This invariance property, which is authomatically satisfied in the WLY 
theory and in Majorana’s theory provided that m = 0 allows one to deter- 
mine a constant of the motion. A local conservation law of a scalar quantity 
requires the definition of a vector density. Now, it is well known that the 
Majorana neutrino does not allow the formation of a vector and an ansitym- 
metrical tensor. This is due to the anticommutation of the neutrino operators 
and the fact that (ya9,) = Ya¥, and (Vian) = YaYun- It follows that the Majo- 
rana neutrino can have neither charge nor magnetic moment. The Majorana 
neutrino however allows the formation of a pseudo-vector, namely uyıy,Ystt 
and therefore the definition of a pseudo-charge 


(15) 4 = — [ais 


(*) This would still be the case with the most general representation of (6), namely 
P,(x)P-1=exp [i ôy;liyau(— x) with arbitrary real 6. 
(5) B. TouscHEK: Nuovo Oimento, 5, 754, 1281 (1957); 5, 1281 (1957). 
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in terms of the WLY operators one has for q' 


(15') ga [war 


and it is easily seen that because of (2), or (8), it follows that 
(16) IND Maks 


where n, is the number of neutrinos with their spin parallel and n, the number 
of neutrinos with their spin anti-parallel to the direction of p. (We shall refer 
to them as « parallel» and «antiparallel » neutrinos). It is also seen imme- 
diately that q must be a « pseudocharge » for a space reflexion replaces n, 
by n, and viceversa. 

We now want to consider the sources of the neutrino field. Restricting 
ourselves to non derivative couplings the most general form of the source 
Lagrangian will be 


(17) — H= AryıS 4. Sty,d ; 


where S is a spinor made up in general of an odd number of spinor operators 
and an arbitrary number of boson operators. It will be assumed that S trans- 
forms like u under proper Lorentz transformations but that (17) is not in ge- 
neral reflection invariant. It can further be assumed that the operators S 
and S+ anticommute with À and A* so that instead of (17) one may also write 


(17) — H' = ity,8 + dy S*. 


It is immediately seen that this Hamiltonian is still much more general 
than the specific theory proposed by LEE and YANG. For suppose that one 
has S = S*, then because of (7) one has 


(18) — H'= Vins (for 8 = 8°) 


and this is exactly the form of the source Lagrangian which one would have 
expected for the Majorana neutrino and which—as it is well known—leads 
to the possibility of double ß-decay without the emission of neutrinos. For 
ß-decay one would in general have S = O,e}(n"y,0,p), where O; are a set 
of y operators and ¢,, p, n are the spinor operators which destroy respectively 
a positron, a proton and a neutron. For S = S* it is necessary that S be of 
the form Over (nty,O ip) + (p*O:yan)e,0,;. 

As a result the type of neutrino emitted does not depend on the isotopic 
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spin component of the emitting nucleon: the same neutrino can be emitted 
or absorbed with the emission of an electron or à positron. 

It is therefore quite clear that to get the theory of Lee and Yang it is not 
sufficient to use Weyl two component teory, but an additional requirement 
is needed, which defines the selection of the proper source functions of the 
neutrino. It is therefore this requirement which « makes » the theory of Lee 
and Yang and not the introduction of Weyl spinors which—as it has been 
shown—are completely equivalent to those of the Majorana theory. 

LEE and YANG therefore make a specific choice of the interaction Lagrangian 
which in the case of ß-decay can be thus described: 

The «parallel » neutrino is labelled as « neutrino », the « antiparallel » part- 
icle as antineutrino. - The interaction is chosen in such a way that it conserves 
the number of Fermi particles minus the number of antifermions. 

It has been shown by one of us (*) that it is possible to define this choice 
of interaction by means of an invariance requirement. The conservation of 
the number of fermions minus antifermions is one of the possible inter- 
pretations of the constant of the motion defined by this invariance. 

The invariance principle is based on a gauge group containing (13) and (14): 
and the supplementary transformation 


(19) yi = exp [ila]y: , 


for the i-th (not necessarily spinor) field. It is clear that because of (19) S will 
transform as exp [#Alx], where Al is the difference of the numbers / of the 
particles destroyed and those created in conjunction with the creation of a 
parallel neutrino. 

Because of (14) we must have Al = — 1. It is also immediately obvious. 
that (13), (19) exclude the possibility of a Majorana type coupling (18), for 
with S"— 8 we must have Al = 0; the emission of a neutrino on the other 
hand requires Al = +1. It is also seen that double ß-decay is impossible 
without the emission of neutrinos. For it follows from charge conservation 
and the conservation law implied by the invariance (13), (19) that 


(20) Ab —- UN TE Ts +Q)=0. 


Here /, and !,; are respectively the !-numbers of proton and positron, N is: 
the nucleon number, equal to the number of nucleons minus antinucleons. 
and 7, is the third component of the isotopic spin. The + signs depend on 
whether in neutron decay a « parallel» or «antiparallel » neutrino is emitted.. 

Now, for double ß-decay we have |A7;|= 2 and we must therefore have: 
Aq = 2 so that at least two neutrinos must be emitted. 
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It therefore appears that the WLY theory is the only formulation of the 
ß-decay involving a two state neutrino which does not give rise to double 
ß-decay without emission of free neutrinos. 


One of us wishes to thank Prof. FIERZ for communication of a proof of 
this theorem. 


RIASSUNTO 


Si da una nuova dimostrazione del teorema di equivalenza di Serpe e Fierz. Si 
dimostra che l’interazione fra i neutrini e le loro sorgenti limita l’arbitrarieta della 
descrizione del campo neutrinico e che l’unica teoria a due stati del neutrino che non 
dia luogo al doppio decadimento @ & la teoria di Weyl-Lee-Yang. 
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Systematics of A’ and 6° Decay (*). 
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Nevis Oyclotron Laboratory, Columbia University - Irvington, New York 


M. SCHWARTZ and J. STEINBERGER (*) 


Brookhaven National Laboratory - Upton, New York 


(ricevuto il 17 Aprile 1957) 


Summary. — Systematic observations on 528 A°-0° production events in 
propane have yielded the following information: 1) There exists a neutral 
A9 decay; A7 +n and the fraction of A®’s decaying in this mode is 
.32+.05. 2) The 0% component has a neutral decay mode, very probably 
0 +x°+nx°. The 0° therefore very probably has even spin. The fraction 
>/a0 al 0 0 à 
2 Ur Em) is .14-+.06. The branching ratio AR ae eu) 
P(6° — 27) P(N—7- +n) 
P (0° 27°) 
P(0°>xt++7-) 
seems to be in disagreement. 3) (51+7.5)%, or just one halfofthe 0° mesons 
escape the chamber and are to be identified with the 0%-meson proposed 
by GELL-MANN and Pats (*). The question of the existence of additional 
==> D où) 
e-+p-+y 
are not observed and the fraction of such decays is less than 2%. 5) The 
3 particle decay modes of the 62 have not been observed and are there- 
fore very unlikely to exceed 2% of all 0) decays. 6) Preliminary mea- 
surements yield lifetimes 199=(.95+.08)-10-!9 s and tyjo=(2.8+.2)-10- 8. 
7) For the 6% we obtain a lower limit of the lifetime, which together with 
the results of LANDE et al. (5) brackets the 09 lifetime (3 < 9% < 10)-10-8s. 


is in good 


agreement with the /= 4 selection rule; the branching ratio 


(parity doublet) decay modes is discussed. 4) The decays A> 


1. — Introduction. 


NUOVO CIMENTO Vor. V,.N. 6 1° Giugno 1957 


The observation, in considerable number, of strange particle production 


events in the bubble chamber, with clearly visible origin, enables us to study 


the decay processes of the A® and 0° particles. 


Energy Commission. 


(*) Permanent address, Columbia University. 


In particular, the observations 


(*) Supported by a jomt program of the Office of Naval Research and the Atomic 
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on electron-positron pairs produced by y-rays resulting from such decays permit 
the analysis of neutral decay modes of the A° and 6°. y-rays, almost certainly 
due to strange particle decays, have previously been observed with electronic 
techniques ("2), but under conditions in which the origin, whether INO (UE 
or &*, was not clear and where the nature of the particular decay mode could 
not be studied. 


2. — Outline of experiment. 


The experimental technique is briefly the following. We look at events 
in the bubble chamber in which at least one A° or one 6° is produced by the 
incoming x and is observed to decay in the chamber, and in which definitely 
no charged strange particles are produced. The latter is established by the 
requirement that all charge particles in the production event stop in the chamber 
and show no decay secondaries. We assume the associated production hypothe- 
sis to be established, and hence that in all of these events, two neutral strange 
particles were actually produced, even though only one of them was observed. 
If, say, a A is seen, then it is assumed that a 0° also traverses the chamber 
whether or not its decay is visible. In this sense the A° observation serves as 
the detector of the 6° and will henceforth be referred to as a « 0° signature ». 
As we have previously pointed out (3), it is usually possible to determine whether 
the reaction was with a free proton, e.g., r+p — A®+6°, by noting whether 
the A° energy corresponds to that expected from its production angle (measured) 
and the beam energy (known). In those cases (~ 40%) which do fit a pro- 
duction in hydrogen, the direction and momentum of the 6° is known with 
or without the observation of its decay. 

The converse situation exists for the A°. The observation of a 0° without 
production of an associated charged strange particle demonstrates the pro- 
duction of a A either directly or through an intermediary 2°, and in a good 
fraction of the cases (~ 40%) the direction of propagation and momentum of 
the A° are known as well. Observations of 0° production without associated 
charged strange particles will be termed « AP signatures ». These « signatures » 
make it possible to identify nuclear interactions, or unusual de ‘ay modes of 
the particle, even though its normal decay is unobserved. This then is the 
basic technique of the experiment. 

There is a reasonable probability (—7%) that a y-ray produced in the 
decay of one of these particles will produce an electron-positron pair some- 


() S. L. RIdGEWAY, D. BERLEY and G. B. OoLLIns: Phys. Rev., 104, 513 (1956). 

(?) B. Moyer and J. Oster: Proc. of the Sixth Annual Rochester Conference. 

() R. BUDDE, M. CHRETIEN, J. LEITNER, N. Samios, M. Schwartz and J. STEIN- 
BERGER: Phys. Rev., 103, 1827 (1956). 


108 — Il Nuovo Cimento. 
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where in the chamber. At these energies (in the neighborhood of 100 MeV 
or more) both members of the pair are emitted very close to the direction of 
the y-ray. The energy of the y-ray is determined by the curvature of electron 
and positron in the magnetic field. Events in which materialized y-rays are 
associated with «0° or A° signatures » can serve therefore to establish the 
neutral decays of these particles and give information on the nature of these 
decays and their relative probabilities. 


3. — Experimental details. 


3:1. Apparatus. — The chamber is 12 in. in diameter and 8 in. deep, and 
in a magnet which produced 13.7 kG in the center, and 13.2 kG at the peri- 
phery. The average field is 13.4kG. The expanded propane has a density 
of .425 g/cm’. The partial density of hydrogen is .088 g/cm?. The size of the 
chamber is such that of the order of 80-90% of the A° and 0° particles produced 
in the chamber also decay in it. 


3:2. Beam and exposure. — The beam is collimated in the manner previously 
deseribed (?) but an additional lead collimator directly in front of the chamber 
limits the beam aperture to a width of 4 in. in the dimension of the depth of 
the chamber and 5% in. in the dimension of the height of the chamber. This. 
insures that all events are produced in a central region as far as these two 
dimensions are concerned. The only unfavorable events, unfavorable because 
of short potential path of the A’s and 0’s, are collisions close to that chamber 
wall at which the particles leave. Three beam momenta are employed: 
980 MeV/c, 1.30 GeV/c, and 1.43 GeV/c. The beams are defined to a mo- 
mentum interval of + 1%. The pictures have between 10 and 20 beam tracks 
each and on the average an event of the type analyzed here appears in one 
out of ~ 50-100 frames. 


3:3. Selection of events. — The pictures are examined as reprojected images 
which are either life size or somewhat larger. We have searched systematically 
for events in which the incoming x meson suffers a collision and one or more 
V particles appear. All such events are tabulated provided all the prongs 
of the star, if any, come to the end of their range in the chamber and clearly 
show no decay. All chosen events are therefore examples of the productions 
of an associated 0° and A° (which may be the daughter of a £°) pair (*), whether 
both, or only one of them is actually found. 

(*) This is of course on the assumption that the selection rules for associated pro- 


duction are strictly valid, and events produced by the small (~.1~.01%) K~ conta- 
mination can be neglected. 
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The V particles are identified as AP’s or 0°’s in the manner previously re- 
ported (*), except that in addition we now know the momenta of the two prongs, 
and the energy of the V is obtainable both in this way or using the angular 
correlations as before. It must be remarked that the background of V’s which 
are not of strange particle origin is negligibly small, and it is possible to select 
the events by means of inspection and rough measurement and calculation. 


4. — Results. 


41. Numbers and types of observed neutral production events. — The number 
of events which have been found in approximately 20000 pictures are tabu- 
lated in Table I. 


TABLE I. 


168 rn interactions with both A® and 6° observed. | 
251 zx interactions with only AP observed. 
109 x” interactions with only 6° observed. 


528 total number of events. 


The 419 events in which the A® is seen will be called « 6° signatures ». Si- 
milarly, the 277 events in which the 0° is seen will be called « A° signatures ». 


42. Neutral decay of the 8°. — Consider the following possibilities for neutral 
decay modes of the 0°: 


(1) Qo > m0 + x 
(2) 0 stm 4m 
(3) DEC 

(4) Oy tn. 


These decays are observed through the materialization of the y-rays in the 
chamber. The y-rays we expect here have between fifty and several hun- 
dred MeV. The main materialization process is pair production, either internal 
or in the liquid. The probability of internal conversion is = .6 %. The com- 
position of the chamber liquid is C,H, and the density is .425 g/em?. The 
mean free path for y-rays of this energy range in this material is 200 em. The 
average track length of a particle produced in the chamber is ~ 15 cm, and 
if 3cm are required for deteetion, the conversion probability in the propane 
is 12/200 =6%. The total conversion probability is then 6.6%. The reactions 


en 
oO 
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(1)-(4) are observed with efficiencies which depend on the number of y-rays 
which are emitted. Reaction (1) 24%, reaction (2) 34%, reaction (3) 13%, 
and reaction (4) 19%. 

It is clear that in this experiment we will rarely see more than one of the 
y-rays at a time. Nevertheless, it is possible in principle to establish the decay 
mode by studying the spectrum of the photons in the 0° rest system. The 
transformation to the rest system is unambiguously possible in the case of 
hydrogen events, and can be attempted in the other cases more or less ac- 
eurately by assuming a 0° energy and momentum most consistent with energy 
and momentum balance of the observed A° and charged particles. If one of 
the decay modes is dominant, even a crude analysis may then make it pos- 
sible to select this mode. Even a poor knowledge of the average y-ray energy 
may suffice, since this varies from 246 MeV in the case of 2y emission (reac- 
tion (3)) to 82 MeV for the case of 37° emission (reaction (2)). 

It should be remembered that the angles of the members of the pair with 
respect to the y-ray are very small, —.me?/E, so that the members of the 
pair usually determine the y-ray direction to a few tenths of a degree. 

The neutral 0° decays are then studied in this experiment by investigating 
those «0° signatures » in which a positron electron pair also appears in the 
picture. The line of flight of the pair must intersect the line of flight of the 0°, 
which is well defined for the hydrogen events and more poorly defined for 
the others. 

It is necessary to study the possibility of chance coincidence between a 
« 0° signature » and a y-ray. We have analyzed some rolls of film to find the 
frequency of occurrence of electron-positron pairs. These pairs fall into 3 cate- 
gories. 

a) Pairs clearly originating in some other event in the chamber, i.e., 
pointing to a star or to a stopping incoming beam track. These we ignore, 
because we do not accept them in those cases where a 0° signature is also in 
the same picture. 


b) Pairs pointing in the direction opposite to the incident beam. There 
are a rather large number of these; approximately one in 25 pictures show 
such a pair. They are produced chiefly by the radiation of the electron con- 
tamination in the beam in the aluminium walls of the chamber. We have 
decided not to include any such y-rays among our events, since by excluding 
them we exclude a large fraction (approximately 4) of the background, while 


missing only a very small fraction (perhaps — 5%) of the real events. 
RS 
c) All other electron-positron pairs. There is one in about 20 pictures, 


and we estimate the probability that the direction of propagation and the 
energy of such a y-ray are accidentally consistent with 0° decay to be approx- 
imately 1/50 in hydrogen events and 1/10 in non-hydrogen events. 
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Fie®1. — An event in which a 6° signature, that is an interaction which produces a visible 
A9, is associated with two electron positron pairs. 
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So far we have observed 251 0° signatures in which the 0° is not observed 
to decay into charged particles and of these perhaps 40% are in hydrogen. 
The chance events in hydrogen collisions are therefore ~ 251 x .4x 1/20 x1/50=.1 
which is negligible. All hydrogen events can therefore be assumed to be real. 
The number of expected non-hydrogen chance coincidences is — 251 X.6 x 
x1/20x1/10 > .75. There is then a good possibility that one of the events 
in Table II is a chance event, but the probability that chance events seriously 
affect the results can be ignored. 

We have observed seven 0° signatures with associated y-rays which meet 
our criteria. In one of these, two y-rays materialize, so that there are alto- 
gether eight y-rays. One of these events is reproduced in Fig. 1. The details 
of the events are tabulated in Table II. 


TABLE II. 


Path | 


| | | y-ray Lifetime 
Ce Fe No. Angle | 0° mo- y-ray energy length of, of 0° in 
No: prod. of between | mentum) energy in | 0° before | rest sy- 
Yes/No| y-rays | 6° and y| MeV/e | (MeV) 0° em |decaying| stem in 
| | | | MeV (em) | 10-0 5 
| | | | 
| 8380/69 No | 1 25° 600 114+ 15 54+ 8 1.8 | .52 
| 3336/34 Now") 1 55° | 1020 85+ 20 | 94422 | (Sey th eas 
3903/35 Veste 30° | 620 | 230+ 20 | 120+10 3:30. 11.889 
| 7722/40 Yes | 1 | 40° 470 | 165+ 20 | 118+15 | 1.9 65 
1621/60 No 0227 7172108: 620 |102+ 10 | 205+25| 2.5 62 
| 24° 250+100 | 113 +40 
1269/46 No 1 | 5° 760 | 237+ 20 | 73+25 4.4 95 
4769/9 Yes | 108 67° 1 080 95+ 10 | 148+15 5.3 88 


A histogram of the energy distribution of the seven y-rays in the center 
of mass system of the decaying 0° is shown in Fig. 2. 
We wish to make the following points: 


1) It is clear that the 0° has at least one neutral decay mode and that 
y-rays are produced, either directly or through x’ decay. 


2) The average number of y-rays produced in 6) decay, referred to the 


number of 0%’s decaying in the normal, charged decay 0! > x-+7-, is 


number of y’s observed with 0° signatures 


8 — 1d 


' 3) The y-rays do not have a unique energy. 


J aes £ = en —.0D 22.20. 
number of 0’ r++17- observed with 0” signatures x .066 .066 x 168 


4) The average y-ray energy is 155 + 25. The error here indicates the 
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statistical uncertainty that can be expected from 8 events, if the distribution 
is as broad as indicated in Fig. 2. 


5) The 2 y-rays in event 1621/60 cannot have the same rn’ as parent, 
on the basis of their energies and the angle between them. 


- 


= 
real 
fed 
Wy 
te tht 
0 150 250 
Y-RAY ENERGY IN 8° REST SYSTEM 
Fig. 2. — A plot of the energy spectrum of observed y-rays from alternate 0° decay, 


in the rest system of the 0°. Drawn in for comparison is the spectrum for 27° decay 
as well as the spectrum for 37° decay. 


We now discuss the neutral decay modes (1)-(4) in terms of the data. 


1) 0 —2r'. Here we expect a uniform y-ray spectrum between 20 and 
226 MeV, with a mean energy of 123 MeV. This is in good agreement with 
the data, as can be seen in Fig. 2. 


. . . . . . . e . 
2) 6! + 37°. Using a non-relativistic phase space distribution for the x° 


we expect a spectrum of the form 


1 4 
N(E,) = Bi 4E RE (Ms 25°} 2 
Ÿ T 


max 


where EA“ is the maximum r° kinetic energy. This spectrum has been plotted 
in Fig. 2. It gives an average y-ray energy of 82 MeV and is also consistent 
with the observed data. 


On the other hand, if this mode exists, there is a very strong presumption 
that the charged mode, 0? — r*+r"+n° exists with at least equal proba- 
bility. We would then expect to find of the order of (8 — .75)/(6-.066) = 18 
or more charged decays, but none have been found. It is therefore very dif- 


7 


1706 


SYSTEMATICS OF A° AND 0° DECAY 1707 


fieult to believe that the 37° decay mode can exist with anything like the 
observed probability. 


3) 0 —2y. Here we expect a unique y-ray energy of 246 MeV, clearly 
inconsistent with the observations. 


4)  —r’+y. Here we expect one-third of the y-rays to have the 
unique energy 229 MeV and the rest to be distributed uniformly between 
17 and 246 MeV. The average energy would be 164 MeV, and this seems 
outside the experimental error. 


On the basis of this evidence there is then a very strong presumption that 
the 0° can decay into two neutral pions. So far we have not seen an event in 
which 2 y-rays from the same 7° convert in the chamber, but a single such 
even could remove any ambiguity, since the combined energy of the two y’s 
in the rest system of the 0° would have to be 246 MeV, for the 2r° decay mode. 

Assuming then that the observed y-rays are due to this decay mode, we 
can caleulate its relative probability, 


P(6° 327°)  4:-.066 
ee tet 06, 
P(6 —2r) 8 — .75 En 


43. OÙ decay of the 0° and lifetime of 0}. From the data of Table I it is 
also possible to obtain the fraction of the 0° decays which are unseen because 
of either a long lifetime or an unobservable neutral decay mode. It is first 
necessary, however, to correct the observations for those 0)’s which decay 
in the usual fashion but leave the chamber before decaying. The average 
path length in the chamber is ~ 15 em and the average observed 0° momentum 
is 500 MeV/c. The lifetime is 0.95x10-!s. The chief contribution to 07s 
decaying outside the chamber comes from production events which occur close 
to the far wall. The beam traverses only the central 10 em of the 20 em chamber 
depth, and so the loss through the glass surfaces is negligible. We estimate 
a total loss of (10+ 5)%. The corrected number is then 168/.9= 187 events 
with both A° and 0° appearing. The events without the 0° must also be cor- 
rected for the relatively greater efficiency of finding events if the 0° is also 
there. On the basis of double scanning of about 10% of the film we estimate 
an efficiency of — 93% for double events and 85% for single events. The 
251 single AP events must therefore be corrected to (251-93)/85 = 275. The 
corrected number of 0° signatures is 168+275 = 443, and the fraction of 
09 + rt + rn to all 68 is P(O} — st+r7)/P(09%) = 187/443 = .42 + .05. The 
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error includes the statistical error as well as the estimated systematic de- 
tection error. To get the total 0° fraction it is necessary to add the neutral 
decay fraction. So P(#° — 2x)/P(00) — (.42 + .05)/(.86 + .055) = .49+ .075. 
The important result is that one half of the 0° mesons decay with the short 0? 
half life, and the other half escape detection in the chamber. It is immediate 
to connect these missing 0° mesons with the 0) which is predicted by GELL- 
MANN and Pats (4), and which is expected to account for 50% of the Os. 
This experimental result is another striking confirmation of the theory, which 
is already strongly supported by the discovery by LANDE et al. (°) of neutral 
particles with mass probably close to that of the 0° and with 3 particle decay 
modes, viz: 


| > mt +t at ae 
69 > TE UT +v 
| Sue Lr dy, 


In the latter experiments the lifetime was bracketed between 10-7 and 
5:10-°s. We have not observed any decays of this sort. We would detect 
these particles as a long lived V component, non-coplanar in its decay, ap- 
pearing in 0° signatures. 

The total number of 0}’s in these signatures is just 4-419 = 210. The 
average time in the chamber of such a 0}, based on observed 6° properties, 
is 3.6-1071$, in the 6° rest system. The total 0% time in the chamber is there- 
fore 7.5-:10-%$s. Since no such decays were observed, it is reasonably safe to 
put a lower limit for the 0} lifetime at ~ 3-10-*s. The 69 lifetime, using also 
the result of LANDE et al. (5) for the upper limit, must then be between 3 and 
TOP UOH? ee 


44. Three particle charged decays of the 0). — As already pointed out, no 
0° charged decays, inconsistent with the two x decay modes, were observed. 
168 6? —+>nttn- decays were seen in association with As. We can conclude 
that the probability for charged decay of the 0? in other modes is most pro- 
bably less than ~2%. 


45. Neutral AP decay. -— We have observed 5 events in which y-rays are 
associated with A° signatures. One of these events is shown in Fig. 3. The 
details are presented in Table III. The observed y-ray spectrum in the A° 


(4) M. GELL-MAnn and A. Pats: Phis. Rev. 97, 1387 (1955). 
(5) K. LANDE, E. Bootu, J. IMPEDUGLIA, L. LEDERMAN and W. CHINOWSKY: 
Phys. Rev., 108, 1901 (1956). 
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TABLE III. — Neutral AP Decay Events. 


H, | No. | Angle | A° Mo- y-ray | Path | Lifetime | 
prod. of between | mentum ne energy length Coa 
> Yes/No| y-rays | A° and y| MeV/c energy | in A° em | of A° à 
zus 
9922/85 Yes 1 95° 560 97+10 115-+11 | 2.25 1.5 
8502/83 Yes 1 16° 650 145+10 82+ 6 | 4.6 2.6 
7446/4 Yes 1 24° 1140 271-222 | 137-11 | 3.3 .88 
1086/56 Yes 1 85° 890 76+10 | 87+12 | 2.2 92 
4760/65 No 1 100° 750 80+10 | 102+12 | 3.6 18 


rest system has been plotted in Fig. 4. We may compare the properties of 
these y-rays with those expected in the reactions 


(db) Ann 
and 
(2) An ate 


In (1) we expect a continuous y-ray spectrum flat from 32 to 134 MeV, with 
an average energy of 84 MeV. We actually observe an average energy of 
104 + 30, with a distribution in reasonable agreement. In (2), we expect a 
mono-energetic y-ray of 165 MeV, clearly inconsistent with the data. We there- 
fore conclude that the dominant neutral decay mode of the A’ is into a rn’ and 
neutron. 


=> 
——— SPECTRUM OF A—n’+ N 


| 1 | | | 
0 20 40 60 80 100 120 140 160 180 
Y-RAY ENERGY IN AP REST SYSTEM 


Fig. 4. — A plot of the energy spectrum of observed y-rays from alternate A° decay, 
in the rest system of the A°. Drawn in is the spectrum for decay into neutron and 7°. 
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To determine the relative frequency of this decay we first correct the 
number of observed events by the expected accidental coincidences. This is 
done, just as in the 0° decay, for the 109 A° signatures without the A°. The 
number of accidental events is then 109-.6-1/20-1/10 = .33. We then obtain 
for the fraction of A®’s undergoing neutral decay 


B38 
P(A°->n°+ n) 2-066 
mt D) _ = 1752 09 C 
P(A°) 5— 33 gg Do 
91068... 


The neutral decay rate can also be determined by comparing the number 
of A’ signatures to the number of these in which the AP is also detected. As 
in the discussion of 0° decay, we have to make a correction of 10% for the 
A’ decaying outside the chamber. The number of A°-0° events is therefore 
again 168/.9 =187. The number of single 0°s must be corrected for a dif- 
ferential inefficiency for detecting single events: 106-(93/85) = 119. The total 
number of A signatures is then 119+168 = 287, and the fraction of charged 
decays is 187/287 = .65 + .05 where the error is chiefly due to uncertainty 
in the efficiency corrections. The fraction of As, which are missed, presumably 
because of neutral decay, is 35 + 6%. This is in reasonable agreement with 
the observations on the observed y-rays; certainly, the disagreement does not 
justify the introduction of other neutral decay modes. Combining the two 
results we get, for the fraction of A°’s undergoing neutral decay 


P(A°+7°+ n) 
P(A°) 


— 3) a WS 


46. Alternate charged A° decay. — It must be expected that the A° can 
decay into other charged modes, 


Ao >yu-+p4y 


>e +p+v. 


The phase space for these modes, however, is some hundreds of times smaller 
than the phase space for the dominant mode. We have not observed any 
examples of these modes compared to 168 charged decays accompanying 


(*) Note added in proof. - In rescanning the film 2 more y-rays attributed to A® decay 
have been found in the same film. This changes the fraction undergoing neutral 
decay to P(A°— r°+n)/P(A°) = 0.23+0.09. 
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A° signatures. We can therefore place a reasonably safe upper limit of 2% 
for the relative frequency of the combination of these two modes. 


47. A9 and 0° lifetimes. + In the case of 182 0° events and 304 A® events 
we have measured the actual path length, the potential path length, as well 
as the momentum. It is noted here that the measurements are preliminary 
and are being repeated with better accuracy. The lifetimes reported here must 
therefore be considered preliminary. The average potential time of the A°’s 
in the chamber was 9-10-"s, that of the Os, 3.5-10="%s, in either case large 
(— 32) compared to the observed lifetime. It is therefore possible to treat 
the data by tabulating the potential times, and the observed times, and 
dividing the number observed to decay at a given time t by the fraction of 
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Fig. 5. — Integral decay time distribu- 
tion of 182 0° decays. 


all potential times exceeding t. 


and Ts —2. 


but are considerably better statistically. 
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Fig. 6. — Integral decay time distribu- 
tion of 304 A” decays. 


The observed decays are plotted in Fig. 5 
and 6 and for 6°s and As respectively. The lifetimes we get are tg —.95 +.0 


io) 


77+.2. These values agree best with the most recent data (14) 
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5. — Some comments. 


51. The AI = selection rule for the decay of strange particles. — It has 
often been pointed out (°) that strange particle decay reactions may be re- 
stricted by the selection rule A7 —4. This is made plausible by several experi- 
mental observations: 


1) The & hyperons are observed to decay into A’ and x. The decay 
into a nucleon and pion would be forbidden by this selection rule since the &° 
has J =4 and a pion-nucleon system of charge —e has J, = — 3 and there- 
fore I — à. 


2) The ratio of decays (tt! > m++2n°)/t+ > 2n+-+7-) is experimentally 


~ .33 + .07 (%) in good agreement with the value (°) .325 expected for pseudo- 
scalar + mesons for AI — $ (8). 


3) The rate K* > x++7° is about 500 times less probable than the rate 
0) + 2r. This can be understood if it is supposed that these particles have 
zero spin, 1 =}. The K* decay is then forbidden by this selection rule, since 
the only possible state for a z+ and x° with angular momentum zero has iso- 
topic spin two. 


This selection rule also has as consequences definite ratios for charged to 
neutral decay for A° and 0°. Consider first the A° decay. The A° has isotopic 
spin zero, and the final pion-nucleon state with J=4, as required by the rule, 
is with probability 2 charged and 4 neutral. The expected fraction of neutral 
decays is therefore 4, in excellent agreement with the experimental result ob- 
tained here. 

In the case of the 0° decay the situation is slightly more complicated, since 
it is known from K_, decay that the selection rule is at least weakly violated. 
If this violation is disregarded, as a first approximation, then in the decay 
of 0° particles of even spin the final two pion state has either 7= 0 or T=2 
and the 7=2 state is forbidden by AI=4. The T=0 state has a proba- 
bility 4 of being neutral and 2 of being charged, so that we would expect again 
just one-third of the 6? decays to be into two xs. If the violation of the 
selection rule in K* decay is recognized, and if it assumed that the additional 
matrix element has AJ = (rather than AJ =3), it is possible to get the mag- 
nitude of this amplitude from the rate of the decay Kt > x++7°. It has been 


(°) See for example R. H. Darınz: Proc. Phys. Soc., 69, 527 (1956); G. TAKEDA: 
Phys. Rev., 101, 1547 (1956). 
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shown by DALITz (°) that 


| ds |? 4 P(Kt+t+rt+7°) 


[al +a)? 3 P(OP>2n) ’ 
and 


P(9° 27°) la, + v2as |? 


P(>2r)  3(|a[? +las]?)’ 


were a, is the amplitude of the AJ=4 decay and a, is the amplitude of the 
AI = 3 decay. 

\a,/a, | can then be evaluated from the K* lifetime ((1.2+-.05)-10-8 s) (75), the 
fraction of K* decay into two pions (28.9 + 2.7)% (*) and from the 9° lifetime 
(.95 + .08):10”s from this experiment). |a3/a,|—.055. The fraction of 
neutral 0° decay is then still undetermined because of the unknown relative 
phase of a; and a,, but must be within the limits 


P(6? 27° 
29> PUR FL 38. 
P(0} —2r) 
Our experimental value of .14 + .06 is outside of the range of theoretical 
values, so at least in this decay the inadequacy of the A1 —1 rule seems to 
be indicated (*). 


52. Parity conjugation and doubling. — It has been proposed on theoretical 
grounds by LEE and YANG (!°) that the particles of strangeness + 1, that 
is, the AP, X°=, K* and 0° exist each in two states of opposite parity. The 
theory recently elaborated by SCHWINGER (!!) has such a structure. The 
theoretical motivation has changed recently, with the discovery of parity 


non-conservation in ßB and u decay. It may nevertheless be useful to discuss 


() V. Fırcn and R. Morzey: Phys. Rev., 101, 496 (1956). 

() L. W. Atvarnz, F. S. CRAWFORD, M. L. Goop and M. L. Stevenson: Phys. 
Rev., 101, 503 (1956). 

(®) R. W. BIRGE, D. H. Prerxins, J. R. Prrerson, D. H. Srork and M. N. Wui- 
TEHEAD: Nuovo Oimento, 4, 834 (1956). 

(*) Note added in proof. - Prof. R. H. Dauırz has kindly informed us that all present 
experimental results including the one on 0° decay reported here can be reconciled 
with a dominant AT = } selection rule, if it is supposed that the violation occurs not 
only in the AT = 3 mode, but in about equal measure in AJ = 3. Specifically he 
points out that a,/a, = — 0.12; a,/a, = — 0.08 can reconcile the observations. 

() T. D. Lee and C. N. YANG: Phys. Rev., 102, 290 (1956). 

(1) J. SCHWINGER: Phys. Rev., 104, 1164 (1956). 
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the experimental situation on this point. Our most important result in this 
connection is the fact that just one-half of the 9° particles which are produced 
in association with A°’s in our chamber decay in the 2x mode. The other half are 
long lived and must be presumed to be the complementary 0} particles. If parity 
conjugate particles also exist, we would have 4 6° particles, 0), , 0%, , 09, 09_ 
and in general four sets of lifetimes and decay modes. Of these, only one is 
expected to have the short observed mean life of the 0) and dominantly the 
2= decay mode. The others are expected to have a long life. We should then 
expect to see only one quarter of the 0° particles materializing in the chamber 
contrary to the experimental result. The fact that no trace of the parity 
conjugate modes is observed is a clear indication that the theory is not tenable 
in this form. In order, nevertheless, to maintain the theory it would be ne- 
cessary to assume: 


1) That the 6)_ and 0). are produced only in association with A°. This. 
is permissible but completely ad hoc, and 


2) The A° is long lived, and therefore not observed in the chamber. 
According to the data of Fig. 6 the A” lifetime would have to be at least 10° 8. 
In this connection it must be remembered that the absorption experiments 
of K~ in hydrogen (!?2) show that there are no long lived &* or %” particles 
with appreciable abundance, and 


3) The ae and 022 lifetimes are greater than 3:10 s. 


The last assumption is no difficulty. On the other hand, the first two, 
expecially the second, must be considered most unlikely. The really striking 
experimental fact is that there is no trace whatever of the parity doublets. 

The original motivation for the introduction of the parity conjugates was 
of course the fact that the t+ and 0+ decay into states of opposite parity. The 
violation of parity conservation in decay processes involving the neutrino 
changes the problem markedly, although the question of parity conservation 
in processes not involving the neutrino is not yet clear. 

In this connection it has been pointed out to us in conversations with 
T. D. LEE tat it is possible to construct now quite different structures of 
parity doublets, for which the decay interaction is invariant under parity 
conjugation and therefore, of course, violates parity conservation. In such 
a theory the 6), and 0 have identical decay modes and lifetime, and the 
same is true of A® and A” as well as 6), and #%_. Such a theory is in agree- 


(12) L. W. ALVAREZ, H. BRADNER, P. FALK-VAIRANT, J. D. Gow, A. H. ROSENFELD, 


F. T. Soumirz and R. D. Tripp: University of California Radiation Laboratory Report 
(UCRL 3583) (1956). 
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ment with our experimental results since the 0!, and 0°_ have identical pro- 
perties and cannot be distinguished in this experiment. The predictions of 
this theory are then identical with the predictions of the theory without 
doubling. For this reason, the only motivations for the introduction of this 
type of doubling theory at the present time would have to be of a theoretical 
nature. The only experiments which seem capable of demonstrating the 
existence of such doublets are experiments in which both production and 
decay angles of the A° and 0° are observed. There are then certain asym- 
metries possible, as pointed out by LEE and YANG ('%), which must, if they 
exist, be referred to parity doublets. On this point the evidence available to 
date must be considered inadequate. 


xxx 
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(5) T. D. Lee and C. N. YANG: Phys. Rev., 104, 822 (1956). 
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RIASSUNTO (*) 


L’osservazione sistematica di 528 eventi A°-0° in propano ha dato i seguenti risul- 
tati: 1) Esiste un decadimento A° neutro; AP + z°+n e la frazione di AP che decadono- 
in questo modo è .32+.05. 2) La componente 0? ha un modo di decadimento neutro, 
molto probabilmente 0?—>7°+7°. Il 6° ha pertanto molto probabilmente spin pari. 


; P(0 > rn’ 170 : P(A= 70 En)  . 
La frazione — 75 5 @ .14+.06. Il rapporto =" & in buon accordo con 
P(9, > 27) P(A® >r-+n) 
5 : ‘ P(0° > 27°) ; eae 
la regola di selezione J = 1; il rapporto ————___ sembra invece in disaccordo. 


3) (51+7.5)%, cioè, meta dei mesoni 6° sfuggono dalla camera e si debbono identificare 
con i mesoni 0 proposti da GELL-Mann e Pais (4). Si discute l’esistenza di altri modi 


wu +pty : 

—— non si osservano 
Ome D aay 

e la frazione di tali decadimenti & inferiore al 2%. 5) I modi di decadimento del 6° 
in 3 particelle non sono stati osservati ed & pertanto assai poco probabile che eccedano 
il 2% del totale dei decadimenti di 6}. 6) Misure preliminari danno vite medie 
Too = (.95+.08)-10- 8 e Tao = (2.8+.2)-10-s. 7) Per il 6) otteniamo per la vita 
media un limite inferiore che assieme ai risultati di LANDE et al. (5) inquadra la vita 
media di tale particella fra (3 < 03< 10)-10-8s. 


di decadimento (doppietto di parità). 4) I decadimenti AP — 


(*) Traduzione a cura della Redazione. 
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Tstituto Nazionale di Fisica Nucleare - Sezione di Milano 


(ricevuto il 17 Aprile 1957) 


Summary. — The Gamow-Teller hypothesis, according to which an ex- 
change of neutrino pairs could give rise to a gravitational type potential 
between nucleons, is re-examined. By introducing a new boson field it 
is shown that this guess cannot be valid at least in the frame of the usual 
linear field theories. 


1. — Introduction. 


It is the purpose of this paper to develop some ideas that have already 
been discussed in a previous letter (!), and to give results that allow us to 
draw a definite conclusion on the matter. 

As is well known, several attempts have been made to explain gravita 
tional forces in terms of elementary processes typical of quantum field theory. 

GAmow and TELLER (?) were the first to put forward the hypothesis that 
exchange of a pair of virtual neutrinos between two nucleons could give rise 
to an interaction of a gravitational type between the two particles. Later 
CORBEN (?) suggested a scheme by which the Gamow-Teller hypothesis is 
re-interpreted in the frame of the usual ß-theories. Namely the interaction 
between two nucleons appears as the result of a fourth order process, in which 
the exchange of two virtual neutrinos is accompanied by the emission and 


(1) P. Boccutprt and P. GULMANELLI: Nuovo Oimento, 5, 1016 (1957). 

(?) G. Gamow and E. TELLER: Phys. Rev., 51, 289 (1937); G. Gamow: Phys. Rev., 
71, 550 (1947). 

(5) H. C. CoRBEN: Nuovo Cimento, 10, 1485 (1953). 
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reabsorption of two electrons. This last circumstance implies the appearance 
of two elosed loops, that make impossible the actual caleulation of the cor- 
responding matrix element. 

Owing to the un-renormalizability of B-theory, one would in any case obtain 
ambiguous results. In order to circumvent these difficulties of calculation, it 
has also been proposed to introduce a form factor (2) se Bite apart from the 
current criticism applying to non-local type theories, the results will obviously 
depend in an essential way on the choice of the form factor. 

This being the situation, another scheme (7) has recently been suggested 
in which the fundamental idea of an exchange of virtual neutrinos is kept 
fixed, whereas the interaction is modified by the introduction of a new field 
in such a way as to reach finite and unique results. 

In the following section we perform the detailed calculation of the inter- 
action potential acting between two nucleons, which one obtains with this 
model in the static approximation. As it will be seen, the momentum space 
representation of the potential does not show the (Ap)?-dependence corres- 
ponding to a 1/r type potential in co-ordinate space. 


2. — The static approximation potential. 


The suggested scheme is based on the introduction of a boson field, asso- 
ciated with a hypothetical X particle, having a mass greater than the nucleon 
mass, and coupled with the nucleon and lepton fields. Without any loss of 
generality, we shall restrict ourselves to a neutral scalar field and therefore 
the elementary processes involved will be only the following two: 


(1) NRC ee, Ke Pig: 


The condition we impose on the 4, mass of the X particle, that it must be 
greater than M, suffices to prevent the decay of the free neutron into an 
X particle. One of the two coupling constants, g, and g,, corresponding to 
the elementary interactions (1), can be fixed by means of the resulting rela- 
tionship between the product g,g. and the mean lifetime for B-decay. 

In this scheme also the lowest order interaction between two nucleons 
takes place through the exchange of two virtual neutrinos. The process is 
still à fourth order one, but it does not involve electrons and therefore does 
not show the unpleasant features connected with the presence of closed loops. 

For the sake of simplicity, we have performed the detailed calculations 
for the case of the neutron-neutron interaction, assuming à direct coupling 


(*) P. Bupini: Nuovo Oimento, 10, 1486 (1953). 


109 — Il Nuovo Cimento. 
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between the a, field and the y, and y, fields: 


(2) HE = PNY Px + h.c. 


Denoting by p, q and p’, q’ the momentum-energy four-vectors of the ingoing, 
respectively outgoing neutrons, and putting Ap=p— p=q—q' and p=p,y,,, 
the S-matrix element, to the order here considered, is given by the sum of 
the following term 


(3) St = — dtp TIP): 
| dE (> (p'— k) yr) (alg — ky.) 
Le — p')® — ie] (k — Ap)? + u? — ie] (k — q)? — te](k? + u — ie)’ 


and of the similar expression S" one obtains by interchanging p’ and q’. 
By means of Feynman’s formula 


= nae à as fo far 2[(a— b)z + (b—e)y + (c— d)x + dy’, 
eq. (3) becomes 


1 x y 
i x 
(5) ST = A Ô(p + q — p' a [ar fay fas [ar 
0 0 0 


pk qu + q'y — p2)r) (Pl — k — qu + q'y POS 
ES 


where one has put 


6) A= M{(e—y + 2)? + 0(1 — aly — 2) + (6'—8) ale —y) + 


It can be easily seen that A is always greater than zero, so that one can 
straightway put e = 0. The integration over k can be easily done and gives 
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the following result: _ 
1 x y 
gi 
(8) si = — F mio + ap 1 {ae fay [ar 
0 v v 


COM — ge + q'y —iMe)yp,)(p OM —iMa + iMy — pe)y) _ 
PE 


1 a y 
4 
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which can be suitably rewritten as follows: 


4 
9) S =F aid + ang) 
2)(® Hr2—1 
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ZUNG (Pr Yr) oe u me 


= (v,(p — 1) Po) (Pal P — VY fa Ja fu a 


1 zn a ; x y 1] 
in (Wr Vib) (PaV2Ya) i dx | dy i dz ate 
0 0 a 


For the present purpose, it will suffice to consider the non-relativistic ap- 
proximation of eq. (9). In this approximation the (p — q) term is negligible 
and p reduces simply to iM, so that eq. (9) becomes: 


4 


a) = ZA anris(—p + ¢—p'— mp.) (eye): 
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Similarly one has, for the matrix element S": 


4 
(11) Sa a n2iö(p + To = pr Pn)(Pa Ya) i 


{an für fü aa fü für fac ET, 


where 


We now notice that in this approximation one can still put 0’= 0. 
The integration over the auxiliary variables becomes then possible and 
gives for S' the following result 


(13) st = — 2 ariv(p A La ds ol ak), 
where 
un H=* TE te 4 6)im(e +6) —elmg + (@—1) (Q—1)— 
il 1 
== (0h 0 DANCE Ie 26 Lie + 6) In (o + 8) — o In eo] + 
; omo (o ) In (o — 1) 
il 6 

(15) Ko m + 20—1)In (o + 0) — (20 — 1) In o + 


o—1)ln(o--1)—2(0 + 6 —1) In (o +9 —1)] — 


[(3e + 30 — 1) In (oe + 0) — (30 — 1) In o + 2(0 — 1) In (0 — 1) — 


— 2(0 + 0 —1) In (o + 0 —1)] —1 aC 5) me (en (orne 


The corresponding expression for S" follows from (13) by changing 6 into — 9 
(cf. (6) and (12)). 

It is now evident that the asymptotic behaviour of the sum S'+ 8", in 
the limit for 6 — 0, is not of the form 1/6, and this means that in co-ordinate 
space the static interaction potential between the two neutrons does not 
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behave, at great distances, as 1/r. The Fourier transform of the leading term 
turns out to be of the form ~ (1/r) In r. 

All these results obviously do not depend on the particular choice we have 
made for the @, field. 

A different tensor direct coupling (iso-spin also included) would imply 
changes in the spinor coefficients only, and would leave unmodified the structure 
of those integrals, which determine the Q-dependence of the interaction po- 
tential. 

It is clear, therefore, that although capable of reprodueing the results of 
the ordinary ß-theories, the proposed model cannot give an interaction po- 
tential of a gravitational type. 

This necessarily leads us to conclude that, at least in the frame of the usual 
linear field theories, it is not possible to explain gravitational forces in terms of 
an exchange of neutrino pairs. 


oe OK OK 
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RIASSUNTO 


Viene ripresa in esame l’ipotesi di Gamow e Teller secondo cui uno scambio di 
coppie di neutrini potrebbe condurre a un potenziale di tipo gravitazionale tra nucleoni. 
Mediante l’introduzione di un nuovo campo bosonico si dimostra che questa suppo- 
sizione non pud essere valida almeno nell’ambito delle ordinarie teorie lineari di campo. 


NOTE TECNICHE 


Diborane-gas filled Counting Tubes for Measuring 
Thermic Neutrons. 


O. J. ORIENT and E. I. VIzSOLYI 


Central Research Institute for Physics - Budapest 


(ricevuto il 5 Febbraio 1957) 


Summary. — A method for producing adequately pure diborane gas free 
from electron-negative impurities is described; further the results of 
comparative research work on diborane-filled and boron-fluoride filled 
counting tubes are given. According to the results of measurements, the 
operating characteristics of the diborane-filled tubes coincide with those 
of the boron-fluoride filled tubes, the only difference being that the effi- 
ciency of the diborane-filled tubes is double of that of the boron-fluoride 
filled tubes. 


1. — Introduction. 


For the detection of thermic neutrons the boron-isotope of mass-number 10 
can be utilized. Slow electrons cause the following nuclear reaction: 


10 va Roe) 4 
pie Se pet Ss bi ee à 


In consequence of the nuclear reaction, either 2.3 MeV or 2.78 MeV energy 
is liberated as the kinetic energy of the ZLi nucleus and particle « coming 
into being. In the first case, the nucleus {Li remains in an excited state and 
will emit the surplus of energy in form of y-rays. Along their whole range, 
the two nuclei produce about 7080000 ion pairs. The cross-section of the 
effect of the reaction follows the 1/v law through a very large range. Its value 
is at a 1 eV about 100-10-*4 em2, at 0.025 eV about 708-10-24 em?. 

Neutron-counting tubes are filled mostly with different gaseous compounds 
of boron. Let us have a look on the compounds of boron that may be con- 
sidered as filling-gases for neutron-counting tubes. 
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Tage I. er 

Boron-Halogens Boron-Alkyls Borans 

| ARE | nee | Ana 
g | tension a ae even ler BH. EN Pee 

400 mm He|760 mm He, 400 mm Hu 760 mm He BaHare 400 mm Hg 760 mm He 
BF, |— 108.3 °C _101.7°C B(CH,); | game |— 20.2 °C| B,H, | __ 99.6 °C 565 ‘© | 
BO, —  8.6°C| +-12.7°C| B(CH,), | | + 95.0 eo | BE, | + 0.8°C | + 16.3 eC 
BBr, + 70.0 °C | +: 91.7 °C | B(CsH,)s | | + 156.0 °C | B;H, | +40.8:°0 | 58 Begum 
BJ, | | +210.0°0 | | | | | BH | +512°0 |°670708 


There are a very large number of boric compounds, but only a few of them 
are gaseous at room temperature. 

In the following table some of the characteristics of the more important \ 
borie compounds are listed, i.e. boron-halogens, boron-alkyls and borans Tabie I. fi 
The tabulated values show that the first members of each group are gases, 
the following ones are liquids and the further ones solids. As the efficiency 
of the counters goes increasing with the increase of the pressure of the gas, 
our interest is principally focussed on the boron-fluorid, the boron-methyl 
and the diborane compounds, characterized by considerable tension values. 

Counting-tubes filled with boron halides and boron alkyls are described 
in the literature and are in current use. Each molecule of these compounds 
contains one atom of boron. _ 

Each molecule of the different boranes, however contains several atoms 
of boron. It is evident that the effectiveness of the detection of the particles 
can be increased even without the separation of the isotopes, merely by in- 
creasing the number of the atoms of boron present in the molecules. On the 
other hand, the gas B,H, can presumably be enriched with a better effective- 
ness, in spite of its lesser stability, than the gas BF,, since the ratio of the 
masses of the atoms of boron and hydrogen in the moelcules of the diborane 
is more favourable than the ratio of the masses of the atoms of boron and 
fluorine in the molecules of the boron-fluoride. Therefore, we took an interest 
in the properties of the different borane varieties. The state of affairs up to 
now is, that no adequate borane-filled counting-tubes have been constructed 
so far (?). 

Thus the problem set was, on the one hand, to produce a correspondingly 
pure diborane-gas, free from all electron-negative impurity (as oxygen, carbon 
dioxide, aqueous vapour and silanes), on the other hand, the comparison of 
the operating characteristics of our diborane-filled counting tubes with the 
characteristics of the boron-fluoride tubes in use up to the present. y 


(!) S. A. Korrr: Blectron and Nuclear Counters (1955), p. 97. 
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2. — The synt.esis of the diborane. 


The synthesis of the diborane is a two-step process. In the first step, a 
complex of boron-fluoride-ether was synthetized, then, in the second one, the 
complex of boron-fluoride-ether was treated with lithium-aluminium-hydride. 

The method for producing a boron-fluoride-ether was a further development 
of a synthesis elaborated by one of the authors (?) on basis of the following 
formulas: 


(1) KBF, CB OR = BE ke b.O, 
(2) BF; te (C,H;),0 et BF; Ale (C,H ,),O . 
N In the retorte of the apparatus shown 
on Fig. 1 dry, completely pulverized po- 


1 tate tassic tetrafluorborate and boron-oxide is 
if il | nr i fed in and the recipient B is filled with ether 
Ne er Sa p.a. The quantities of the ingredients are 

5 calculated in such manner that from 140 g 
of KBF, and 105g of B,0,, there should 
be won about 15-161 gas BF;, and that 

Fig. 1. this should be absorbed by the surplus of 

270 ml of ether. 

In order to remove impurities, the whole system is exposed to a high 
vacuum and heated thoroughly, then removed from the pumping system. 
Upon heating the content of the re- 
torte A to 518 °C, the production of 
the gas begins according to formu- 
la (1). The generated gas passes 
through the U-shaped tubes B and 


B' respectively, filled with glass-silk, I 
then through the traps C and (', 

cooled with ice, resp. with carbonic \ F 

gas is purified from the sublimated 2 2 


acid snow. By this procedure the 


boron-fluoride and from accidental Im 


= Ü 


hydrogene-fluoride traces. The puri- a 
fied gas concentrates in recipient D, : 
filled with ether and cooled by liquid Fig. 2. 


air. When the vigorous generation of 
the gas ceases, the recipient D is disconnected from the system by sealing off. 
Now recipient D contains the ether and the boron-fluoride condensated within 
it. The recipient is kept for 48 hours in liquid air, during which time the 
complex formation from the boron-fluoride, solid at this temperature, and 
the ether will be completed. 

Now recipient D is sealed to the apparatus shown on Fig. ©, in which the 
production of the gas diborane will take place. 


(2) E. VIZSOLYI: KHRKT Kozl. 3. evt. 3. 87.298 (1955): 


_ 
a 
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The diborane gas is produced according to the following formulas: 


(3) InAlE, BF, > TiBH, + AIF, 
(4) SEE Br, > 2B, Ee lik 
(5) SLIAIEL CAB. —2B,H, 31ER. + 3A1F.. 


Formula (5) characterizes the whole process, on base of which FINHOLT; 
Bond and SCHLESINGER (?) produced diborane gas; the fact that in etheric 
medium the reaction proceeds in two steps was proved by SHAPIRO and others (*) 
(since the generation of the diborane is not continuous, and the reaction starts 
only upon adding a surplus of BF;). The higly violent reaction is slowed 
down by the etheric medium, whose application is necessary on this ground too. 

For the production of the diborane we utilized the apparatus shown on 
Fig. 2. In the feeder A an etheric solution of lithium-aluminium-hydride was 
put. The reactive vessel was provided with a stirrer. The vessel D, provided 
with a break-off-seal contained the complex of boron-fluoride, prepared as 
described above. The cooling-system © is cooled by air, by circulating water, 
resp. with dry ice; the freezing-vessels Æ also are cooled by dry ice. 

A high vacuum is established throughout the whole system and the whole 
system is baked out. Then the etheric solution of the lithium-aluminium-hydride 
is poured into the vessel. In order to purify the product from impurities (traces 
of air and water), the mixture is to be thawed up and freezed again several 
times. Then the vessel is disconnected from the pump. Now the break-off-seal 
of vessel D is removed and the boron-fluoride-ether complex flows into the 
reacting-vessel B. At the same time the etheric solution of lithium-aluminium- 
hydride is thawed up. We put in movement the magnetic stirring apparatus 
of vessel B, and lightly open the tap conducting to the feeder. Upon this, 
while the mercury is slowly dripping, the etherie solution of lithium-aluminium- 
hydride is fed over into the vessel B, which already contains a complex of 
boron-fluoride-ether . Now the gas diborane is generated readily, even with 
effervescence. Most part of the ether remains in the freezing-vessel, and the 
manometer shows the pressure of the produced gas. We discontinue the pro- 
duction of the gas when new doses of lithium-aluminium-hydride do not cause 
effervescence any more, and the reading of the manometer does not change 
any more. The recipient vessel will be disconnected from the gas-generating 
apparatus ahead of the freezing-tank F. 

Further, the produced gaseous diborane has to be purified from the traces 
of ether and the impurities of polyborane-hydrogene coming into being in the 
course of the reaction. For that purpose the freezing tank F is cooled by 
liquid air for as long as 48-72 hours, in which time the diborane and part of 
the impurities (the polyboranes and traces of ether) will also be frozen out 
quantitatively, while the soiling hydrogene does not freeze. The break-off-seal 
between the recipient system and the pump is opened and the diborane is 
purified from the h;drogene by means of a high vacuum. Then by sealing 


(3) À. E. Form, A. C. Bond and H. I. Scunmsincer: Journ. Am. Chem. Soc., 


69, 1199 (1947). 
(‘) I. Swaprro, H. G. Weiss, M. SCHMICH, Son SKOLNIK and G. B. L. SMITH: 


Journ. Am. Chem. Soc., 74, 901 (1952). 
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off, the system is disconnected definitively from the pump and the cooling 
by liquid air instantly replaced by cooling with carbonic-acid snow. Then 
the diborane thaws and vessel @, after having been sealed off in its turn will 
be filled with purified diborane-gas, whose pressure is shown by the mano- 
meter; the traces of ether and the polyborane remain in the trap cooled by 
carbonic-acid snow. 


3. — Construction and vacuum technique of the counting tubes. 


The construction of the counting tubes is shown on Fig. 3 in axial section. 

The cathodes are made of nickel foil of 0.1 mm thickness. The diameter 
of the tubes is 15mm. The anodes, made of 0.1 mm diameter tungsten wire, 
are provided with a tungsten spring. The working length of the anode wire 
is 80 mm. The outer tubes are made of Jena-glass (16/III), as this kind of 
glass does not contain any boron. 


The tubes are sealed to a manifold, and a vacuum of 10-5 mm is produced. 
After that they are baked at 350 °C for 3 hours, in order to remove the ab- 
sorbed water and other impurities. After the baking the tubes are cooled 
to room-temperature and filled with diborane to 20 em of mercury. 

For comparison, with the same vacuum-technique, some tubes were filled 
with boron-fluoride, equally to the pressure of 20cm mercury. The shape 
and the size of these tubes were similar to those of the diborane containing 
tubes. 


4. — Measuring apparatus. 


In the course of the measurement and research wo k, neutrons are most 
often accompanied by intensive y-radiation, which give rise to electrons coming 
from the walls of the counter. The neutron-counters are therefore operated 
in the proportionality range. The «-partieles, originating from the neutrons, 
cause a primary ionization about 2-3 times the size of th:t originated by 
the electrons resulting from the y-rays. The two kinds of impulses can be 
separated by means of an adequate electronic impulse-amplitude discriminator. 
That is why we compared the tubes filled with the two different kinds of gas 
in the proportiona ity range only. 

The block-diagramm of the measuring apparatus is shown on Fig. 4, 

A preliminary amplifier amplifies the signal produced on the load resistance 
(1.5 MQ) of the counting tube. The preliminary amplifier is followed by a 
discriminator. The signal is fed from the discriminator on to a seale of 1000. 


Si 
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The shape of the signal may be checked on the screen of the oscilloscope 
plugged to the output of the 
amplifier. The high voltage is 
smoothly adjustable between 
1000 and 3000 V and can be 
continually controlled by means : : = []1.5MQ 
of a meter instrument. The am- 
plification of the amplifier is 
adjustable in 10 steps between 
50 and 500. 

The transmission of the am- 
plifier is smooth up to a fre- 
quency of 500 kHz. 

The main data of the diseriminator are as follows: threshold adjustable 
between 5 V and 55 V, the uncertainty of the discrimination being less than 
150 mV; the discriminating capacity is of 3-10° periodic signals pro secund; 
the length of the output-signal is of 3 us and its amplitude is smoothly adju- 
stable from 0 to 20V. 

For the actioning of the neutron-counters we utilized a natural radioactive 
neutron-source. This neutron-source was a Ra-Be preparation with an amount 
of 100 mg radium. This source emits fast neutrons mainly with an energy 
of 4-5 MeV. For their slowing down a cylindrical block of paraffine was uti- 
lized. For the neutron-counter to be measured a circular hole was made in 
the block. The distance of the axis of the cylinder of paraffine was about 
15cm. The tubes to be measured were fitting exactly in the holes; by this 
fact it was assured that the tubes of the same size and dimensions will receive 
slow neutron radiation of the same intensity even if they are interchanged. 


plate }ro = 
cathode LONSULON 


Fig. 4. 


5. — Results of the measurements. 


The operating characteristic of the boron-fluoride filled neutron-counting 
tubes displays a relatively broad (proportional) plateau. This means that the 
number of the impulses registered is between certain limits almost independent 
of the most important three auxiliary parameters: the working tension of the 
tube, the amplification factor, and the setting of the discriminator threshold. 
This is due to the fact that the maximal background impulses originated from 
the y-rays are considerably smaller than the overwhelming majority of the 
impulses due to the neutron-counting (°). 

Measurements have been executed for the establishmet of the operating 
characteristics of the tubes filled with boron-fluoride and those filled with 
diborane. In the first line, the proportional plateau has been examined. The 
operating data of the diborane-filled and those of the boron-fluoride filled 
tubes are listed on Table II. During the measurements the amplification of the 
preliminary amplifier was permanently set on an amplifying factor of 150, 
the discriminator threshold to 5 V. 

It is apparent that the data of the diborane-filled tubes are similar to those 
of the boron-trifluoride filled ones. The slope of the characteristics of tubes 


2 


(6) B. Rossi and H. SrauB: Ionization Chambers and Counters (1949), p. 193. 
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TABLE Il. 
| Plateau Plateau Plateau Counting 
| | threshold V length V slope %/V rate 
| BF, 2 000 220 0.122 + 0.02 3080 + 59 
| | 
BH, 2 020 220 0.114 + 0.012 6100 + 85 | 
ee | 
| Relative increase in efficieney = 1.981 + 0.065. 
he of both kinds is the 
5 same on a 220 V long 
S plateau (portion a-b, 
8000+ Amplification factor 150 


resp. a'-b' on the fi- 


Discrimination threshold 5V . . 
gure), within the er- 


6000F ror of the measure- 
F i ments. 
4o00f The voltage corre- 
L sponding to the be- 
ck ginning of the pla- 
teau of the diborane- 
à am: | f : ; ve filled tubes, (a!) is 
1900 2000 2100 2200 2300 higher than that of 


the boron-fluoride fil- 
led tubes, (a). Beside 
these data the table 
forming part of the figure indicates the average of the impulses counted on 
the plateau of the tube with diborane and of that with boron-trifluoride, as 
well as the quotient of the two figures; the quotient indicates the ıelative in- 
crease of efficiency of the diborane-filled tubes as compared with the boron- 
trifluoride filled ones. This value was found to be 1.981 + 0.065, i.e. the 
efficiency of the tubes with diborane, within the errors of the measurement, 
is the double of those with boron-trifluoride. 

In conclusion it may be stated that the operating characteristics of the 
diborane filled tubes and those of the boron-trifluoride filled tubes are the 
same, except that the efficiency of the tubes filled with diborane is double. 


BRIASSUN WO: (#) 


Si descrive un metodo per produrre agevolmente diborano gassoso puro esente 
da impurità elettronegative; si danno inoltre i risultati di lavori di ricerea sul confronto 
di tubi di contatori riempiti con diborano o con fluoruro di boro. Dalle misure eseguite 
risulta che le caratteristiche di funzionamento dei tubi riempiti di diborano coincidono 
con quelle dei tubi riempiti con fluoruro di boro, l’unica differenza essendo che il ren- 
dimento dei tubi riempiti di diborano & doppio di quello dei tubi riempiti di fluoruro 
di boro. 


(*) Traduzione a cura della Redazione. a 
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Stereoscopy in Bubble Chambers. 


P. Bassi, A. Loria, J. A. MEYER (*), P. MITTNER and I. SCOTONI 


Istituto di Fisica dell’ Università - Padova 
Istituto Nazionale di Fisica Nucleare - Sezione di Padova 


(ricevuto il 17 Aprile 1957) 


Summary. — Exact and approximate methods are given for the recons- 
truction of the position of a point in a bubble chamber, photographed 
with two cameras haying parallel optic axes. In the appendix procedures 
are suggested for the direct reconstruction of a straight line and for the 
determination of the radius of curvature of a cylindrical helix with axis 
parallel to the optic axes. 


The spatial reconstruction of events in bubble chambers may be carried 
out by means of two photographs taken through objectives of the same type, 
situated at equal distances from the front plate, and having their optic axes 
perpendicular to it. It is this type of optical system, often used in practice 
owing to its simplicity and suitability, which will be considered here. 

The treatment is limited to quite elementary considerations of geometric 
optics, since our aim was only to outline a general simple method for the ste- 
reoscopic analysis of the events taking place in a bubble chamber: we think 
that the physics of the various problems, including the evaluation and dis- 
cussion of errors, could more profitably be studied case by case. 

Let us suppose that the two objectives are free from aberrations, that 
they have the same focal length and that each has its principal points coin- 
cident: the importance of the aberrations will, in fact, be estimated case by 
case while, as will become evident from what follows, the considering of dif- 
ferent focal lengths or non-coincident principal points only introduces ines- 
sential complications. 

The data necessary for the reconstruction may be taken either directly 
from measurements on the photographs, or from reprojected images. 


(*) Now at CEN, Saclay, France. 
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1. — Geometrical representation. 


In the assonometric projection of 
Fig. 1 the front plate of the bubble 
chamber and the plane Y of the film, 
which is supposed to be parallel to 
the plate, are clearly recognizable. 

Dashed letters concern elements 
specifically related to the r ght-hand 
objective; other letters refer to ge- 
neral geometric elements, or common 
to both objectives, or specifically re- 
lated to the left-hand objective. 

The symbols are as follows: 


S: principal point of the objective; 

f: focal length; 

d: distance between the principal 
point and the outward face of the 
front glass; 

6: thickness of the front glass; 

l: distance between the optic axes. 


PlaneY 


Points Q on the film and À on the 
outward face of the front glass indivi- 
duate the optie axis. 

n and n* are the refractive indices of the liquid, supposed to be homo- 
geneous, and of the front glass respectively. 

Further: 


Fig. 1. — Assonometric projection. 


A: is a point object; 

A,: its image on the film; 

P: its projection on the optic axis; 

r: its distance from the optic axis; 

o: the distance of the image from the optic axis; 


the line AZJSA, represents a light ray passing through S, which helps 
to form A,: note that this lies in a plane ® which passes through the optic 
axis. p is the angle formed by this plane with that which contains the optic 
axes, which may be taken as being horizontal. 

IT is the plane which passes through A and is normal to the optic axes: 
it contains P and P'; «, 6 and y are the angles which the three segments of 
the ray form with the normal to the front plate. 

The cartesian coordinate systems used are: in the object space the system 
Oxyz, and in the photograph the system Q&n. In addition, the polar coordinate 
systems Prp on plane 77, and Qo on the photograph will be used. 


Lo +: 


STEREOSCOPY IN BUBBLE CHAMBERS 1731 


2. — The reconstruction of a point object from measurements on the photo- 
graphs: exact procedure. 


From the photographs one may directly measure angles and g’. From 
Fig. i one has 
__ lsmy 
_ sin(p+p) 


(1) 


On the other hand one has from 
Fig. 2: 


(2) r=dtgy+ 0 tg p+ ztga, 
but 


Ins — 18 


gino = (ee +, 


Fig. 2. - Plane ®. Path of light ray 
AIJSA,. 


£ (+f). 


n* 


I 


sin fp 
Substituting in (2) one obtains 


yee 
ne, 


+ den PP nee em + (= Des}, 
from which 

È ie L sin p' | d 
© lesin@+gp) f 


(4) S[n*2f2 + (mn? — Der} fn2f2 + (n? —1)o7}?. 


Thus having determined the distance 2 of the plane from the outward face 
of the front plate, and the polar co-ordinates y and r within this plane, the 
problem is solved. 

With the method described above one makes, in effect, a transformation 
of plane polar coordinates: one starts in fact from a knowledge of 0, g and o' 
(o' is unnecessary information), one obtains r as a function of g and g’, and 
then ¢ as a function of 0, p and p : one then makes use of p, together with 7, 
on the plane // determined by 2. 

It is possible to obtain direct transformation formulae for cartesian co- 
ordinates, so avoiding the measurement or calculation of angles. One notes, 
in fact, that calling à the magnification in the photograph, one has 4 Ein = 
= n/y = ofr: bearing in mind that 9? = & + y2 then from (3) one obtains 
x = «(&, 7,2) and y = y(é, 7, 2), and similarly for the right-hand objective 
oo! = w'(E', n', 2) and y'= y'(E', 7’, 2). But aE, 4, 2) - (En, = 1. 

One thus obtains 2(&, 7, €’, 7’) and then x, y, 2’, y! as functions of &, 7, &', n'. 

One may further note that y= y', which allows us to find the relationship 
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between 7 and 7 and to express x, y and 2 as functions of &, 7 and &’ only 
(7 is unnecessary information). The relationships are, however, complex and 
this favours the use of plane-polar coordinates. If the cartesian coordinates 
x and y are required, these are obviously given by the following expressions: 


SE I sin gy! cos p 
 sin(@+_') 
| > I sin y’ sing 


sin (p + 9’) 
3. — Reconstruction of a point object from measurements on the photographs: 
approximate procedure. 
When «, f and y are sufficiently small one may put 
te a & peels and tg Pp = — 
Expression (4) then reduces to 


(6) zul i Zu 1 =) : 


o sin (p + y’) nr 


One may also arrive at equality (6) by expanding in series expression (3) and 
taking only the first terms. 

With this approximation the transformation in cartesian coordinates is 
very simple. 

Using now the procedure which was only outlined for the exact solution, 
one has 


(7) patent (ay = +a), 


n° n 


and similar equalities for the right-hand objective. But 


PR it or (a a ); 


from which 


EEE 
er : ms) 


Since y = y' one sees that in this approximation the relationship between 
n and 7’ is simply 7 = 7’. Note that this property is very useful for identi- 
fying in both photographs the same point on a given track. As it would 
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otherwise be very long and difficult, if not impossible, to identify a certain 
number of corresponding images of bubbles, it is advisable to design the pho- 
tographic system in such a way that this approximation is sufficient. 

Further it is well known that in the situation represented by Fig. 1 the 
image of a straight line produced by an objective is not another straight line; 
in fact in that situation an objective gives rectilinear images only for those 
straight lines which intersect its own optic axis. BLACKETT (1) has discussed 
this type of distortion for the case of the Wilson Cloud Chamber (n = 1). 

In the approximation considered, this effect is ignored and a straight line 
transforms as a straight line. The simplified equations for a straight line in 
space are of the type x = pz + q, y = te + v: combining these expressions 
with (8) one may eliminate &’ and ¢ and so obtain a relation between & and , 
which is linear. 

It is to be noted that the exact formulae (4) and (5) and the approximate 
formula (6) conserve their validity even if points S and S’ are not equidistant 
from the front plate and even if the focal lengths of the objectives are different. 
The only data relative to the right hand objective which is used is in fact the 
angle @ which is independent of 
Sand. 


4. — Reconstruction of a point object 
from a reprojection of the photo- 
graphs: approximate procedure. 


Suppose that both pictures are 
reprojected simultaneously onto a 
plane 27, parallel to the plane of the 
film, with a reference system as shown 
in Fig. 3. Uand U’ are the projec- 
tions of W and Q’: the length I! = kl 
of the segment UU' is also the sepa- 
ration of the optic axes in the repro- 
jection: A, ana A; are the projections of A, and A,, and X and Y the coor- 
dinates of A,. In the known approximation the segment A,A;, whose length 
will be indicated by £ is parallel to the abscissa. 

Let j be the magnification in the reprojection: A, will be to the left of, 
coincident with, or to the right of A, according to whether k is less than, 
equal to, or greater than (i<j); Fig. 3 represents the case of k>(ixj). _ 

Calling A the intersection of UA, and U’A‘, with coordinates X and Y, 
one has at once: 


Fig. 3. — Plane 2. Reprojection of a 
point A. 


(9) 


() P. M. $. BLACKETT: Proc. Roy. Soc., 154, 573 (1936). 


23 110 — Il Nuovo Cimento. 
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Note that to obtain the exact values of # and y it is not necessary to 
know 7 and j: it is sufficient to know k. _ 

It is further to be noted that r = UA/k, @ = UA,/j so that r/o = j/k, 
UA/UA, = jl/(kl — ¢) and finally, by substituting in (6) 


; i 
(10) an(s a). 


For k = (ixj), as A, = 4; = À, then x = X/k, y = Y/k and formula (10) 
reduces to 2 = n((fj/k) — d — (d/n*)). 
For k < (xj) formula (9) and (10) are still valid if one changes the sign of €. 
A second approximation for z may also be used. The first approximation 
(10) may be written 


where K = nfj/k and K'= n(d + 6/n*), which may be expanded as 


e=K (1 niet = K’, 


ki Rum UK ' 
where 


_ nfj n 0) ea D ee EE 
1-54) and RENE K'=n | A 


In the appendix, for simplicity’s sake, we have used, neglecting in the 
expansion the terms of order higher than the first, 


(11) 22 hË +h’ 


One of us (J.A.M.) wishes to acknowledge a grant from the Conselho Na- 
cional de Pesquisas (Brazil). 


APPENDIX 


Normal procedures allow one to arrive at a measurement of any geometrical 
element from the coordinates of the points which define it: occasionally caleulating 
machines could be employed to elaborate the various items of information such as car- 
tesian coordinates and angles: to speed up even more the work automatic systems 
(converters) could be used to feed the information directly into the machine. It will 
be seen, case by case, if it is more convenient to examine the photographs directly or to 
reproject them. 

Sometimes it will be more convenient to renounce the method of reconstruction 
by points in favour of same other procedure of a synthetic character: three examples. 
follow, based on the reprojection of the photographs. 
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1. — Direction of a straight line in space and the use Wulff’s Dise, 


Let A and B be two points of a straight line b in the object space: let A be the 
distance between them. Projecting from U and U’ the images of these points, one 
obtains (Fig. 4) A and B, whose coordinates with respect to the XY system are, as 
has been shown, proportional to the real values æ and y. 


yY À 

Fig. 4. - Plane Z. Azimuth of a straight Fig. 5. — Plane Z. Dip and azimuth of 

line b. Direct construction from the a straight line from the azimuth of its 
images of two points. reprojected images. 


The angle » which the straight line 6 makes with the X axis is then the azimuth 
of b with respect to the x axis when one takes 2 as the polar axis. The dip with 
respect to the wy plane, which we will indicate with &, is the complement of the zenith 
angle in the same reference system. The coordinate 2 of any point is a function of & 
given, according to the required approximation, by formula (10) or (11). Making use 
of (11) one has 


om tet tle ba) 


It is also possible to calculate » and e from the azimuth of the reprojected images 
of the straight line and from the angular coordinates of the projected images of any 
of its points: these angles are represented respectively with 7, 7’ and «, « in Fig. 5. 


One has 
BE GUE) € sin « 
(B,Ë) ETES 1 2 
kl sin (@’— a) 
and 
i ¢ sin 7 
(E,F) >= fi 
sin (7 — 1) 
from which 
(BF) = ég?, 
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where 


sin? « sin? 7 sin « sin n cos Ge n') 
JUIN | ee Sc = 9% Sr 
| sin? («—ca) sin? (7 —7) 


sin (x'— «) sin (7'— 7) 
Using formula (11) one obtains 


tonte 
One has further 

o= «+ y —180°, 
but 


£ (B,F) sin (a! — n') 
sin y = — ua 


and finally 


sin 7 sin (« —n')g-: 
o = «+ sin ! - 1 1 = 180 
sin (7'— 7) 


A knowledge of the angles » and & for the lines concerned, is sufficient for resolving 
rapidly various problems of spherical geometry with the aid of a stereographic projection 
which maintains the angles (Wulff’s disc). 


U 0 2. — Coplanarity test. 


Let A be a point in the object space 
which is common to the three straight 
lines b, c, d. In the reprojection (Fig. 6) 
there will be two distinct images, one 
from each objective. If the lines b, €, d 
are coplanar, their intersections with a 
plane will be in line: in the particular 
case of a plane normal to the ¢ axis 
these intersections must give pairs of 

Fig. 6. — Plane Z. Coplanarity test. images with constant separation ¢, de- 

pending only on the value of 2 which 

fixes the plane. It then follows that if B, and B! are the images of a point B on b, 

while OC, and 0, are the two images having the same separation of the point @ on ¢, 

then the intersection D, of d, with m, must be equally separated from the intersection 

D’, of d, with m,: m, and m, are obviously the images of m, the intersection of the 
plane bed with that selected for the test. 


Y 


3. — Momentum of a particle crossing a magnetic field. 


Referring to the preceeding considerations concerning the geometrical layout, let 
us now suppose the presence of a uniform magnetic field H, parallel to the 2 axis. 
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A particle of momentum p will describe an are of a helix wound on a cylinder parallel 
to 2 of radius 


_ p cose 
SENSE 


where & is the dip of the tangent to the arc with respect to the wy plane: R, is in em 
if P is measured in eV/c and H in gauss. 

An are of a helix, which is small in comparison with R, practically lies on the 
osculating plane passing 
through its mid-point M 
and can be considered as 
a circular are with radius 


p 
R = — ; 
300H cos & 


Let us suppose that 
this are ends at points A 
and B and let us call o 
the sagitta. It is well 
known that if o <A 
then one may put 


— Plane Z. Reprojection of a cylindrical helix. 


In Fig. 7 the significance of the are of circle which joins A and B is obvious; the 
curve A,B, is the image obtained by reprojection through the left hand objective. Since 
the sagitta lies in a plane normal to the z axis, o, is parallel to o and one has simply, 

I 
Gi - 
kl — Cy 


Op: 


In this paragraph let us use approximation (11): then 


Ca am Cp 
2 ; 


zZ 


Su 


The chord A, instead, undergoes an apparent rotation 0 about the ¢ axis, which 
we can measure directly in the reprojection as the angle between b, and b. 

We now approximate the curve A,B, to an are of a circle and indicate with r its 
sagitta, i.e. the length of the segment of the perpendicular to A, from its mid-point N 
onto the curve. 

For the apparent radius R, which may be measured by direct comparison of the 
curve A,B, with standard calibrated circular ares we have 

A5 


R = —. 
ST 
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The separation between N and the image M, of M is small, so that with good 
approximation 7 = 0, cos 6. 
One then has 


Since 


and 


cos e = A[A? + RES — TE, 


one finally obtains for the momentum the expression 


cos 0 . 


+ ba ts) AA MPEG CNT 
p = 3004R (i 5 | oo: 


The same procedure may be applied to the rieht hand image in order to decrease the 
error by taking into account both results. 


RIASSUNTO 


Si espongono un metodo esatto ed altri approssimati per ricostruire da due foto- 
srafie, prese ad assi ottici paralleli, la posizione di un punto interno ad una camera 
a bolle. In appendice si esamina come risalire direttamente alla direzione di una retta 
nello spazio ed alla curvatura di un arco di elica cilindrica con asse parallelo agli assi ottici. 
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Accuracy Limits in the Measurement of Time Intervals 
Defined by Scintillation Counter Pulses. 


S. COLOMBO (*), E. GATTI and M. PIGNANELLI (+) 


Laboratori OISE e Politeenico - Milano 


(ricevuto il 17 Aprile 1957) 


Summary. — Accuracy limits of the time of occurrence of an event de- 
tected by a scintillation counter are investigated. Two methods «non 
linear » and «linear » for extracting time information from the output 
eurrent pulse of the photomultiplier are compared taking into aceount 
statistics of photoelectron emission, transit time and multiplication spread 
in the phototube and finite width of the response of the phototube to one 
photoelectron. Resolution obtained by the «non linear» method is 
better, but linear method dispenses from an amplitude selection of pulses. 


1. — Introduction. 


A method was introduced (1) and an instrument described (?) for the mea- 
surement of time intervals defined by means of the output pulses of two 
scintillation counters. 

The theoretical analysis of the maximum resolutive powers obtainable on 
the basis of scintillator and phototube properties induced us to analyse the 
problem in its general aspect and permitted us to determine the resolution limit 
and the factors for the choise of the two proposed methods (non linear and 
linear) in utilizing the pulses at the output of the phototube. 

We have to estimate the accuracy with which we can evaluate the time 
position of the interaction between a charged particle and the sensitive element 
of a scintillation counter. For this purpose, the chain of processes that lead 
to the detection of the particle is given (?): 


(*) Politeenico di Milano, now Agip Nucleare. 

(+) Istituto Nazionale di Fisica Nucleare, Sezione di Milano. 

(1) C. Corrinı, E. Garrr and G. GIANNELLI: Nuovo Oimento, 4, 156 (1956). 
(*) 

( 


2 


(2) ©. Corrını and E. Garrr: Nuovo Cimento, 4, 1550 (1956). 
3) E. BALDINGUER and W. FRANZEN: Advances in Electronics and electron physies, 
vol. VIII (New York, 1956). 
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1) Slowdown in the scintillator and excitation of optically active states 
or direct emission of photons by Cerenkov effect. 


Decay of the excited states and consequent emission of light. 


) 

3) Collection of light. 
) Emission of photoelectrons by the photocathode of the phototube. 
) 


Formation of the electronic cascade (avalanche). 


6) Processina the output current pulse of the phototube, by mean of a 
suitable electronic instrument. 


We shall overlook the details of the processes 1), 2), 3) and take into 
account only their influence through the photocathode illumination function 
I(t) which may be considered as continuous function of time (a justified approx- 
imation as far a photoelectron emission is concerned) considering the low 
photoelectronic yield of 5-10%. 

It is assumed therefore that the photoelectron emission, following a given 
illumination, obey the Poisson distribution. The illumination can be nor- 
malized so that: 


foo} 


joa TE, 


0 


where R is the average number of electrons emitted as a consequence of a 
scintillation. 

As far as concerns point 5) the essential properties of the electronic photo- 
multiplier are taken into account by indicating the response to a photoelectron 
emitted by the photocathode as follows: 


(1) U(t) = Aft +h), 


where A is the gain of the phototube characterized by the average value A 
and by a relative root-mean square error &,. 

The variance ej is due to a fluctuation in the amplification of individual 
photoelectrons (mainly due to multiplication on the first dynode) which is 
supposed (*°) equal to 


(2) a 
2 = 0: 


where g is the secondary emission factor, considered to be equal for all dynodes. 
The function f(t) characterizes the pulse form which is so normalized as: 


(4) J. SHARPE: Nuclear Radiation Detectors (London, 1955), p. 104. 
(5) G. A. Morton: Proceedings Geneva Conference, vol. XIV, p. 255. 
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To this shape is assigned the width À, defined as a second moment 


foo} 


es fe — a)2- f(t) dt , 


0 


where a is the center of gravity of f(t). It can be assumed that this width is: 
given by 


(3) = (n — le; 


where n is the number of dynodes, and ¢,, the root mean square error in the 
transit time between two successive dynodes. 

h is a statistical variable having the time dimension with an average value 
0 and r.m.s. error e,. This variable accounts for a fluctuation in the time in- 
terval between the instant of emission of the photoelectron and the instant in 
which the center of gravity of the current pulse, due to a photo-electron, 
arrives at the output. 

It may be supposed that these fluctuations are due mainly to the transit 
between the cathode and the first dynode. They will be taken into account 
by attributing to h the variance: 


2 2 7 
(4) Eon = Era == n = , 

where e., is the r.m.s. error in the transit time of a photoelectron between 
cathode and first dynode. 

No statistie fluctuation has been considered for the shape of the pulse 
following a photoelectron. Moreover no non-linearity due to space charge sa- 
turation has been considered. 

Now (point 6) let us introduce a scheme of the electronic instrument, that 
will help to determine precisely, as far as «seen » by the instrument itself, the 
occurrence time of a current pulse i(t) from the photomultiplier. In con- 
nection with the quoted instrument (1), we suppose that the output current 
of the phototube i(t) is integrated on the output capacity of the phototube 
itself, paralleled to the input capacity of an electronic sharp cut-off tube and 
that the relationship between the input voltage and the anodic current 1, of 
the tube is linear until the cut-off is reached. 

The anode current is applied to an high Q resonant circuit having a period 
larger than t,, which is the time spent to bring the tube to cut-off. 

For t<t,, the anode current J, will be 


t 
LOK os, 
Ö 
t, being the time necessary to bring the tube to eut-off through the accumul- 


ation of charge O(t;), while for t > t,, the anodic current is a constant RC(t,). 
If I, is this function and /,(p) his Laplace transform, the voltage at the 
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terminals of the resonant circuit is: 
Ik 2 
(5) V(p) = Z(p)La(p) = Z(p) De ; 


where i(p) is the transform of i(t), i.e. of i(t) considered = 0 for t >t; and Z(p) 
is the impedence of the resonant circuit. 
From equation (5) it can be concluded that, except for a constant, the 
phase of the oscillation V(t), which is equal to arg V (jo), is equal to arg i(ja). 
If we suppose that the instrument is sensitive to the oscillation phase con- 
sidered at an instant ?* given by an external time reference, we see that it 
registers the arrival of pulse i(t) at a time u equal to: 


1 =e 
(6) je = — arg io) . 


If, for the time being, i(p) is so normalized as 


i(p) can be written as follows: 


foo} oo 


ip) =1—p [tic ar + Error take 


0 


— 
1 
— 


Moreover, if the period corresponding to the angular frequency « of the re- 
sonant circuit is long with respect to the duration of pulse i({), it can be con- 
cluded from (7) that: 


(8) arg (jo) = o friar. 
0 


Therefore the « machine time » is the center of gravity of current pulse i(t). 
For such scheme the problem is therefore reduced to that of determining the 


variance in position of the center of gravity of current pulse i(t) following a 
scintillation (*). This method of working will be called briefly « non linear ». 
Further on we shall deal with the case where cut-off charge O(t;) is never 


(*) It has been tacitly assumed that the phase is measurable with a negligible 
error: this was experimentally proved (2). 
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reached. This method of working will be called «linear » and, in that case, 
instead of i(t), the whole pulse i(t) will be used for the purpose of measurement. 

The introduction of a fixed variable (center of gravity of i(t) or i(t)) to 
which the instrument in sensitive, permits the straightforward deduction from 
the statistic properties of photoelectron emission and electronic multiplication 
in the phototube (*°) of the variance of the machine time, taking also into 
account the finite width of the pulse following each photoelectron. 

The shape of the average pulse resulting from a scintillation due to a finite 
pulse width of the phototube response has been considered by LEWIS and 
WELLS ('°) but the statistic implications have not been dealt with. 


2. — Resolution in an ideal case of non-linear working. 
An ideal photomultiplier is considered giving the following output pulse 
V(t) =A-d(t), 


for a photoelectron emitted at its cathode, where A is a constant and Ô(t) is 
the Dirac function. 

Under such hypothesis it will be enough to determine the variance in the 
center of gravity of the first Q photoelectrons in order to have the measure- 
ment of the statistical dispersion introduced by one of the two measurement 
channels. @ is the charge necessary to cut off the electronic tube. It should 
be further supposed that the law of illumination is constant in time (in other 
words, the electronic tube is cut off in a time short in comparison with the dura- 
tion of the scintillation). 

If f is the average emission frequency of the photoelectrons and hence 
exp[— ft] is the probability of finding at time t the first photoelectron, the 
position of the center of gravity of the first Q photoelectrons (see calculation 
in Appendix I) is: 


1091 
DIE 
and its variance 
A ae yet 
Le PEG hie Me 


If we suppose the average frequency f being equal to the initial one due 
to a scintillation corresponding to an illumination /(t) = (R/t) exp[—t,t] in 


(6) R. F. Post and L. I. Smirr: Phys. Rev., 80, 1113 (1950). 

(7) G. A. Morton: Nucleonics, 10, no. 3, 39 (1952). 

(8) G. H. Minvon: Journ. of Research of the National Bureau of Standards, 57, no. 3, 
sept. 1956. 

.@) Z Bay, V. P. Henry and H. Kanner: Phys. Rev., 100, 1197 (1955). 

(*%) I. A. D. Lewis and F. H. Wezzs: Millimierosecond Pulse Techniques (London, 
1954). 
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which R electrons are totally emitted with a decay constant 7, we obtain for 
the variance: 


N) 
3 Ii 


(10) Eaiem 


Formula (10) corresponds to the expression 


170 1 
5m (t +a) 


which is, according to our notation and the uniform illumination hypothesis, 
the one given by MINTON (8) at the beginning of p. 124 of the quoted paper. 

This expression is obtained by Minton by taking the arithmetic average 
of the variances of.emission time of the first, second ... Q-th photoelectron. 

It is now supposed that the photomultiplier introduces a fluctuation of 
variance &, in the delay between the output pulse and a photoelectron 
causing it. 

If t,, t,...t, are the emission times for 1st, 2nd... Qth photoelectron, each 
of these times will be affected, by reason of the phototube, by a variance &,. 
Consequently the center of gravity, which is the average of t,,t,... to, will 
have a variance, due to this cause, equal to 


2 


2 Eph 
(11) | img: 


Leaving this simple case, we will now face the problem from such point 
of view that permits hypotheses more in accord with actual physical behaviour 
at the expense of some approximations of mathematical character. 


3. — Resolution in the case of non-linear working. 


A general law of illumination /(t) of the photocathode is considered, while 
for the photomultiplier a response V(t) = Af(t + h) is considered according 
to the observations at the introduction. 

In the absence of statistical fluctuations, i(t) would be given by 


A statistical fluctuation corresponding either to AK electrons emitted in 
addition to the average in the time between o and o + Ao or to an amplifie- 
ation A(1 + AK) relatively greater by AK than the average one for a certain 
electron emitted at time o, brings the current to 


i(t) = I(t) x f(t) + AKf(t—o). 


The disturbance considered (to the purpose of reasoning AK positive) has. 
a double effect on the «machine variable» (for a more exact deduction, 


+ 
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reference is to be made to Appendix II): a direct effect due to the displace- 
ment of the center of gravity resulting from the presence of the disturbance, 
current which, between o and t, is different from zero, and an indirect effect 
due to the displacement of the cut-off time f;; t, is actually shorter because 
charge O(t;) necessary to the cut-off is also reached by the contribution of the 
charge due to the disturbance current in the time interval between o and f;. 

In fact, for the variance of the center of gravity, due to the statistic of the 
emission and of the gain A, we obtain by means of the procedure reported 
in Appendix IT: 


(12) Eten, 4 == (L + &4 


By a similar calculation (Appendix III) the variance of the center of gravity 
due to the fluctuations in the mean transit times characterized by the va- 
riance €, is: 


t; 2 
fio a * L(t.) 


(13) fe oh = En = = 2 wo! 
Jana 


0 


and finally, by summing up the variances due to the various effects studied, 
we obtain: 


dee) ja jt at) « Toy =, ROLE I(t,) 


(14) 2 = + — 


Ji ar} 


) 


By means of (14) e? is expressed as a function of t, but for the purpose of 
experimental comparison € must be expressed in terms of C(t;), that is the 
charge necessary for the cut-off. 


C is a function of t, and its average value is: 
t; 
(15) ou) = [tr « Hat. 
0 


Between (14) and (15), t, can be eliminated and e? can be expressed as a 
function of C(é,). ; 
For the sake of simplicity, we have assumed in the numerical calculations 


an illumination 
À 
Ca Ie 
T 


R 
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and a phototube «response » 


ae 
(is 


v3 
à 


though a function of type 


would have been more in line with the real response of the phototube. 

In Figs. 1 and 2, ef en, and &,,. are shown as functions of C/R and in 
Figs. 3 and 4 as functions of Q/R where @ is the number of photoelectrons 
emitted at the cathode up to the time #,. 


2 
BEE) 
R Ase 
+22 
2 A 
eel, 
2:05 
À 
220 
C 
R 
0 01 022703 047057 7067 710% 08 0 01 02555 03) Fi04 295706 e075 08 
Fig. 1. - « Machine time» variance due Fig. 2. — « Machine time » ete due 
to emission and amplification statistics to average transit time variance Sch ver- 
versus the ratio of cut off charge C to sus the ratio of cut off charge O to total 
total charge R. charge R. 


In Fig. 5 the relation between C/R and t/r is shown, while Fig. 6 shows 
the relation between C/R and Q/R. 

From equation (15) we note that when t, = = 0, also C = 0, but when 0 = 0: 
the instrument is affected at least by the variance due to the statistical emission 
of the first photoelectron and therefore & instead of 0, is equal to 73) R. 
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By this consideration (12) can be corrected to be 


2 T° 2 0 0 
(16) me) — 


À ja jar} « I(t,) 
) 


0 


| fi) a 


| à 
R 
4b 
3+ 
2+ 
TE 
Q 
L = L L 1 1 4 1 4 LR 
01 02070372047 05 06 07 08 09 0 01 020203 0.4 05 06 07 08 0,9 
Fig. 3. — «Machine time» variance due Fig. 4. — «Machine time» variance due 
to emission and amplification statisties to average transit time variance «7, ver- 
versus the ratio of the @ photoelectrons sus the ratio of the Q photoelectrons 
emitted until ¢;, to the R photoelectrons emitted until £,, to the R photoelectrons 
totally emitted. totally emitted. 


In Appendix IV the formula (16) is evaluated in the hypothesis that led 
to (10): by comparison it is clear that the approximation made in deducting 
(16) have not led to significant errors. 

Apart from the statistical fluctuations, the position of the center of gravity 
varies with the variations of C/R and hence, once C is fixed at a certain 
working condition, depends from R or, actually, from the amplitude of 
the pulses accepted: working with the non-linear method, this dependence 
imposes a selection, by means of slow measurement channels, of a limited 
amplitude band for the accepted pulses. This necessity is what has conducted 
to the development of the so called fast-slow coineidences. 

This dependence of «machine time» on CR can be evaluated easily by 
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0 1 2 


Fig. 5. ~ Charge collected versus time. 


w 
+ 
als 


eliminating t, from: 


frite) di 
Up = - ze 
fi(t) at 


0 


and 


The results of this calcu- 
lation are reported graphi- 
cally in Fig. 7. 

No evaluation has been 
made of the errors caused 


by possible irregularity in the illumination function due for instance to pos- 
sible differences in the decay time between different points of the scintillator. 


DIO 


01 02 0304 05 06 07 08.09 
Fig. 6. - Charge collected versus number 
of photoelectrons emitted with phototube 


response « width » A as parameter. 


01 O25 0S 005 06 072060 


Fig. 7. — «Machine time» dependence 
from pulse height R. 
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4. — Resolution in the case of ballistic linear working. 


In the case of « ballistic linear working », in which the total pulse of the 
current from the phototube is impressed on the oscillating circuit, possibly 
by means of a linear amplifier though not necessarily very fast, the calculations 
are particularly simple because there is no more need to introduce the « res- 
ponse » f(t) of the phototube with finite width but it is enough to consider a 
response Ad(t + h) with h affected by a variance #5, and A by a variance ¢. 

Moreover a disturbance for example in the form of an additional electron 
emitted between o and o + Ao does no more than displace the center of 
gravity by its very presence. For details of calculation we refer to Appendix V. 
For the variance & we obtain: 


foo} 


1 
R 


ja + &) AC —t PI(a) do + | 


0 


2 


I 


and in accordance with the hypothesis of an illumination law given by 


we obtain 


(17) = 


5. — Resolution in the case of non-ballistic linear working. 


It will be interesting to see now how (17) is modified when the period T 
of the resonant eireuit can no longer be considered long enough with respect 
to the duration of the phototube pulse. In this case the «machine variable » 
is defined with reference to (6) by: 


1 DR 
u = — arg (Je) , 


i) 


and therefore it would be necessary to consider again the phototube response 

f(t) of «finite width ». However, only the case where i(t) can be confused with 

the illumination law I(t) was studied, since in the linear case the total pulse 

is considered and not only its first part; this does not seem to lead to sub- 

stantial differences in the evaluation of the «machine variable » variances. 
We obtain (referring to Appendix VI): 


LIE 1 + 20%? = 20m 
CES 2 x3 ee —_— 4 
(18) Ee R der £4) 1 + 40272 R An 1e More 


111 - Il Nuovo Cimento. 


1749 


1750 S. COLOMBO, E. GATTI and M. PIGNANELLI 


It is physically reasonable that, with the increase in , a decrease takes 
place in the variance due to the emission statistics and to the variance in ampli- 
fication, as an appreciable number of contributions to the output current, 
that have greater variance, take place at a time when they excite the resonant 
current with an almost opposite phase to that determined by the first photo- 
electrons and therefore have little weight in altering the resulting oscillation 
phase. Conversely, the little effect that a few photoelectrons have in deter- 
mining the final phase is such that the error due to transit times is increased. 

Finally it is noteworthy that the linear working does not introduce any 
systematic change in the position of «machine time » with the change in the 
scintillation amplitude. 


6. — Conclusions. 

From Fig. 1 it can be pointed out that the variance &?,,, which increases 
linearly with C/R, for small C/R, in the case of narrow width of the photo- 
tube response (A— 0) increases more rapidly when the response width / increases. 
This is noticed by observing Fig. 6 which shows that large response widths. 
are corresponded by high Q/R even with relatively small OR. 

Opposite behaviour is seen in Fig. 2 for e? ,: this variance diminishes, 
CR being constant, with the increase of À, because the number of photoelec- 
trons, of which transit times are averaged, though with different weights, is 
increased. 

The total value of «the machine time » variance e? which is related to the 
value observable as a width of line W, in a coincidence experiment (W;= 
= V2:2.56:e, where V 2 is introduced in order to take into account the pre- 
sence of the two measurement channels) is obtained by adding the ordinates 
of the graphs in Figs. 1 and 2, taking into consideration the scale values deter- 
mined by T, €,, &,- 

The value 1/3 was assumed for ¢%, substituting g = (4) in equation (2). 

In Figs. 8 and 9 the graphs of ¢?, having taken the respective values of 
6 and 2 for t/e,,, are shown. These values have been chosen by assigning, in 
accordance with (4), the value €, = 5-10-1 s for the phototube RCA 6342, 
and 3:10" s, which is the characteristic decay time of the faster organic 
scintillators, for T. 

From the examination of Fig. 8 and 9 it may be concluded that by con- 
sidering all the parameters except A to be fixed, the minimum value of e?/(te,, R) 
does not change appreciably; only the value C/R, corresponding to the very 
wide minima observed, changes. Physically, this means that, with photo- 
tubes having equal geometry and working conditions between cathode and 
first dynode but having different À (due for example to different geometry and 
working conditions of the successive multiplying dynodes) the maximum resolu- 
tion obtainable does not change appreciably. The value of the minima cal- 
culated can be approximated by the formula 


(19) Pe | 5 (1 + €?) TEpn 


which is calculated from (14) with the hypothesis of constant illumination R/r 
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VARIANCE AS 
GIVEN BY (17) 


VARIANCE AS 
GIVEN 8718) 


VARIANCE AS 
GIVEN 8719) 


L 1 1 de 1 a 1 L = 


0 0.1 02 0,3 04 0.5 0.6 07 08 


Fig. 8. — «Machine time » variance for definite t/e,, = 6 versus C/R. The arrows at 

the right give, respectively from top to bottom, the variance calculated for the ballistie 

linear working, for the linear working with wrt = 1 and the variance as given by the 
rough formula (19). 


75 


“VARIANCE AS 
GIVEN 6) (17) 


VARIANCE AS 
“GIVEN BY (18) 


VARIANCE AS 
GIVEN BY(19) 


25 


0 01 02 03 04 05 0.6 07 08 


Fig. 9. — « Machine time » variance for Cefinite t/e,, = 2 versus O/R. The arrows at the 


right give, respectively from top to bottom, the variances calculated for the ballistic 
linear working, for the linear working with wt = 1, and the variance as given by the 
rough formula (19). 
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and zero width of f(t) (A = 0). The (14) gives: 


1720 & 


Ben a ee 


and its minimum (19) is obtained for 


The value A/e,, of the parameter appearing in Figs. 8 and 9, is given, recal- 
ling (3) and (4), by: 


1 


(n —1)(g—1) 


I, 


? 


where: & = E/E: 

Assuming that n = 10 and g = 4, and assigning to « a value range of 0.5 
to 2 we see that parameter 2e, varies in the range between 4 to 1.5. 

A larger width 2 of f(t) should be compensated by a greater amplification, 
since the minimum of the curve of Figs. 8 and 9 is obtained from lower values 
of O/R. These brood minima however show that the working conditions for 
C/R are not critical for obtaining the « machine time » minimum variance. 

It is interesting to observe that the introduction of an amplifier between 
phototube and cut-off tube can be considered as equivalent to an increase of 
the width A characteristic of the phototube, and therefore it seems possible 
to affirm that the introduction of a fast amplifier does not reduce the resolving 
power. 

The curves of Fig. 7 permit us to find, at certain non-linear working con- 
ditions, the width admissible in the amplitude of the band of the accepted 
pulses, so as not to exceed assigned limits of the sistematic error caused by 
the dependence of the «machine time » on À. 

In Figs. 8 and 9 are shown the values for ballistic working and for linear 
working with or = 1. 

On the whole, the linear method introduces greater variance with respect 
to that ecountered with the non-linear method (greater to a negligible extent 
for rather small t/e,,) but it also offers the advantage of not presenting any 
systematic error dependent on the amplitude of the pulses in question. For 
this reason the linear method is advisable where very fast scintillators or Ce- 
renkov light are used, or when it is not convenient to diminish the counting 
intensity which in the non-linear method is reduced on account of the neces- 
sary amplitude selection. 


We wish to thank hearthly Dr. S. ALBERTONI for helpful discussions on 
the mathematical developments. 


List of symbols. 


A gain of the phototube; 

A average gain of the phototube; 

C(t) change collected at the output of the photomultiplier from 0 to t; 
C(t) idem without statistical fluctuation; 


2 
ea 
2 
Eo 
2 
Ec, em, A,ph 


2 
£ca 


2 
Eda 


ACCURACY LIMITS IN THE MEASUREMENT ETC. 1753 


mean frequency of photoelectron emission in the case of steady illumination 


average shape of current pulse at the output of the photomultiplier as due 
to one photoelectron emitted at t= 0; 

secondary emission multiplication factor; 

statistical variable accounting for a fluctuation in average transit time in the 
phototube. His variance is equal to e?,; 

law of illumination of the photocathode as a consequence of a scintillation; 
eurrent output pulse of the photomultiplier; 

current output pulse of the photomultiplier considered = 0 for { > {,; 


current output pulse of the photomultiplier as the theoretical average if no 
statistical fluctuations were present; 


number of photoelectrons emitted in the time interval 0 —f; 

mean number of photoelectrons emitted as consequence of one scintillation ; 
center of gravity of i(t) or of i(t); 

time in which the cut off of the electronic tube has been reached; 

relative variance of A; 

variance of the center of gravity of i(t) or ill); 

idem as due respectively to statistics of photoelectron emission, fluctuations 
in gain, fluctuations in average transit time; 

variance in transit time of one photoelectron between photocathode and 
first dynode; 

variance in transit time of one electron between two successive dynodes 
(assumed equal for all couples); 


variance of the time interval between the emission of one photoelectron and 
the center of gravity of the consequent current output pulse; 


variance of u; 

number of secondary emission dynodes; 

«width » of f(t); 22 is the second moment of f(t) referred to its center of gravity ; 
time as measured by the instrument working in the linear non ballistic way 
(it is equal to {, in the ballistic case); 


decay time of an illumination having a law (R/r) exp [—?/T]. 


APPENDIX I 


If f is the mean frequency of photoelectron emission and ti, is the emission time 
of i-th photoelectron, the probability density of a (i+1)-th event, occurring at time 


t is: 


(1.1) 


P(t) = f exp [— f(t—4,)]- 


The position of center of gravity of the first Q photoelectrons is: 


(1.2) 


7 


be art les ao die 
tog SS Ope = 
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where the times f,, {, ... tg refer respectively to emission of Ist, 2nd... and Q-th photo- 
electron. We have to calculate the density of probability P,,,(l.) of observing the center 
of the first Q events at time ¢,. Obviously 


À + PS: 
p Patte) = f exp [te] 2 
Ye 
Zellen In order to calculate the value of P,, we 
Ft ye observe that: 
KO / 
We (1.3) Pt) dt, Pit, a, hi) di, ; 
UNE is the probability that first and second pho- 
we a Na toelectron are emitted respectively in the time 
4 Ne intervals ¢,, (4+dt,) and t,, (,+dt,). 
É > > By integration of Eq. (1.3) over t, and #, 


in an allowed region 2 defined by the bounds: 
Fig. 10. — Surface of integration for t, <t, and t,<(t,+4,)/2 <t,+ dt,, (this region 
D= 2 can be represented as in Fig. 10) we obtain: 


Pad = | i Pit) P(t, — t) dt, dt, , 
2 


À: 


3 


P,, can be rewritten as: 


te 
(1.4) P,.(4) = 2 [rare td. 


Substituting into Eq. (1.4) the ex- 
pression of P(t) as given by (1.1) we find: 


te 
Pat) = 2f exp [— 2/4] | exp [fly] dt, . 


Similarly, in order to obtain P,, we 
can calculate the integral: (in the region 
Z as in Fig. 11) Fig. 11. - Volume of integration for Q = 3. 


P.(t,) dt, = [| [roo-re. PE Card die, 


equal to this integral: 
le Autom ty 
Pt) = 3f exp [— 3ft,] Jou Jesr [fh]:exp [flo] dé, . 


Un 
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And finally, for Q photoelectrons we may write: 
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(OI) VAS) Oo spo arta |- Joo [fi exp [ft,] ... exp [iftg_1] dé di, ... dio_ı 
Ty Pees 


where the limits of integration are: 


integral i 2° 


sup. limit 4, = 1, 


inf. limit 4 = 0 (== Un 
The integrals (1.5) for Q = 1, 


the variance of {, are given by: 


L'or toes 


(@—1) 
Q—2 
ef. x 
ive ale 


Be N 


2, 3, 4 and corresponding characteristic functions 
G,o(p) have been calculated; from which follows directly that the mean value and 


mean value variance 
Bel, 1 1 
= f Vig 
0 5 ail 51 
Ss 2 iP 
1 141 
OS 2 — — = 
i IP 
51 30 1 
Q=4 shes Ze 
2 f 16 f? 
from which, by induction: 
I Al 
mean value of t,. = ues = 5 
> 4 f 
F Pare 22 + … + Q? yat 1 1 
variance of an = 7 zoe 08 Lu Fe (; 0 5 ar 0, 


APPENDIX II 


The mean current i(f) and the perturbed current i(t), at time t, are expressed by: 


(2.1) i(t) 


(2.2) 


= f(t) » I), 


i(t) = i(t) + AKf(t— 0). 
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Likewise O(t,) and O(t;) are respectively the mean charge collected until ¢;, mean 
time of cut off, and the charge collected until the time 1;: 


tj 
(2.3) ed) = Ivo * I(t) dt, 

ti ty 
(2.4) )(1,) = fw * [(t)]dt + AK fre o)dt. 
The Eq. (2.4) can be rewritten as: 

hi 
(2.5) Ot) = | [/(t) + I(t)] dt + Atff(t) * I(t)] + AK | ft—o)ur, 
0 o 


where {; =t, + At. 


Recalling that must be O(t) = O(t,), from Eq. (2.3) and Eq. (2.5), it follows that: 
ty 


0 = Atff(t) * I()] + ax fre o)dt, 


oO 
from which 


t; 
[ru — 0) dt 


(2.6) At NA 
u(t) 


This will be employed afterwards. From (2.2), t, is defined by: 


ti té 

sti) dt + AK [tft — 0) dt 
(2.7) = = = 
fii) dt + AK [f(t — o) dt 


0 


And this, since the terms proportional to AK are < 1, for no very small values of 1,, 
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can be written as: 

ti LE ti tu 0 

Jti(t) dt fift—o)dt  [ft— 0) dé: {ti(i) dt 
(2.9) A | RS ERP LEE 

5 eu a te = 
fit) dt ji) at (i iw au) 
0 0 0 


Subtracting from this expression the corresponding one which gives {., we obtain: 
TR H BK fs 2 
La(t) | i(t) dt — i(t) [ ti(t) dt Sit —o)dt J f(t — a) dt-fti(t) dt 
(2.10) At, = ———— At + AK} *—— CA Ue ae 
{unas Sic) at (Jima 
0 


0 a 


and recalling that At is given by Eq. (2.6) 


(2.11) ee ms a 


From which calculating the first of the two integrals of numerator: 


t t 


i 


fat [f(t —o) dt 
(2.12) IN —— AR. 
Stra) * It] dt 


0 


In agreement with the preceeding analyses, AX can be interpreted in two ways. 

First we suppose that AK photoelectrons are emitted over the mean between the 
time o and (o+do). The variance of AK, according to Poisson statistics, is equal to 
the mean number of events between o and (o+do), namely I(c) do. 

By adding the variances over every interval Ac from ¢ = 0 to t = 1; we find: 


HONS ok 2 t t, 2 
“| fdt{f(t—o)dt ja Saar, x I(t;) 
(2.13) Eee = ¢—*_______ | I(a)do = “— ; 
6 Stra) * Ze] dt Jin * I(t)] a 
0 9 


Second we define AK as a perturbation arising from variations in the gain. If &, 
is the variance of the average gain for a singular photoelectron emitted at time o, the 
contribution to variance of the center of gravity is: 
DU 2 

fat [ft — 0) dt 
o oO 


2 
Eu 


ti 
Su * Ta] at 
0 
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and by adding the variances, for every photoelectron emitted between { = 0 an { = f; 


t À 2 t; 2 
a (a ke ye — o)dt Ka Fiver] FI?) 
(2.14) &,= a | zu. T6) do = à, =" 
0 | ft (t)] dé jin» ra 


From Eq. (2.13) and (2.14) the variance in center position, arising from emission 
statisties and fluctuations in gain is given by: 


(2.15) Era = (1 ar 64) TAN SET 


APPENDIX III 


The average value of the current output pulse of the phototube is: 
i(t) = f(t) * I(t). 
Now we suppose that the shape of current due to one photoelectron emitted, at 
time o, in consequence of a light quantity I(o)Ao [where Ao is chosen in order to 


obtain I(a)-Ao == 1] is f(t—o +h) rather than the average shape f(t—o). 
In conquence the current is: 


; df(t — o) 
(3.1) it) = a(t) = ft =o) ht on = 2) or 
Fe = d(t — o) 


Similarly the charge O(t) becomes: 
(3.2) Oft) = Olt) + hilt— o). 


By this equation, we can calculate, as well as in Appendix II, the variation At 
of t, in regard to t, arising from the considered transit time variation: 


(3.3) Ries ee 


i) 


By the definition of t, and by Eq. (3.3), as above for Eq. (2.11) of Appendix II, 
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we find: 


t 


{f(t — 0) dt 
(3.4) AVR = RSR RES PERS 


ti 
[C/O * Ze] dt 


h is a statistical variable accounting for a fluctuation in average transit time whose 
. ar 2 . » . 
variance iS e,,, hence by adding the contributions due to any photoelectron, we have 


(3.5) 


APPENDIX IV 
By means of hypotheses used for Eq. (10) and (16) we can determine that: 
(4.1) gen ee Ie 


For to make a comparison with the Eq. (6) we put C = Q — 1 (from which, for 
very small value of O, follows that is taken in consideration the first photoelectron 
alone) and by (4.1) we have: 


(4.2) ere 1 Pie 
3 R? Q 


APPENDIX V 


Working in linear ballistic way, we can calculate, as in Appendix II, SN ON 
we put in the integrals of Eq. (2.7) t; = ©; hence f, is function of AA only and not 
of At. Then Eq. (2.10) can be written: 


(5.1) At, = re, | Tim ar- af(t 2.0) dt = (rim dt-f f(t — 0) dt}. 
.0 o 0 oO 


| Î it) a 


In this case the shape assumed, for the output current of the multiplier tube, is 


~ 
r 
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thing of no moment, and for semplicity we may choose: f(t — 0) = ö(t— o). We find: 


co co 


Jia = [vo x I(t)]dt = R, 


0 v 


where R is the total number of photoelectrons emitted. Then Eq. (5.1) becomes: 


AK ‘ 
At, = — |Ro — | t(t) dt}. 
R? É 
0 
Remembering that 
fti(t) at 
1 = 0 5 
5 7 
we have: 
At ee [ 1.] 
p= re 
Ï R 
and consequently (Appendix II) 
5 A 
(5.2) €c, em À = (1 Sr &4) R2 (o == t.)?I(o) do. 
0) 


On the other hand, for the variance arising from the fluctuations in the transit 
time, we have: 


€ 
(5.3) =>, 


APPENDIX VI 


First we shall calculate the «machine time » variance due to emission statistics 
and to gain fluctuations, then the variance due to transit time fluctuations. 

Since the contribution given to total current by each photoelectron is 06(t — 0) 
and, as we suppose that the scintillation is Z(t) = (R/r) exp [—t/z] the mean current 
and the perturbed current respectively are: 


t 
(6.1) ill) = sf exp - ‘ i 
T T 
R t 
(6.2) A(t). exp | el rao) 
T ë 


where AK, defined as in Appendix II, is a perturbation at time o. 
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The Laplace transform of Eq. (6.1) and (6.2) are: 


R 
6.3 i (j = = ts 
La up) 1+ ptr 
(6.4) i(p) = x SU NE 
: ip) = Xp [— op]. 
ji ie X exp [— op] 


If « here is the «machine time » from (6) we obtain: 
ou = arg i(jo). 
Substituting jo for p in (6.3) and (6.4), we find: 


(6.5) tg ou = — at, 


(1 + oT?)AK sin wo + Rear 


(6.6) tg ou = — = —— es 
(1 + w?t?)AK cos wo + R 


> 


where y is the mean value of y. 
In order to obtain the variance of y, expressed in terms of AA; we must calculate: 
Au = pu — y. 
By subtracting Eqs. (6.5) from (6.6) and being A, small with respect to 4, it 
follows that 
d 1 + w?t?) AW sin wo + Ror 
— (tg wu) Au = — LB - a eT 
du (1 + oT)AR cos wo + R 
and finally: 
OT COS MOF — Sin Wo 


(6.7) Ap = —— AK. 
ok 


In the calculation of the variance of u the two meanings of AK must be taken into 
account. By the same considerations made in Appendix II in order to obtain (2.13) 
and (2.14) we find 


(6.8) = a 2) ot COS wo — sin wa|? R o i te) v2 1 + 20°7? 
(6.5 4, em 4 — Fe ee exp do le I ET 
Eu, e n, À En Ei oR T I T = R 1 + 4w?T? 


0 


For small in comparison with r, (6.8) becomes (5.2) where one uses /(c) == 
= R/t exp [— o/x]. 

Let us caleulate now the variance in the machine time due to the transit time 
fluctuations in the phototube. 

As in Appendix III, we suppose that for the electron delivered at about the time o, 
the response of the phototube is 6(f—o + h) instead of d(t — 6). 

This perturbation carries the current, whose mean value is given by (6.1) to the value 


Bet 
(6.9) ill) = — exp ie + §(t —o + h) — d(t—o), 
TC T 
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and its transform is 


R 
(6.10) ip) = ——— + exp [— (o — h)p] — exp [— op] . 
DT 
For sufficiently small h 
: R 
(6.11) ip) = —— + pexp[--op]h. 


1 + pt 


By substituting jo to p in (6.11), recalling (6), we obtain: 


(1 + w?t?)oh sin wo — Ror 
(6.12) tg wy : 


(1 + @?t2)oh cos wo + R 


As it has been done before in order to obtain (6.7), we calculate Ay = u — fe 
[where w is given by (6.5)], thus obtaining: 


&T sin wo + COS wo 
(6.13) Au > -h. 


By the same considerations made in Appendix III in order to obtain (3.5) we obtain 


Le] 


: : OT Sin wo + cos wc? R o EL Dwtr! 
(6.14) oy Ele - - exp do — |] + ——|. 
R T T R 1 + 4w?r? 
0 


For small © in comparison with r, (6.14) become (5.3). By adding (6.8) to (6.14) 
we obtain: 


oe = DE 2. 122072 Gat 2wttt 
(6.15) Eu, em, A, ph =e (1 Ir €) 99 + 1 St nl 
R 1 + 40°T? R 1 + 40?7? 


RIASSUNTO 


Si esaminano i limiti della precisione nel valutare la posizione temporale di un 
evento rivelato con un contatore a scintillazione. Si confrontano due metodi «non 
lineare » e «lineare » impiegati per ottenere informazioni su tale tempo dall’impulso 
di corrente del fotomoltiplicatore, tenendo conto della statistica di emissione dei foto- 
elettroni, del tempo di transito e della variazione del fattore di moltiplicazione nel 
fototubo, e della larghezza finita della risposta del fototubo ad un fotoelettrone. La 
risoluzione ottenuta col metodo «non lineare » & migliore, ma il metodo «lineare » non 
richiede selezione in ampiezza degli impulsi. 
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(La responsabililà scientifica degli scritti inseriti in questa rubrica è completamente lasciata 
dalla Direzione del periodico ai singoli autori) 


A Note on the Energy Gap Model of Supereonduetivity (*). 


M. J. BUCKINGHAM 


Department of Physies, Duke University - Durham, N. OC. 


(ricevuto il 9 Ottobre 1956) 


The fact that the measured specific heat and thermal conductivity of super- 
conductors becomes so small at low temperatures — even falling exponentially — 
has led to the suggestion of a gap in the energy level spectrum above the lowest 
energy value. 

BARDEEN (!) has shown that if one assumes, as well as a gap, that the matrix 
elements for optical type transitions are the same as for the system without a gap, 
one obtains magnetie properties similar to those described by London’s equation, 
and in particular, the Meissner effect. 

It is the purpose of this note to point out that no system could obey these as- 
sumptions which in fact contradict a general theorem, and that Bardeen’s conclusion 
is invalid. The theorem results from the dependence between the energy levels of 
a system and the matrix elements mentioned, and is a necessary and sufficient con- 
dition for the gauge invariance of the current density. 

The proof is given here only for a homogeneous system of electrons at absolute 
zero temperature; generalization will be discussed in a later publication, together 
with other aspects of the results. 

Consider a system of electrons at absolute zero temperature, in a state, de- 
scribed by |0), with energy E,. Let |k> represent a complete set of states with 
energy eigenvalues Z,. 

In the presence of a small magnetic field described by the vector potential fune- 
tion A(r), the current density component j,(q), (4 = 1, 2, 3) arising from the q Fou- 
rier component of A(r) is given to first order in A by 


; en | 
In) = — FA A,(q) + 
3 ig-r ig-r |]: »|po-ig'r —iq:r 
ae > joe V„+V,„ear|k)xkle-’a"V,+V,e’2 [03 A,(q) + compl. con | N 
2 570 v=1 (2m/#2?)(E5 — By) 


(*) Supported in part by the National Science Foundation. 
(*) J. BARDEEN: Phys. Rev., 97, 1724 (1955). 
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where r stands for the co-ordinate of one electron and the gradient is with respect 
to the same electron co-ordinate (the matrix elements are independent of which 
electron because of the antisymmetry of the wave functions); » is the number of 
electrons per unit volume. We can write this perturbation expression for the 
current as: 


en 2 


(1) Ju(q) DDR > Konz; ra Su(q)]4,(q); 


MC y= 


putting q for the magnitude of q, we assert that 


2 
uv=1 4 


(2) Sulgq)=1: 


If H represents the Hamiltonian operator for the system of electrons in the 
absence of the field, the commutator of H and exp [iq-r], where r is the co-ordinate 
of one electron can be used to prove the following identity: 


3 


(3) > ian {<k [exp fiq-rlV, + V, exp [ig:r]|k’>} = 
u=1 
= (2m/h?)(E,. — E,)<k|exp kg r]|k') . 
Using also the completeness of the set |%), the proof of the theorem (2) follows 


immediately. 
Now the fact that S,,(q) is a function only of q means that it must be of the form 


Judy 
q° 


Syw(g) = alq) + du; 


the theorem (2) now reduces to a + b = 1 and contracting the tensor, 
Trace S,,(q) = à + 3b. 


Using these relations we can now write the current component (1) in the alter- 
native forms: 


en > 
(a) 1G) =—— DAS a) = 0,)4, (a); 
Me y= 
en 1 2 Gud 
l San — See = ey ees Hy, | 
(b) an 2 r un (q) 3) ( u q? | Hl ) 
Coin A Ip Gud 
TEN RS 3-2 "| A,(g), 
vn m > Ps aq) (9 g = q° a) 


The last two forms exhibit gauge invariance explicitly through the factor 
(9 — (Gu»/q2)). The theorem (2) is thus a sufficient condition to ensure gauge inva- 
riance of the current. It is easy to see that it is also necessary. Thus although our 


sh 
Re} 
~ 
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proof is for a special system, the theorem must nevertheless be true for any system 
in which the current is expressible in the form (1). 

Returning now to Bardeen’s discussion of the gap model of superconductors 
we see that the assumption of unchanged matrix elements and altered energy 
differences is inconsistent with the identity (3), and that the theorem (2) is not 
satisfied; indeed, if e is the size of the energy gap, S,,,(q) >0, for q/e +0. 

The form for the current (a), used by Bardeen, then reduces to London’s equation 
as found by Bardeen. The form (b) would give 3 times this value and the form (c) 
would give zero, the result for an insulator rather than a superconductor. 


* OK OK 


The author is indebted to Dr. M. R. SCHAFROTH for a number of helpful discussions 
of this work, which was carried out during a stay at the School of Physics, Uni- 
versity of Sydney and he wishes also to express his thanks to Professor H. Messer. 
for his generous hospitality. 


Note added in proof. 


In the following letter of this issue, Dr. J. BARDEEN points out that, in a one 
particle picture, there is an effective velocity dependent interaction. This is, of course, 
true but as stated above, our theorem can be generalized; both to a finite temperature 
and to a system with many different types of particles interacting with x-space forces 
only. Any system can be represented in this way, if necessary by going right back 
to the electrons and nuclei. The theorem remains true in the form (2) for any 
system in which the current can be expressed in the form (1). 

We cannot agree, however, that the matrix elements or the quantity S,,(q) 
depend on the choice of gauge: they are intrinsic properties of the field-free 
system. An assumption concerning the matrix elements and energy levels relates 
to the system itself and cannot refer only to a particular choice of gauge or field. 
Bardeen’s assumptions mean that S.(q) 0 as q—>0, ie. not only that b(q) +0 
but also that a(q) —0. It is claimed that no system could have this property. 

The author wishes to thank Dr. BARDEEN for a copy of his note and for some 
comments. 
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Gauge Invariance and the Energy Gap Model of Superconductivity. 


J. BARDEEN 


University of Illinois - Urbana, Illinois 


(ricevuto il 12 Ottobre 1956) 


It is true, as pointed out by BUCKING- 
HAM (1), that one can not assume that 
the matrix elements of the energy gap 
model are the same as those of a system 
without a gap if one uses an arbitrary 
gauge. In the writer’s opinion, this does 
not invalidate the arguments made con- 
cerning the connection between the 
energy gap model and magnetic pro- 
perties nor the usefulness of this approach 
to a phenomenological theory of super- 
conductivity. 

The difficulties arise from the fact 
that in the one-particle picture an 
energy gap corresponds to a velocity 
dependent operator. One might write 


for the energy of an electron with 
momentum p: 
à p? 
Ep) = Tr AP); 
2m 


where g(p) is presumed to vary rapidly 
from 0 to e as p crosses the Fermi 
surface. In a gauge invariant theory, 
one would have to include terms in the 
expressions for the current and magnetic 
interaction which come from g(p) (2). 


(Ra 
(1956). 

(?) The writer is indebted to a discussion with 
Dr. F. E. Low in early 1955 on the question 
of gauge inyariance from this point of view. 


BUCKINGHAM: Nuovo Cimento, 5, 


In the earlier note (?), one assumed 
that when the gauge is chosen so that 
div A = 0, the matrix elements of the 
current operator and of the magnetic 
interaction to excited states of the 
actual many-body particle system in a 
superconductor are similar to those of 
a one-particle model without gap. A 
Meissner effect is obtained since the 
matrix elements go to zero with the 
wave vector q of the magnetic field while 
the energy denominator remains finite. 
It is the function b(g), in Buckingham’s 
notation, which is determined by this 
procedure. As far as the writer is aware, 
there are no general theorems which 
preclude the possibility that b(g) —0 or 
remains less than unity as g—0 (+). In 
either case, a Meissner effect would 
result. 

BUCKINGHAM, in effect, argues that 
when similar assumptions concerning the 
matrix elements are made with a general 
gauge, one gets inconsistent results. This 


(3) J. BARDEEN: Phys. Rev., 97, 1724 (1955). 
A more complete account is tu appear in a forth- 
coming article on Theory of Superconductivity, in 
Encyclopedia of Physics, vol. XV (Heidelberg). 

(4) M. R. SCHAFROTH: Phys. Rev., 100, 502 
(1955), has argued that one can not bave a 
Meissner effect in a system with finite correlation 
length. but has not shown that the actual cor- 
relation length in superconductors is not effect- 
ively infinite. 
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is true, for one then determines a com- 
bination of a(q) and b(g), and the sum 
of these can not go to zero with g. There 
is, however, nothing inconsistent about 
making this assumption for the special 
gauge, div À = 0, and to use the eri- 
terion of gauge invariance to get general 
expressions which apply in any gauge. 

There are good reasons for the choice 
div A = 0 aside from simplicity (5). If 
a different choice, A’= A + grad gq, is 
made, the magnetic perturbation can be 
minimized by expanding in terms of a 
set of functions 


; = exp [— (ie/he) Dd ora) » 


instead of the functions Y, appropriate 
to zero field. This corresponds to making 
a gauge transformation to one for which 
div A= 0. If it is assumed that A’ is 
small and an expansion is made in terms 
of Y; one is in effect expanding ¥; in 
terms of Y,. Further, the matrix ele- 
ments of A (with div A = 0) important 
for penetration phenomena are simil r 
to those which determine absorp ion of 
electromagnetic radiation. 

The last point is important. Perhaps 
the greatest value of this approach to 
superconductivity is to see what sort of 
phenomenological theories it leads to. 
If for a given excitation energy the 
matrix elements (and thus absorption) 
are nearly the same as those of a normal 
metal, the diamagnetism is small and 
b(q) ~ 1 for the corresponding q. If 
there is a Meissner effect, b(g) will become 
appreciably less than unity for small q, 
say q<q;- The nature of the phenome- 
nological theory depends on whether or 
not the product of g, and the penetration 
depth A is greater than or smaller than 
unity. If qaA< 1, one finds a non-local! 
theory of the type suggested by Pippard. 
If matrix elements depart from normal 
values for excitation energies < AF, one 


(®) J. BARDEEN: Phys. Rev., 81, 469 (1951). 
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expects hq, ~ (dp/dP)-AE. The quali: 
tative nature of the theory is not very 
sensitive as to whether the departure is 
in the matrix elements or energies of the 
excited states. 

One can not, of course, be sure that 
any model which gives an energy spec- 
trum corresponding to an energy gap 
will yield a Meissner effect. In parti- 
cular, if the energy gap is of the sort 
which arises in band theory from a 
periodic perturbation, and the lower 
bands are completely filled and the upper 
bands completely empty, one can show 
by sum rules that terms corresponding 
to Landau diamagnetism vanish. Al- 
though the energy gap model has con- 
siderable empirical backing, the ultimate 
test will be to derive the properties from 
a sound microscopic theory. 


“xx 


The author is indebted to Dr. Buck- 
INGHAM for raising these questions 
which were not treated adequately in 
the original communication and for 
sending a copy of his note prior to 
publication. 


Note added in proof. 


In a many-particle formulation, it is 
necessary to consider excited states of 
the collective modes (lattice vibrations 
and plasma oscillations) as well as those 
of the individual particles. [See J. Bar- 
DEEN and D. Pines: Phys. Rev., 99, 
1140 (1955)]. In a general gauge, A’, 
the matrix elements which come from 
y(r,) in the expansion of y, in terms 
of YY; are similar to those encountered 
in the perturbation expansion of a small 
electrostatic potential, g(r). For a slowly 
varying g(r) (corresponding to small q), 
the important excited states are those 
which have a varying charge density 
and which are described in terms of 
collective co-ordinates. On the other 
hand, the true magnetic interactions 
which come from A (div A = 0) connect 
mainly with individual particle excit- 
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ations in which there is no long range 
variation in charge density. 

One may divide S,, into two parts, 
one SH which comes from collective 
excitations and another Sry which comes 
from individual particle excitations. If 
for q small, the former comes mainly 
from y and the latter from A, one would 
expect to find 


ce _ Judy 
Sn = @ 

i Guy 
Si, = WG))\| Ory 

u (q) (%p 2 | 


There is no reason why b(g) may not 
go to zero as g> 0 as a result of a 
finite energy denominator and vanishing 
matrix elements for individual particle 
excitations. 

Because of the way in which sub- 
sidiary conditions limit individual part- 
icle excitations in the Bohm-Pines for- 
mulation to those which involve no long 
range charge fluctuations, à direct cal- 
culation of Soe would be difficult. On 
physical grounds, however, one would 
not expect a magnetic field to excite 
collective modes. 
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Ambipolar Diffusion in a Magnetic Field in the Case of Glow Discharge. 


S. N. Goswami 


Hooghly Mohsin College - Ohinsura, India 


(rieevuto il 13 Novembre 1956) 


The positive column of a glow dis- 
charge has a linear fall of potential 
along it. Consequently, along the axis 
of the discharge tube, N;—N —N. In 
such type of discharge, ambipolar dif- 
fusion also occurs, for which the guiding 
equations are (1) 


= dn, 
(1) N4V,4 = — D} Sfp he Au, 
dr : 
and 
2 Fi Denk 
2 DOM EN PE ER 
(2) NV AG 


From these equations the coefficient of 
ambipolar Diffusion D, turns out to be 


_ D;K_+DK;, 
Gia aca eal: a 


(3) Da 


ALBERT SIMSON (?) has however shown 
that no ambipolar diffusion occurs when 
the plasma is subjected to a magnetic 


! 


.@) L. B. LoEB: Fundamental Processes of 
Electrical Discharge in Gases (New York, 1939), 
p. 587. 

() A. SIMON: Phys. Rev., 98, 317 (1955). 


field perpendicular to the direction of the 
applied electric field. This fact can also 
be realised if, following LoEB, one writes, 


4 dn. 
(4) n404= —D,— + 
dx 


+ K,Xn, —K' Hu, ns 
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“ dn_ 
(5) NVy ee 


SSK aXe =k Hosen 


To simplify matters, one may assume 
that there exists a correlation between 
v, and ©, and further, taking that cor- 
relation to be linear one obtains the 
following ambipolar diffusion coefficient 
in the usual way, 


DRE OSD Kay NA 
u a re 


where # ~ 1 at a pressure of 1 mm Hg 


6) (D) 


S. N. GOSWAMI 


Eq. (6) shows that (D,— H) curve 
is à rectangular hyperbola (Fig. 1). At 
a field of the order of 100 G, it is seen 
that the value of the coefficient of ambi- 
polar diffusion is very small (.005) in 
comparison to that in the absence of the 
magnetic field (.50), in conformity with 
the observations of SIMON. 


Thanks are due to Dr. T. Roy for 
very helpful discussions in the course of 
the work. 
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A Method for Measuring the Relaxation Time 7. 


al“ GHOSE, S. K. Gxosx and D. K. Roy 


Institute of Nuclear Physics - Calcutta, India 


(ricevuto il 5 Febbraio 1957) 


Carr and PURCELL (1) introduced a method for measuring the relaxation time 7, 
from the growth or vanishing of the second free induction signal, avoiding totally 
the diffusion effect, which was subsequently used by HorcomB and NORBERG (?) 
and others (). They also pointed out the possibility of using the growth of the 
primary echo due to the second and third pulses P,,. It will be shown that besides 
the growth, the exact null point determination of this echo P,, gives a very neat 
method of measuring 7. 

The amplitude of this partieular echo is given by, 


M, |1 — (1 — cos &,) exp e =) sin €, sin? = exp | Anh) 


1 a 


where ¢, &, & are the angles through which the moment vector is nutated by the 
first, second and third rf-pulses respectively. 7, and r, are respectively the intervals 
of the second and third rf-pulses from the first pulse. Evidently the best choice 
of angles in the case of studying the growth of the echo — the characteristic time 
of which gives T, — will be e, = 90°, e, = 90° and ¢, = 180°. But choosing the 
angles as ¢, = 180°; &, = 90° and e, = 180°, the echo signal can be made to vanish 
for a particular separation between the first and the second pulse, (while the interval 
between the second and third pulse is held fixed), as given by, 


Toul = T, log, 2. 


The null point is quite sharp and can be determined quickly. The accuracy of 
measurement depends on how slowly the interval 7, can be varied, on its exact 
determination and on ascertaining the exact point of vanishing of the echo below the 
noise level. Thus T, can be easily obtained eliminating the damping effect due to 
diffusion. The superiority of this method over those using the second induction 


() H. Y. Carr and E. M. PURCELL: Phys. Rev., 94, 630 (1954). 
() D. F. HozLcoMB and R. E. NORBERG: Phys. Rev., 98, 1074 (1955). 
©) R. J. BLUME: Bull. Am. Phys. Soc., 1, II, 397 (1956). 
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decay signal lies in the fact that no arrangement for preventing the receiver from 
saturation is needed here as required in the latter case. For glycerine, 7, is obtained 
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Fig. 1. — Curve showing the variation of relax- 


ation time 7, with 


different concentrations of 


FeCl, solution at 14 MHz. 


as 34 ms using this method. 

A systematic measurement of T, has 
been carried out at 14 MHz for protons 
in water containing different concentra- 
tions of FeCl,. The results are plotted 
graphically in Fig. 1 which gives a 
smooth straight line as expected theore- 
tically. The absolute magnitude of T, at 
any concentration, however, differs ap- 
preciably from that given by BLOEMBER- 
GEN (‘) who carried out measurements at 
29 MHz. Recently NoLLE and MGRGAN (°) 
and also BLoom (°) have observed field- 
dependence of 7, for protons in aqueous 
solutions of Cr(H,0)£**, Mn(H,0);*, 
Co(H,O) 7% 


We also think that the deviation of our results from those of Bloembergen may 
be due to such a cause and intend to explain quantitatively the exact field depen- 
dence of T,, both from theoretical and experimental points of view. 


xxx 


The authors thank Prof. A. K. Sama and Mr. B. M. BANERJEE for their encourage- 


ment. 


(*) N. BLOEMBERGEN: Thesis (Utrecht, 1948). 


(5) A. W. NoLLE and L. O. MORGAN: Bull. Am. Phys. Soc., 1, II, 92 (1956). 
(*) A. L. BLoom: Journ. Chem. Phys., 25, 793 (1956). 
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Interactions of u-Mesons Underground (19) MeV). 


S. NARANAN, P. V. RAMANAMURTY, A. B. SAHIAR and B. V. SREEKANTAN 


Tata Institute of Fundamental Research - Bombay 


(ricevuto il 6 Febbraio 1957) 


Several workers (412) working under- 
ground with cloud chambers, photo- 
graphic emulsions, and Geiger counters 
have obtained for u-mesons underground, 
cross-section for their nuclear inter- 
actions of the order of 10-%' em?/nucleon. 
Following BRADDICK and Henspy (1), 
other workers ("!?) working underground 


(4) E. P. GEORGE and J. Evans: Proc. 
Phys. Soc., A 63, 1248 (1950). 

(2) E. P. GEORGE and J. Evans: Proc. 
Phys. Soc., A 68, 829 (1955). 

(5) A. LOVATI, A. Mura, C. Succı and 
G. TAGLIAFERRI: Nuovo Cimento, 10, 1201 (1953). 

(4) H. J. J. BRADDICK, W. NASH and A. W. 
WOLFENDALE: Phil. Mag., 42, 1277 (1951). 

(5) H. J. J. BRADDICK and B. LEONTIC: 
Phil. Mag., 45, 1287 (1954). 

(°) S. KANEKO, T. KUBOZOE, M. OKAZAKI 
and K. TAKAHATA: Journ. Phys. Soc. Japan, 
10, 600 (1955). 

(7) M. L. T. KANNAGARA and M. ZIVKOVIC: 
Phil. Mag., 44, 797 (1953). 

() P. H. Barrett, L. M. BOLLINGER, 
G. CoccoNI, Y. EISENBERG and K. I. GREISEN: 
Rev. Mod. Phys., 24, 133 (1952). 

(®) E. AMALDI, C. CASTAGNOLL A. GIGLI 
and $S. Soruri: Nuovo Cimento, 9, 969 (1952). 

(°) P. E. ARGAN, A. GIGLI and S. SCIUTI: 
Nuovo Cimento, 11, 530 (1954). 

(4) D. KESSLER and R. Maze: Physica, 
12, 69 (1956). 

(2) ©. CASTAGNOLI, A. GIGLI and $. SCIUTI: 
Nuovo Cimento, 10, 893 (1953). 

(3) H. J. J. BRADDICK and G. HENSBY: 
Nature, 144, 1912 (1939). 

(4) E. P. GEORGE, J. L. REDDING and 
P. T. TRENT: Proc. Phys. Soc., A 66, 533 (1953). 
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with cloud chambers had reported com- 
paratively very large 
(4—5-10-? ) em?/nucleon for the produc- 
tion of single penetrating secondaries by 
penetrating particles underground, the 
so called « associated pairs of penetrat- 
ing particles » (A.P.P’s). 

With a view to study these inter- 
actions, the present experiment was 
performed with a multiplate cloud cham- 
ber inside an abandoned railway tunnel 
at Khandala (1790 ft. a.s.l.), 80 miles 
from Bombay, during February-June, 
1954. The cloud chamber was run inside 
the tunnel, in a temperature-controlled 
trailer caravan. The rock (*) over the 
apparatus was equivalent to 180 m of 
water (180 m w.e.). The cloud chamber 
was 45 em in diameter, and had an 
illuminated depth of 12.5 em. It had 
seven, half-inch thick lead plates inside, 
and a 10.5 cm lead block above, and 
was triggered by a triple coineidence 
system of Geiger counters consisting of 
one counter tray above, and two counter 
trays below the chamber. 

In a total of 6884 photographs ob- 
tained in 1300 h of cloud chamber oper- 
ation, we have 33 events where a pene- 
trating particle is accompanied by, or 
has produced inside the chamber, a 


cross-sections 


(*) The density of the rock was 2.9 g/em?. 
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single secondary particle which appa- 
rently penetrates one or two lead plates. 
These events if interpreted as examples 
of the associated pair production (A.P.P.) 
would give, for this type of phenomenon 
a cross-section of the same order of 
magnitude as that given by previous 
workers (4°14) namely (4—5- 10-2?) em?/nue- 
leon. However we will see below that 
almost all the above secondaries are 
consistent with being knock-on electrons. 

In all the above cases where the 
secondary particle stops in a plate in 
the chamber, its track appears to be 
minimum ionizing in the compartment 
above the plate. Protons stopping in a 
lead plate 1.25 em thick would appear 
to ionize heavily in the compartment 
above the plate. x- or u-mesons would 
also appear to ionize heavily, except 
for those which stop in the bottom 
3 mm of the plate, which would appear 
to ionize minimum. Thus, since the 
particles are minimum ionizing in all 
our cases, one is led to believe that a 
large majority of these secondaries could 
not be protons or 7 or u-mesons stopping 
in the plate. 

There are 25 photographs of knock-on 
electron showers, where at least one of 
the shower particles appears to penetrate 
one plate, and stops in the next, showing 
thereby that it is not rare for an electron 
to appear to penetrate one half-inch lead 
plate (2.2 radiation lengths). Thus, most 
of the secondaries which appear to pe- 
netrate one plate in the above men- 
tioned 33 cases could be knock-on elec- 
trons, which may have produced a sho- 
wer in the lead plate, with only one 
shower particle emerging from this plate. 

We now, therefore, try to interprete 
these 33 events 
and so consider them together with all 
the other knock-on electrons and knock- 
on electron cascades observed by us. 
Taking D’ANXDLAU'S (5) experimental re- 


as knock-on electrons 


(45) C. D’ANDLAU: Journ. Phys. Rad., 16, 
176 (1955). 
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sults on the fluctuations in the number 
of electrons below a lead layer two 
radiation lengths thick, and using the 
energy spectrum of electrons in equi- 
librium with u-mesons in lead at a total 
depth of 190 m w.e., calculated from 
Bhabha’s (1°) theory, we can show that 
the calculated (1) and observed ratios 
of N(1)/N (> 1) namely 0.79 + 0.3 and 
0.55 + 0.1 respectively, are in agree- 
ment within the statistical errors. N(1) 
is the number of cases where only one 
electron emerges below the lead plate 
2 radiation lengths thick, and N (> 1) 
is the number of cases where more than 
one electron emerge from the lead plate. 

The above results and discussion 
show that all these apparently penetrat- 
ing secondaries could be explained as 
knock-on electrons and that it is not 
necessary to invoke a special pheno- 
menon like the production of A.P.P.’s 
with a comparatively large cross-section. 
These results are in agreement with 
those of APPAPILLAI et al. (8) and BRAD- 
DICK and LEOoNTIc (5) who have since 
drawn similar conclusions. 

Working below such a large thick- 
ness ofrock (180 mw.e.), we have observed 
in our cloud chamber, 6 cases of nuclear 
interactions of the penetrating particles 
underground. Five of these photographs 
are typical penetrating showers, while 
one photograph has a heavily ionizing 
particle coming out of the lead plate, 
together with some soft component. 
The photograph of one of the penetrating 
showers is reproduced in Fig. 1. Three 
of these interactions have their origin 
inside the chamber, two have a possible 
origin in the 10.5 em lead block above 
the chamber, and one of them was pos- 
sibly produced in the rock of the tunnel. 


CS) H. J. BHABHA: Proc. Roy. Soc., A 168, 
829 (1938). 


(7) S. NARANAN: Benares, Thesis (1956) 
(unpublished). 
(8) V. APPAPILLAI, A. W. MAILVAGANAM 


and A. W. WOLFENDALE: Phil. Mag., 45, 1059 
(1954). 
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Fig. 1. — Photograph of a nuclear interaction produced by a penetrating particle underground 
(190 m w.e.). The heavily ionizing particle coming out of the third plate and going to the left edge 
of the photograph may be a heavy unstable particle which has stopped and decayed in the fourth 
The secondary particle probably stops in the last plate after penetrating two plates. Local gas 


plate. 
turbulence has distorted the other heavily ionizing track in the third compartment. 


INTERACTIONS OF u-MESONS UNDERGROUND (190 MeV) 


Ignoring the interaction in the rock and 
the very weak interaction in the lead 
plate, and so taking the other four inter- 
actions, and noting a traversal of 984 m 
of lead by the u-mesons, we evaluate an 
upper limit of the cross-section for the 
production of penetrating showers by 
u-mesons of mean energy 47 GeV (total 
depth 190 m e.w.) as 


on (6 >1GeV) = 
= (5.7 + 2.8)-10-*° cm?/nucleon , 


e being the estimated energy of the inter- 
actions. This value is of the same order of 
magnitude (1.2—4.0-10-%°(em?/nucleon)) 
as that obtained by other underground 
cloud chamber workers (*°) working at 
much lower mean energies (614 GeV) 
of w-mesons. Very recently HIGAsHI 
et al. (1%) working under 200 m w.e., have 
reported a cross-section of (2.9 + 1.1)- 
-10-) cm?/nucleon, for production of 
showers of energies > 7 GeV. 

We would like to point out here 
that the particles producing the inter- 
actions observed by us could not be 
identified as u-mesons, but are assumed 
to be u-mesons. The penetrating part- 
icles observed below a total depth of 
190 m w.e., cannot be a part of the nuclear 
interacting component produced in the 
atmosphere, since the latter is rapidly 
absorbed in the rock with an absorption 
leneth of half a metre of rock. The ob- 
served events could therefore be either 
produced by u.-mesons which could penet- 
rate this thickness of the rock by virtue 
of their weak interactions with matter, 
or they are produced by locally gener- 
ated nuclear interacting secondaries of 
the u-meson interactions in the rock. 
Very recently Kiramura and ODA (?°) 
have calculated that below 200 mw.e., 


(°) S. HısasHı, M. Opa, T. OSH10, H. Sut- 
BATA, K. WATANABE and Y. WATASE: Progr. 
Theor. Phys., 16, 250 (1956). 

(2) D. KiTAMURA and M. Opa: Progr. 


Theor. Phys., 16, 252 (1956). 
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the ratio of the frequency of occurrence 
of the nuclear interactions produced by 
r-mesons to the frequency of those pro- 
duced by y-mesons is 1.75, for inter- 
actions of threshold energies > 1 GeV. 
This uncertainty about the nature of 
the penetrating particles producing the 
interactions, leads us to regard the above 
cross-section as an upper limit for the 
nuclear interactions of u-mesons under- 
ground. 

The above mentioned observed upper 
limit of the cross-section is not in dis- 
agreement with the theoretical value of 
Open.(e >1 GeV) = 3.1:10-* cm?/nucleon 
calculated, as first indicated by GEORGE 
and Evans (1), by interpreting the inter- 
actions as the photonuclear interactions 
of the virtual photons associated with 
u-mesons in flight. The poor statistics 
available for cloud chamber results do not 
permit any definite conclusions regarding 
the variation of this cross-section with 
increasing energy of w-mesons. 

Two cases of large angle scatterings 
of penetrating particles have been ob- 
served, where the two particles having 
mean (+) scattering angles of 2.6°)3 de- 
grees and 1.7*52 degrees have scattered 
through (13.5 + 0.5)° and (22.5 + 0.5)° 
respectively, in one of the lead plates in- 
side the chamber. If these scatterings are 
due to nuclear scattering of u-mesons, then 
they give a cross-section of o (scatter- 
ing) = (6.3 + 4.5)-10-*’ em?/nucleon, for 
u-mesons in lead. The experimental 
limitations in the measurement of small 
scattering angles, do not permit us to state 
anything about the anomalous cross- 
section (2!) (*) for large angle scattering 
of high energy u.-mesons. 

The following main results were ob- 


(1) B. Leontic and A. W. WOLFENDALE: 
Phil. Mag., 44, 1101 (1953). 

(*) These authors have 
results of sea level experiments on large angle 
scatterings of W-mesons. 

(*) The large angles were excluded while 
taking the mean of the scattering angles in the 
other plates. 


summarized the 


AE 
ie 
fr 


tained for the electronic component in 
equilibrium with -mesons underground. 
(a) the average number of electrons in 
equilibrium with a u-meson in lead is 
0.172003 in good agreement with the 
value 0.164 calculated from Bhabha’s (1%) 
theory. (b) The numbers of knock-on 
cascade showers of energies (*) greater 
than 600 MeV and 1.5 GeV, are (7.0+1.4)- 
-10 and (2.0-+0.75)-10-> per meson 
per g/cm? of lead respectively, again in 
good agreement with the values of 
9.5-10~ and 2.26-10- per meson per 
g/cm? of lead calculated from Bhabha’s 
theory. 

In conclusion, we would like to state 
that in conformity with other later 
experiments (1%) there is no evidence 
for the existence of a large cross-section 
for a special phenomenon called the 
associated production of penetrating 
particles (A.P.P.). The results on the 
equilibrium electronic component, are in 


(*) The energies of the showers were esti- 
mated using "Hazen’s (22) experimental results. 
(2) W. E. HAZEN: Phys. Rev., 99, 911 (1955). 
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agreement with the theoretical expect- 
ations. The upper limit of (5.7+2.8)- 
-10-3° em?/nucleon, for nuclear inter- 
actions of the underground u-mesons of 
mean energy 47 GeV is, within statistics, 
of the same order of magnitude as the 
cross-section obtained by other cloud 
chamber workers at lower mean energies- 
of u-mesons (3-15 GeV). The cross- 
section for large angle scattering of 
u-mesons is of the same order of mag- 
nitude as the cross-section for nuclear 


interactions. 
xxx 
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Nucleon-Surface Interaetion and the (p, n) Reactions. 


J. Sawıckı and Z. SZYMANSKI 


Institute of Physies, Polish Academy of Sciences - Warsaw 


(ricevuto il 14 Febbraio 1957) 


Recently (!) (*) the angular distribution and the neutron polarization of the 
neutron from (p,n) reactions were calculated under the assumption that a direct 
mechanism of the type as proposed by AUSTERN et al. (?) is the primary mechanism 
operative in a (p,n) reaction. This mechanism dominates over the compound 
nucleus formation in a number of particular cases, when we are dealing with a 
reaction for away the pronouced resonances of the excitation curve and for nuclei 
containing one outer nucleon (or a few nucleons) the most loosely bound with a 
double magic (or with closed subshells) core. It applies, before all, to sufficiently 
small energies (**) of the incident protons, when the only neutron that can be knocked 
out from the nucleus is the outer one. 

Following AUSTERN et al. (?) and similarly as in I we assume that the neutron 
which is initially the most loosely bound (with a spin-zero core) and which is in 
state of total angular momentum j,, orbital angular momentum /; and z-compo- 
nent m;, is knocked out from the surface of the nucleus by the incoming, proton 
which is then captured into a state of total angular momentum j,, orbital angular 
momentum |; and z-component m,. 

It was assumed in I that the knock-out mechanism is due to the interaction 
of the incident proton with the target neutron i.e. the potential V,,. It seems, 
therefore, interesting to investigate the contributions to the reaction from the inter- 
actions of both the nucleons with the surface of the core in the sense of the Bohr- 
Mottelson model. 

In the case of target nuclei considered here (one or a few nucleons outside the 
core) the equilibrium deformations of the core are expected to be rather small (almost 
spherical nucleus). Only vibrational excitations of the surface should, therefore, 
contribute. That means that the rotational excitations of the target nucleus are 
to be neglected. In this situation the weak coupling approximation for the nucleon- 


(1) J. SawicKki: Phys. Rev., 104, 1441 (1956) and Act. Phys. Pol., in the press. 

(*) Further referred to as I. 

() N. AUSTERN, S. T. BUTLER and H. Mc MANUS: Phys. Rev., 92, 350 (1953). 

(**) One must remember, however, that the energy has to be sufficiently high (~ 5+15 MeV) 
to neglect the compond formation important at small energies. 
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surface interaction is applicable. The contributions to the (p,n) transition operator 
due to these interactions consists then of an additional proton-neutron interaction 
via virtual phonon excitations of the surface plus similar proton (neutron) selection 
terms. These interactions are of the type of particle-core-particle couplings i.e. 
interactions of the 2-nd order in the coupling constant. 

The neutron and the proton are assumed to interact with the surface via the 
usual interactions (in the notations of Bonr and Bonr and MOTTELSON (?)): 


T2 
(la) Hr,» on) = — VS Roôlr, — Ro) DATES AU 
ee 
(1b) HO (r,, an) = — VPRoôlra — Bo) > y Toul) 
7 
(2) Ay, = HR, He 


where V®, Vi” are the square well depths approximate to the bound proton and 
neutron (*). 

All the particle-core couplings are to be written in the form of the (second order 
perturbation) operator: 


(3) AV= > Hin | a | Hin x 
He By, —H, 


where E, is the total energy of the system in the initial and final states and |H)z'> 
denotes an eigenket of the unperturbed hamiltonian: 


(4) Hs le th ae Ae se Wen 


where H, is the hamiltonian of the surface; 7,(7,) and V,(V,) denote the kinetic 
and potential energies of the proton (neutron), respectively. 

The energy H, of an intermediate state is the sum of the proton energy Hy”, 
the neutron energy H‘” and the phonon energy — fw (there is only one phonon 
transition involved). 

The (p,n) reaction amplitude is calculated according to I in the spirit of Toboc- 
man’s (1) with the only difference that the transition operator V,, is replaced 
by Vip + AV. 

For the sake of numerical computations we shall confine ourselves to the bound 
states S (i.e. 1; = 1; = 0), where the spin-orbit coupling does not operate. To sim- 
plify the computations the spin-orbit coupling will be neglected in the V, and V,, 
potentials. 

The initial state of the system corresponding to our scattering problem is: 


np 


(5) | Hy; à» = |000)- Pla, Puy]. 


(?) A. BOHR: Kgl. Dan. Mat. Fys. Medd., 26, no. 14 (1952); A. BoHR and B. MOTTELSON: 
Kgl. Dan. Mat. Fys. Medd., 27, no. 16 (1953). 

(*) This point is discussed below. 

(4) W. TOBOCMAN: Phys. Rev., 94, 1655 (1954). 
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where |000 =|N = 0, R = 0, m, = 0) denotes the unperturbed state of the surface 
and the wave function of the bound state of the neutron is assumed according to I 
in the form: 


(6) Pile] =a CR = (7) À Yool 2,) x Kuhn) ? 


and the incident proton wave is: 


(7) Plu) = > o*(L,M,) Re CT X) - 


LpMy 


The final state « equivalent » in the sense of Tobocman’s theory may be written as: 


(8) «Eg; f| == <000 | . bal nal > 
where: 
(9) TER En) Lady)» 


denotes the bound state of the proton and 


OF FORM EUR Te 
10 V4 = 
2 altel = | Samantnete.rh(o)-xE(o), form > Ro» 
LMY i 


is the outgoing neutron wave. The « Tobocman radius » is assumed to be the nuclear 
radius Ry (Ry = 1.4574 -104* em). 
The intermediate states are: 


(11) ie = |NEm,>° Piel Pi], 
w here 

(12) Pla) = Ro Mr) Lym! (2p) Au (Fo) » 
(13) Plu Ro Wa) Vy mi (Qn) * Lyi (On) - 


The summation over all the intermediate states D is to be understood as the 
OA 
operator: 


(14) | iat | da | dH, Sa 6(H, — Hi — H,” — Ni). 
sh 


pp pt 


After performing all the angular spin and other integrations and summations,. 
making use of the properties of the operators «,, the well known formula for the 
products of two spherical harmonies, the properties of the vector. addition coefficients. 
and various ortogonality relations we finally obtain the correction to the reaction. 
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amplitude due to the operator AV in the form: 


(15) <By; f|AV| Bost) = AM (m, , m > u) = Ouppir Op uq(COMSt, * COS 20 — const,) . 

The %$Si(p,n)#P reaction (1, = 1, — 0) is considered similarly as in I. The 
binding energies are &; = 8.194 MeV, &,; = 2.691 MeV, Hy) = — 2.194 MeV which 
corresponds to the energy of the incident protons E, = 6 MeV. Aw calculated 
according to BOHR (?) = 4.955 MeV. 

The numerical computations using various approximations were performed in 
two cases: 1) disregarding the Coulomb effects of the incident proton wave; 2) includ- 
ing Coulomb effect. 

In both the cases the selfaction terms appear more important than the mutual 
n-p interaction terms. The correction to the reaction amplitude coming from AV 
was found to be nearly isotropic. To estimate the relative contribution of the cor- 
rection considered herein to the total (p,n) process according to I the main part 
of the reaction amplitude was taken to be 


(16) «Eo; f| Vn|Eo; à» = M(u,» hy > Myl4y) ’ 
V„, being of the form: V,, = (V, + V.6,-6,)6(r, —T,)- 
For the numerical estimation V,, was taken to be: 
47h? a a a,— a 
(17) Vie hire Ba Ben, 
M Te 2 J 
where a, = 4.31-10- em and a, = — 24.34:10-1% cm are the triplet and the singlet 


n-p scattering lengths, respectively, and P, = $(1 + 0,'0,). Hence: 


ay + Ay a, — Ay 


(18) M (ut > Ml) = Moo | 2 = dupe © nya À hon eee > 


where M,, is given in I. 


The angular distribution is given by: 


(19) (0) => >| Muu; > oats) + AM (mp > Myla) |? » 


Mn li Hp 


The numerical values of the relative contributions of the operator AV are given by: 


(20) Te a2) esa’) : 
(0) 
where 
(21) (8) = > > | Mu: > Hu)? 


Bali Hpls 


The numerical values of « (0 = 0) for the cases 1) and 2) are +4.25% and 
12.04%, respectively. With the increase of 6, x increases to ~ 20% in the minimum 
of (0). The form of the resulting angular distribution remains unchanged. 
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The correction due to AV increases the differential cross-section by a small 
amount. The numerical results are to be trusted only rather qualitatively because 
of great uncertainty in the numerical values of the constant coefficients in V,,, 
and the values V{?, Vj”. The latter were assumed to be the square well depths 
corresponding to the bound states of the outer nucleons, while BRINK (5) assumes 
an optical model square well for the neutron inelastically scattered from a heavy 
nucleus. On the other hand, Hayakawa and YosHIDA () use square wells approxi- 
mate to bound states for the scattering of protons from ?Me. 

It seems possible that the most reasonable choice would be to use bound state 
square wells for those terms of Eq. (16) where respective H\,, operate on bound 
states and to use optical model square wells when operating on free scattering states. 
This should increase the effect of AV. 


Pee 


The authors are indebted to Dr. M. GuNTHER for a helpful discussion. 
A more extensive paper on this subject will appear in Acta Physica Polonica. 


(5) D. M. Brink: Proc. Phys. Soc., A 68, 994 (1955). 
(5) S. Hayakawa and 8S. Yosurpa: Proc. Phys. Soc., A 68, 656 (1955). 
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A Non-Linear Theory of Phase Oscillations 
Induced by Radiation Fluctuations in Synchrotrons. 


A. N. MATVEEV 


State University - Moscow 


(ricevuto l’11 Marzo 1957) 


It was shown in (1) that radiation fluctuations induce phase oscillations of elec- 
trons in synchrotrons. Similar results for betatron oscillations were reported in 
papers (2%). A generalization of the results, reported in (1), for AG-synchrotrons 
was given in (':*). 

In papers (1:45) a linear theory was used. This linear theory is valid only 
when amplitudes of oscillations are small. The main chance of the theory is that 
about losses of electrons due to oscillations. This losses are significant only when 
amplitudes of oscillations are large enough. Therefore one has to abolish the above 
mentioned restriction about the smallness of oscillations. In other words it is ne- 
cessary to consider a non-linear theory of phase oscillations, induced by radiation 
fluctuations. 

A non-linear stochastic equation for phase oscillations induced by radiation 
fluctuations has the form: 


kw 


(1) Ÿ + yW + f2[cos p, — cos (py, + 7] = ria [W.— > eô(t —t)], 
s i 
where 
Y A=1+ Lj2nR ae 
Pepe: — Li} 29 , oe ef) = ESA > 
Ar HI OR IB, 
ZONEN e? OCR) dE R 2002 EN 
Wie (Go Sal sr Nr % Ni, 
3R, \me? me? CRD Eis 3 Ry \mc? 


) M. SANDS: Phys. Rev., 97, 470 (1955). 
) A. A. SOKOLOV and J. M. TERNOV: Dokl. Akad. Nauk SSSR, 92, 537 (1953); Zu. Eksper. 
Teor. Fiz., 25, 698 (1953). 

(*) A. A. SOKOLOV and J. M. TERNOV: Dokl. Akad. Nauk SSSR, 97, 823 (1954); Zu. Éksper. 
Teor. Fiz., 28, 432 (1955). 

(4) A. A. KOLOMENSKIJ: Zu. Éksper. Teor. Fiz., 30, 207 (1956). 

(5) A. N. MATVEEV: Dokl. Akad. Nauk SSSR, 108, 432 (1956). 
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L is the total length of straight sections of a synchrotron; = 
R, is the radius of curvature of the synchrotron; ” Si 
e is the energy of the photon; 4 
æ is the phase of the rf-field (radio-frequency field); Ye 
k is the order of the harmonies of a rf-field, eV, is the amplitude of the rf-field. ia 
ë 
When Yis small the Eq. (1) may be transformed into the linear stochastic Eq. (2) ve 
of paper (°). : 
Putting : 
t & 
; pe PAS dz wr 
f= (dts) VY — 12, 9 — exp |—— lade, g= , = etc. à 
; if v{ aL ) wu Fra 
we obtain instead of Eq. (1) the following equation: 
(2) ee ee = we Na a 
z — [cos 9, — cos (9, we) | = 8 — ;0(& — Ë,)], AE 
ARE # => 2 AB uf she 2 LE | mS 


where we have omitted the term — [(q?/4) + (q'/2)]z which is small. We can also 
neglect terms proportional to w'. Therefore for the free motion of the system in 
consideration we have 


22 1 , a 
(3) 73 + — [uz cos y, — sin (9, + uz)] = Q = const, : 
zZ uw“ ah 
and bound states correspond to the following values of Q: ee 
Le 1 : 

(4) — — sin 9, = Qnin<O< Omas = — (— 29; 6089, + Sin g,) . | 
u? u? ; 

An influence of quantum fluctuations of a radiation may be taken into account 
in the following manner. It follows from Eq. (2) and (3), that 
ke 
(5) À kox LAO’ 4<(Ae!)2) ra 
g'= — ——e, D) = (Az : 4 
AB uf LT À 
¥ he 
oi 
Using the condition (4) for the existence of bound states we can write the condition he 
that electron losses be small in the following form : a 
6 55a ko 1, he me? ( E, = ; ) ñ 2 
= — — sin 9, — 9, COS Ds) - 1 
(8) 32/3 1(4—«) R, e? eV, \me? ne is 5 


It is easily seen that this condition (6) of the non-linear theory is stronger than aut 
the corresponding condition of the linear theory. This condition confirms the asser- if 
tion (»7), that the utilization of an alternating gradient principle is inevitable for é 
energies of electrons of few GeV. 


f (°) A. N. MATVEEV: Dokl. Akad. Nauk SSSR, 109, 495 (1956). 
(7) A. N. Matverv: Dokl. Akad. Nauk SSSR, 107, 671 (1956). 
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Emission of an Electron Pair in a K+-Decay (*). 


R. Lævi-Serri (+) and W. SLATER 


The Enrico Fermi Institute for Nuclear Studies 
The University of Chicago, Chicago, Illinois 


(ricevuto il 20 Marzo 1957) 


In an emulsion stack (1) exposed to 4.5 GeV x from the Berkeley Bevatron, 
a K+ particle has been observed which decays at rest into a low energy z+ and 
two lightly ionizing particles. Fig. 1 contains a photograph of the event. The 
measured data are given in Table I. 

The K+ is ejected from a (14+ 17) star and travels 5.4 cm through 50 pellicles. 
Its mass, from multiple scattering vs. range (constant sagitta) is (1070 + 350) m,. 
We assume in the following that this particle has the known K* mass, M,.=966 m,. 
No associated strange particles were detected among the other prongs of the primary 
star. The m+ secondary, identified by its decay, r-u-e, has a range of 2.01 mm in 
three pellicles, corresponding in this stack to an energy at ejection of 9.6 MeV. 

Because of the large dip angles of the light secondaries e, and e,, 74° and 78°, 
respectively, and because of their very low ionization (~ 10 blob/100 um), a special 
procedure was necessary to measure their scattering. A profile of each track in 
two pellicles was obtained by plotting the y and z co-ordinates of the individual 
blobs. Scattermg was then measured on these plots, the cells being defined by 
constant displacements in ¢ instead of in x, as done for flatter tracks. The distortion 
vector has been measured in both pellicles; its magnitude both times being 25 um, 
corresponding to 20 covans. The sagittae have been accordingly corrected, before 
applying noise elimination. The values of pf for e, and e, are (47 + 10) and 
(50 + 11) MeV/c respectively. The relative blob densities of e, and e, compared with 
that of steep electrons from u'-decays are 0.91 + 0.14 and 1.07 + 0.14 Scattering 
and ionization results are consistent with e, and e, being electrons. To conserve 
charge, these particles must be an electron-positron pair. 


(*) Work supported by the Greenewalt Nuclear Physics Fund, the Office of Naval Research, 
and the Atomic Energy Commission. 

(*) On leave of absence from the University of Milan. 

(©) R. Levi SETTI and W. SLATER: Nuovo Cimento, in press. 
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Fig. 1. — Photomicrograph 


of event EFINS-K15. Event observed by P. J. KLIAUGA. 


EMISSION OF AN ELECTRON PAIR IN A K+-DECAY 1785 
TABLE I. 
à Observed length pp | 
Particle Dip angle Polar, angle or range (from scattering | 
(degrees) (degrees) (mm) (MeV/e) 
1er — 63 +2 —8+1 2.01 + .10 — 
e 176 08 ORES 1 47 + 10 
e, ds 58 + 5 7 50 +11 


K+ decays involving the emission of electron pairs, identified as K_, (?) and 
Kus modes (?) have provided evidence for the identity of the neutral particles emitted 
in these decays. Analogous evidence for the K_,(’) is provided by the present event. 

We can, following an analysis similar to that of HOANG et al. (3), treat the pair 
as a single fictitious particle whose 4-momentum P,=P,+P.. From the data 
in Table I we can evaluate: | 


Me =|P,|= (12.9 + 


3.6) MeV 


E, = eP,fi = (97 + 15) MeV 


|po| = (96 + 15) MeV/c 
By = 0.991 + 0.002. 


If we first assume that this event represents Kt-7rt+et+e +X, 


Mc? = (Mie? — Ext — Ey)? — (Po + Pr+)?e? = (238 + 28) MeV. 


Since this mass corresponds to no known particle, we assume that at least two 
neutral particles are included in the decay. This rules out, for example, a possible 
direct decay K+, > x++(e++e-+y). We further assume that the electron pair 
arises from Dalitz’ alternate 7° decay, by internal conversion n° >et+e-+y ({). 
This is supported by the proximity of the apex of the pair to the point of K* decay 
(the points are, in fact, indistinguishable) and by the measured values of the electron 
energies. Writing the decay scheme K* — nt+rn[+ette-+y]+y, we can estimate 
limits for M,. The scalar product (P — P,)? gives the following relation between 
the energy of the x? and the angle 0 between po and ps: 


(1) y(1 — BB, cos 0) = (MG + Mip)c?/2M Hy = 0.71 + 0.11, 


where Ho = (1 == 82)? M „.e2. 
A plot of [prl= ByM„s vs. cos 0 is shown in Fig. 2. We calculate the limiting 


(2) F. ANDERSON, G. LAWLOR and T. EB. Nevin: Proc. of the Pisa Conference (June 1955), Suppl. 
Nuovo Cimento, 4, 225 (1956) and Nuovo Cimento, 2, 608 (1955). 

(®) G. YERUTIELI, M. E. KAPLON and T. F. Hoane: Phys. Rev., 101, 506 (1956). 

(4) R. H. Dauıtz: Proc. Phys. Soc., A 64, 667 (1951). 
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values of M, from: 


[ mc? = [Me — B+ — Bo)? — (pat + pre}, 
2) 


1 


| = [ (Mc — Ent — Er)? — (prt + Do COS p)?c? -— (ps Sin p)?e? |? ; 


where cos 9 = Pr+'Pr/Pr+ + Pre. 

In this event, the angle between p,+ and ps is very small (8°), so that @ & 6. 
With this approximation, using (1), and inserting numerical values from Table I, 
we can rewrite (2) 


(2!) M? = (7.91 — 5.88y) Meo. 


Fig. 2 implies y,,,= 1.06 + 0.05 so M,(max) is (1.30 + 0.11)M 0. y from for- 
mula (1) is 176, obviously exceeding the available energy. It is determined there- 
fore by the condition M,=0. Within the fra- 


re a mework of our initial assumption that the ob- 
nn . . . 
= ke served electron is a « Dalitz Pair», we con- 
100 - SQ clude that y, if it represents a single particle, 
g may be a photon or neutral pion, a neutrino 
& being excluded by the assumption that all 
= K-mesons are bosons. 


K+ decays into a single z+ (°) with a con- 
tinuous energy spectrum in the region 
0—50 MeV (K,;) have been attributed to the 
alternate t-decay mode (°): t'> x++ 27°. In fact, 
no stopping r* from K’s have been found to 
6 D exceed the maximum allowed energy of 54 MeV 
A dt nt for this decay, except of course the monoener- 
Be ine Vena ao getic n’s (108 MeV) from K_,. The event here 
= 0.71, 00 — Pro min; D) Cirele of radius analyzed strongly suggests the presence of at 
00" = Pro max; Corresponding to My= 0. least one 7° among the secondaries of K_,, 

and furthermore shows that the assumption 
of another x’ being emitted is compatible with the kinematics of the decay. 


0 


He 


It is a pleasant duty to thank Dr. E. J. LOFGREN and his co-workers of the 
University of California Radiation Laboratory for their kind assistance in obtaining 
and carrying out the exposures used in the present investigation. We are also 
indebted to Professor V. L. TELEGDI for helpful discussions and criticism. 

Note. — After completion of the present manuscript, we received a preprint by 
G. HARRIS, J. OREAR, and 8. TAYLOR (Nevis Report No. 31, Lifetime of the Neutral 
Pion) in which two events similar to the one described here are mentioned. 


(5) J. CRUSSARD, M. F. Kapton, J. KLARMANN and J. H. Noon; Phys. Rev., 93, 253 (1954). 
() R. H. DaALITZ: Proc. Phys. Soc., A 77, 710 (1953); A. Pats: Phys. Rev., 86, 663 (1953). 
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G. MORPURGO 


Istituto di Fisica e Seuola di Perfezionamento in Fisica Nucleare dell Università - Roma 
Istituto Nazionale di Fisica Nucleare - Sezione di Roma 


(ricevuto il 20 Marzo 1957) 


This note is a continuation of a previous one (!) in which the angular distri- 
butions in the decay of an hyperon were discussed under the hypothesis of parity 
non conservation in the weak interactions. Spin 3 will be assumed for the hyperon. 

Call g the angle between the plane of production and the plane of decay of the 
hyperon, and 0 the angle between the line of flight of the produced hyperon (in the 
center of mass system of the colliding pion and nucleon) and the line of flight of 
the decay products of the hyperon (in its rest system); then the general expected 
form of the distribution in 0 and y, if parity is not conserved in the decay of the 
hyperon is 1(0, p)=1+C€ sin 0 sing. Integrating over 6 the distribution in œ results 


(1) Ip) = 1 + Bsing. 
The constant B was given in (+); it is: 


. T ab* + a*b AyA*y —A_yAf 


2 | Fran ét u 
“ PA ET NEA NE 


where the same notation as in (!) has been used; the constants a and b characterize 
here the parity mixture in the decay; and the constants À characterize the polari- 
zation of the produced hyperon; more precisely it is: 


VER: 
124 ?+ 4A _4 |? ; 


Kay) = (9) 


the y axis being normal to the plane of production. 


G) G. MORPURGO: Nuovo Cimento, 4, 1222 (1956); also 3, 1069 (1956). 
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The purpose of this note is to examine the dependence of <o,> on the angle 
of production of the hyperon and, in particular 1) to determine the production 
angle at which the polarization may be expected to be maximum 2) to determine 
the maximum amount of the asymmetry in I(p) which may be found, in the most 
favourable conditions if one integrates over all the possible production angles. We 
shall confine to low energies of the produced AP, K° pair (2), so that the outgoing A° K° 
wave may be characterized by three complex parameters a,, a, and a, describing 
the amplitudes of an s and two p waves. In the following 6’ will be the production 
angle of the K° meson in the center of mass system. 

In terms of the three complex parameters introduced above, one may easily 
write the polarization appearing in (2) as: 


À 18 : f (aX ay — aa) + 4/3 cos 0'(a¥ a, — af ap) 
(BQ) Gy = (— i)| — sin 0’ — a= = = ; = FR. 
ao La l2+ 3|a,|?—3 cos? 0'(|a,|?—+%|a, |?) + 4/3 cos 0'(a af + ax) 


Assume now, as it seems to be the case experimentally (2), that the angular distri- 
bution in the center of mass system shows a pronounced minimum at 180°. Then 
it follows that 


(4) DV. 


which is the condition for the vanishing of the scattered intensity at 180°. Ex- 
pression (3) may then be rewritten as 


æ 4/2 sin ö sin 6! 
1 + cos 0! + 422(1 — cos 0!) ’ 


(ou) 


where 6 is the relative phase between a, and a, and x is defined as |a,| j la; 
a may be determined experimentally from the angular distribution (°). 

It is apparent that the polarization is proportional to sind on which we know 
nothing; assuming that it does not vanish we may ask, for a given x, which is the 
angle for which the polarization has a maximum. We find: 


x? — 2 
(5) cos 6/ = — - 
x? + 2 


the polarization being then just equal to sin 6. 

In order to detect an asymmetry one should therefore collect mainly the events 
produced at an angle satisfying (5). 

We may next ask what may be the maximum asymmetry in I/(p), found if we 
collect all the events, independently of their production angle, and when the most 
favourable assumption is made: 

ab* + ba* 


2 — ——1 
x a+ 


(*) Such as in the PUPPI and cow. experiment now in progress at Bologna. 
(°) The angular distribution is in fact, under the assumption (4): 


1(0') = (1 + cos 0’)? + 32? sin? 0’. 
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The ratio between the number N. of events with from 0 to x, and the number N_ 
with @ from x to 2x is then: 


a 1 x 
[LA +cos 0')2+ — x? sin? 6’ — — sin 0 sin 0’(1-+cos 6’)] sin 0" dû” 
= N+ 0 2 v2 
(7) - ; m = 
IN a x 
[LG +e0s 0’)? me sin? 0'+ —= sin 6 sin 0/(1+ cos 0')] sin 6’ dé’ 
0 Va 
8 2 
a Ô 


J 
x — 2 sin Ô 
ay 24/2 


It appears from this expression that even if (6) is satisfied and sin ö=1, an exper- 
imentally detectable asymmetry may be found only for « having a value in a rather 
restricted interval (*). 

An aceurate determination of the angular distribution so as to have some indi- 
cation on the value of x may be therefore interesting. If x does not have a value 
such as to make N./N_ (7) sufficiently different from unity, one should try, in spite 
of the smaller statisties to collect only events having angles of production near to (5). 

Notice that a discussion like the one made here is possible also without the 
condition (4) and should be repeated when a determination of the parameters of 
the angular distribution will be available. 


* * 


My interest in this question arose in conversations with Prof. J. STEINBERGER 
whom I would like to thank. 


(4) The most favourable of x is 2; for suchfvalue and if (ab* + a*b)/( la |? + |b |) = 1, sinö=1, 
one would get N+/N-= 0.41. 
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Istituto di Fisica dell’ Università - Bologna 


G. DascoLa and S. Mora 


Istituto di Fisica dell’ Universita - Parma 


(ricevuto il 4 Aprile 1957) 


In recent papers on the K' nuclear 
interaction, it has been discussed wether 
the K*-nuclei forces are attractive or 
repulsive. 

OSBORNE (!) first suggested an at- 
tractive nuclear potential, whereas the 
next works (?) have shown that the 
opposite solution is more reliable, i.e. 
a repulsive potential of the order of 
10 MeV. This conclusion was suggested 
by considerations based on the collected 
data for the K*+p process, the inelastic 
and elastic scattering by nuclei. We have 
attempted to give a stronger evidence 
to the repulsive potential from the elastic 
interaction of the K*-mesons with the 


nuclei, which seems to be the more 


(@) L. 8. OSBoRNE: Phys. Rev. 102,296 (1956). 

() N. N. Biswas, L. CECCARELLI- FABBRI- 
CHESI, M. CECCARELLI, K. GOTISTEIN, N. C. 
VARSHNEYA and P. WALOSCHEK: Nuovo Cimen- 
to, 5, 123 (1957); G. Cocoont, G. Pupri, G. 
QUARENI and A. STANGHELLINI: Nuovo Cimento, 
5, 172, (1957); M. BALDO-CEoLINn, M. CRESTI, 
N. DALLAPORTA, M. GRILLI, L. GUERRIERO, 
M. MERLIN, G. A. SALANDIN and G. ZaGo: 
Nuovo Cimento, 5, 402 (1957). 


favorable process for an analysis of this 
kind. 

Like the previous works, the data 
have been obtained by an experiment 
performed with photographic emulsions 
exposed to the K*-beam of the bevatron 
of Berkeley. 

The analysis was restricted only to 
the small scattering angles, between 3° 
and 26°, because of the following reasons: 
a) In this angular interval, the shape of 
the cross-section is strongly affected by 
the Coulomb interference and therefore 
most sensible to the sign of the real part 
of the nuclear potential; b) From the 
experimental point of view, the smaller 
the scattering angle, the easier the dis- 
tinction between elastic and inelastic 
scattering; ¢) The cross-section is relat- 
ively large for the smallest scattering 
angles. 

The energy interval we have con- 
sidered goes from 50 to ~ 120 MeV. 
The mean energy, to which refers the 
scattering angle distribution is SO MeV. 
This value corresponds to the mean 
value of (1/pB}?, weighted on the track 
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observed at different energies, which is 
the dynamie factor contained in the 
Rutherford formula. As for the small 


section is drawn, shows that the experi- 
mental points are in good agreement 
with the cross-section calculated for 


mbar 
sr 
10°F 
104 42 
ol 
VW =-22 MeV 
„m =+10 MeV 
10? ei u een: en en ern] = ji cos MO ai 
0.99 0.98 0.97 0.96 0.95 0.94 0.93 0.92 091 0.90 
Fig. 1. — Differential cross-section for the Kt nuclei elastic scattering at 80 MeV in nuclear 
emulsions. The two curves, fitting the experimental points, correspond to the real potentials 
V, = +10 MeV and V, = — 22 MeV. 


angles the coulombian term is in fact 
the most important. The mean value 
of 80 MeV corresponds also to the aver- 
age energy of the events, which were 
found. 

Fig. 1, where the differential cross- 
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V, = + 10 MeV. The calculation has 
been made by means of the optical model. 
The imaginary part of the potential was 
neglected, the mean free path of the 
K+-mesons in nuclear matter being very 
long, according to the small cross-section 
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for the incoherent scattering at this 
energy. The W.K.B. approximation was 
used as suggested by Cosra and PATER- 
GNANI (?). 
“xx 
We should like to thank Dr. Gorp- 
HABER, who kindly provided us with 


C. MARCHI, G. QUARENI, A. VIGNUDELLI, G. DASCOLA and s. 


MORA 


the emulsions, Dr. PATERGNANI for use- 
ful discussions, Dr. GESSAROLI for her 
help in the caleulations and the scanning 
groups of the Bologna and Parma la- 
ratories. We are also most grateful to 
the Town Council of Bologna for sup- 
porting us with financial help. 


(5) G. Costa and G. PATERGNANI: Nuovo Cimento, 5, 448 (1957). 
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(ricevuto il 5 Aprile 1957) 


Following the suggestion of Len and YANG (1), experiments have been performed 
in order to test the conservation of parity in weak interactions. So far most of 
these experiments (2) have been concerned with B-decay and in such process it appears 
that parity is in fact not conserved. However, in all these cases this may be con- 
nected with the peculiar nature of the neutrino: for a particle of vanishing mass, 
scalar and pseudoscalar interactions should always give rise to the same effects 
for all observable phenomena (*). Thus in some respects the non-conservation of 
parity in 8-decay should mean transitions from an initial state of definite parity to 
a final state whose parity has no definite eigenvalue. 

In this note some consequences of the non-conservation of parity in K-meson 
and hyperon decays will be considered. 

At first sight, in order to solve in the easiest way the +-0 puzzle, one could 
consider that the decay of K-mesons and hyperons is similar to ß-decay and, there- 
fore, assume a transition from an initial state, with definite parity, to a final state 
with either parity (*). However, the situation may be more complicated because 


@) T. D. LEE and C. N. YANG: Phys. Rev., 102, 290 (1956); 104, 254 (1956); 104, 822 (1956). 

@) C. S. Wu, E. AMBLER, R. W. HAYAWARD, D. D. Hoppers and R. P. HUDSON: An experi- 
mental test of parily conservation in beta decay (preprint); R. L. GARWIN, L. LEDERMAN and M. 
WEINRICH: Observations of the failure of conservation of parity and charge conjugation in meson 
decays: the magnetic moment of the muon (preprint); B. BuowmiK, D. Evans and D. J. PROWSE: 
On the angular correlation in the beta decay of -mesons observed in photographic emulsions (preprint) ; 
N. N. Biswas, M. CECCARELLI and J. CRUSSARD: Nuovo Cimento, 5, 756 (1957). 

(3) J. TIOMNO and C. N. YANG: Phys. Rev., 79, 495 (1950); A. SALAM: Nuovo Cimento, 5, 
299 (1957); B. F. TOUSCHEK: Nuovo Cimento, 5, 754 (1957); T. D. LEE and C. N. YANG: Parity 
non-conservation and a two component theory of the neutrino (preprint); S. ONEDA: A two compo- 
nent theory of the neutrino and the K-meson decays comprising two neutrinos (preprint); J. WERLE 
and S. ONEDA: Parity conservation and neutrino mass (preprint). 

(*) An objection to this assumption could be the following: if the non-conservation of parity 
should be linked to interacting states in which parity is not a diagonal observable, as appears 
to be the case for the neutrino, it is not certain that it would be applicable to decays which contain 
only pions and nucleons in final states. However neutrino states could be considered as inter- 
inediate states in the decay processes and would justify the lack of conservation of parity even 
in this case. 
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there is the additional fact that it cannot be excluded «a priori that even the ini- 
tial state could be without a well defined parity. This has first been considered by 
Ler and YAXG (!) and developed independently by SCHWINGER (?) and by Bupiınt 
and Fonpa (°) in order to introduce a possible KKr interaction. Since the expe- 
rimental indications cannot actually be considered as either proving or disprov- 
ing the existence of the KKr interaction, it may be useful not to overlook the 
possibility that the K-mesons and hyperons should be quantum mechanical mix- 
tures of both parities. 

Let us then consider as the most general case that even strong interactions 
should contain all four terms Y+K+N, Y+K-N, Y-K+N, Y-K-N and therefore 
be a mixture of scalar and pseudoscalar interactions. 

The hyperon-boson wave produced in the pion-proton collision (*) can be writ- 
ten as 


+ (= WHA x5" + At A — An xs 01} 


| FAVS SG at da Ot ae ge ed 
M + a + a 7, 
J 
} 
| A = 2 > (Agee fe Zr 1% Ax’) . 
M 


In this formula the symbols of Morpurgo (°) have been used: x and 0 are the 
wave functions of the hyperon and of the K-meson; equal indices (++) means that 
the coefficient refers to states in which the hyperon and the K-meson are produced 
with the same parity. while different indices (+ —) means that the parities are 
different. 

In what follows we will only consider hyperon decays. In fact the decay of the 
K-meson is complicated by the variety of its decay modes; on the other hand there 
is only one form of the final state for hyperons. Furthermore, as the hyperons 
have spin >}, there is the possibility of characteristic angular correlations due 
to the non-conservation of parity in their decay processes. 

Let us now see what expression (1) implies, assuming that parity is not con- 
served in weak interactions: each wave function x, 7 gives rise to an outgoing wave 

NE 


function which will be a superposition of two waves y, y with opposite parities, 
that is a <2 


[ xs > ays’ + bys’, 
+ + = 


| Xs ers + dus. 
ks > ey y 


As we do not know the effect of parity non-conservation on the probability 
rates a, b, c and d, we will start by assuming that these are completely arbitrary. 
Then, for the simplest case, in which the hyperon has spin 4, the expressions for 


(*) J. SCHWINGER: Phys. Rev., 104, 1164 (1956). 

(©) P. Bupını and L. FONDA: Nuovo Cimento, 5, 306, 666 (1957). 

(°) G. MORPURGO: Nuovo Cimento, 3, 1069 (1956); 4, 1222 (1956). 

(*) The target proton is unpolarized and therefore one must average over the spin direction 
of the proton itself. 
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the 9 and œ distributions are given by: 


1 
| 1,(0) = 3 [1 + A, P; (cos 0)], 
(3) ; 
| I,(p) = fe [1 + A, cos + B, sing], 


where 0 is the angle between the line of flight (in the rest system of the decaying 
hyperon) of the x produced in the decay and the line of flight of the hyperon, ¢ is 
the angle between the plane of production and the plane of decay and 


a*d + ad* + b*c + bc* 
a+ be + d2 


ERS ey ey A A Ne 


A, = 


a a*d + ad* + b*e + be 
4 @+b?+ c+ a? 


HUE) Meet item) 


‚na*b + ab* + c*d +:cd* = 
a se A (RSR ME ap + apa ANT 


— À 2 Be 
z 4 wt b+ e+ d? 


From formula (3) we see that in the most general case, we should obtain 
acos@ asymmetry term in the 9 distribution and cosy and sing terms in the 
gy distribution. 

The cases considered by Morpurgo are obtained: 


1) For the non-conservation of parity only in the final state, by putting e 
and d = 0. 


2) For the parity doublet hypothesis alone by putting a=d=1, c=b=0. 
In the second of these cases the sing term is now lacking, in the first one, the 
distribution is isotropic, and there is only the sing term. 


We may now consider other possibilities. 


3) The parity is not determined in the initial hyperon state, but there is only 
one final state (let us say only the s state, if the transition probabilities to the 
p state are very small compared with those to the s state), in which case we put 
a=c=1, b—d—0 and we find isotropy both in the 9 and in the @ distributions. 
As a result, this case cannot be experimentally distinguished from a transition from 
an initial to a final state both of definite parity. 


4) Let us assume that parity non-conservation has no effect on the value 
of the transition rate, so that a=c and b=d. This case does not differ qualitatively 
from the general one in which a, b, ¢ and d have purely arbitrary values. 


5) Finally, if the strong YKN interactions imply a well defined parity, and 
therefore a definite type of coupling, we must put either A*+ or A-+ equal to zero. 
We then get a distribution which is quite similar to that of case 1), with an asym- 
metry only in the y distribution. 


From these results one concludes that the angular correlation phenomena in 
hyperon decays are not very sensitive to the fact that the initial state of the hyperon 


1795 


1796 N. DALLAPORTA and F. FERRARI 


may or may not be in a state of definite parity. Generally, the existence or non 
existence of the asymmetries in the angular distributions should give us an indi- 
cation as to whether parity is conserved or not in the transition to final states of 
different parity, rather than information about the parity of the hyperon itself. 
Only the general case and case 4), with the term in cos 6, should be an indi- 
cation that the hyperon is in a state of no definite parity; but the lack of this term 
does not necessarily mean that the parity of the hyperon has a definite value. 
Other phenomena connected with different interaction processes of strange 
particles will perhaps turn out to be a more sensitive test for the existence of the 
KKr interaction, and thus indirectly for the state of parity of K-mesons and hyperons. 
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(ricevuto il 6 Aprile 1957) 


As part of a collaboration between 
the laboratories of Berkeley and Rome 
— started about a year ago (!) —- a 
stack of 140 pellicles (each 600 um thick 
and 10x15 cm? of area) was exposed 
to the flux of antiprotons produced by 
the Bevatron of the Radiation Labor- 
atory and examined in our department 
in Rome. In this stack 14 events have 
been found which may be interpreted as 
due to antiprotons: of them 


— 4 annihilate at rest; 


— 5 annihilate in flight, releasing a 
visible energy larger than their ki- 


netic energy ; 


— 5 produce a star having a visible 
energy smaller than their kinetic 
energy. Direct measurements indic- 
ate that they have a protonic mass 
but their interpretation is ambiguous. 


The emulsions were exposed to the 
700 MeV/e antiproton beam — the geo- 
metry of the experiment being essen- 


(@) ©. CHAMBERLAIN, W. W. CHUPP, G. 
GOLDHABER, E. SEGRE, C. WIEGAND, E. AMAL- 
pI, G. BARONI, C. CASTAGNOLI, C. FRANZINETTI, 
A. MANFREDINI: Phys. Rev., 101, 909 (1956); 
Nuovo Cimento, 3, 447 (1956). 
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tially the same as described in a previous 
paper (7). In the present case the 
(700 +4%) MeV/e reference orbit went 
through our stack at 1 in. from the left 
hand side corner. The pion flux at 
the high momentum side (left side) was 
2-10° x-/em? +7% and at the low mo- 
mentum side was 1-10’z~/em?+10%. The 
momentum dispersion was Ap/p = 0.7% 
per inch. 

The examination of the stack started 
at the beginning of June and it was 
finished at the end of December. The 
method of «scanning along the track » 
was used, each track being followed 
starting at 5 mm from the leading edge 
of the stack. 

All tracks forming an angle of less 
than 3° with respect to the pion beam 
and having a specific ionization g/g) = 
= 2.0-+04 were selected and examined. 
None of those which could be inter- 
preted as antiprotons had an angle 
larger than 1°. 

Care was taken to estimate the re- 
sidual range of the four antiprotons which 


(2) O. CHAMBERLAIN, W. W. CHUPP, A. 
G. EKSPONG, G. GOLDHABER, S. GOLDHABER, 
E. J. LOFGREN, E. SEGRE, C. WIEGAND, E. AMAL- 
DI, G. BARONI, C. CASTAGNOLI, C. FRANZINETTL 
and A. MANFREDINI: Phys. Rer., 102, 94 (1956). 
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ANTIPROTON MASS MEASUREMENTS (*) 


TABLE I. — Annihilation at rest. 


Total Method Average 
Event observ. - = ae 
| no. range : | — |. ; J constant AIT | | 
Rk — Ho ( )| R—w () |(R--<0» (*) sagitta ‚R ww, (*) ee | 
| Gh (ee 5; Tee? 5) (8) @) zZ 
| 4 12.60 11.00 + 0.03 1.10 + 0.08 — 0.93 + 0.071.12 + 0.10 1.03 + 0.04 


5 10.63 1.05 + 0.06 0.95 + 0.10,0.91 + 0.14|1.32 + 0.220.95 + 0.09,0.98 + 0.07, 


6 11.99 0.99 + 0.06 1.08 + 0.08/1.03 + 0.16 1.00 + 0.151.09 + 0.20 1.02 + 0.06) 


7 | 12.01 0.99 + 0.051.08 + 0.08/1.05 + 0.16) = 1.18 + 0.10 1.11 + 0.06 
| | | 


‚Average values 1.00 + 0.02 1.06 + 0.04 0.98 + 0.09,0.98 + 0.06 1.07 + 0.05/1.04 + 0.03) 


| (+) Range versus momentum method. The momentum is deduced from the magnetic rigidity 
_ at the point of entry in the stack. 
(~) Range versus average gap length (at the point of entry). 
(*) Range versus scattering (at the point of entry). 
| ct) Range versus relative ionization density [see (°)], measured on the terminal part of the track. 
Tagre Il. — Annihilation in flight. 
| | Total Method 
Event| observ. | zer | Average | 
: range = — value | 
| a | Heer 0) | <8) || ere | 
8 5.90 1.07 + 0.05 1.23 + 0.12 1.10 + 0.08 1.09 + 0.04 
9 | 1-08 0:89) 22,0205 0.86 + 0.07 1.07 + 0.15 1.89 + 0.04 
zul, = | ETS 
| 10 8.05 1.06 + 0.05 0.98 + 0.09 1.16 + 0.09 1.07 + 0.04 
Il 4.29 1.14 + 0.05 1.22 + 0.13 0.90 + 0.07 1.07 + 0.04 
12.) |> 78.290 AM-12 22008 A = 1.12 + 0.05 
2 | = EEE | 
se 5.96 1.09 + 0.05 0.92 + 0.08 1.07 + 0.05 1.05 22.0.0352) 
| eS. i Ei i 
| 14 4.90 1.00 + 0.04 1.12 + 0.11 1.58 + 0.40 1.02 + 0.04 
| 15 | 4.15 1.12 + 0.05 0.89 + 0.09 1.39 + 0.15 1.09 + 0.04 
= = | 
| 16 5.92 1.01 + 0.06 0.89 + 0.14 0:93 + 0.23 0.99 + 0.05 
17 0.95 1.01 + 0.04 en = 1.01 + 0.04 
| 56.44 1.05 + 0.01 | 0.97 + 0.03 1.07 + 0.03 1.04 + 0.01 
(°) Magnetic rigidity versus average gap length (at the point of entry). 
(*) Scattering versus average gap length (at the point of entry). 
(t) Specific variation of gap length (at the point of entry). 


(*) All masses are given in proton mass units. The angle between any of the listed anti- 
proton tracks and the pions (at the entry in the stack) was in all cases less than 1°. 
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appeared to annihilate at rest (Table I): 
in all these cases the residual ranges 
R, (8) — at the point of interaction — 
were found to be equal to (0450) um. 
These four events have been used 
for a better determination of the refer- 
ence momentum which turned out to 
be (690-+7) MeV/c. Therefore the data 
of column 3 of Table I do not represent 
a mass determination but rather a check 
of the correct value of the reference 
momentum. The averages 
column 8 of the same table refer to the 
results collected in columns 4, 5 and 6. 
Table III contains the data regard- 
ing the annihilation stars. Noteworthy 
is event 5-6 which annihilates at rest 
with emission of 5 minimum tracks and 
no other prongs. This and event 5-16 
have a visible energy larger than J, c?. 
On the other hand, in five cases (marked 
with a cross in table III) the visible 
energy is smaller than the kinetic energy 
of the incident particle and therefore 
one cannot exclude that they are due 
to a background of positive protons. 
When the visible energy is as small as 
in the events 5-11 and 5-12, a third inter- 
pretation is possible in terms of a charge 
exchange process, as already suggested 
in a previous paper in connection with 
event 5-1 (4) Small angle scatterings 


given in 


(3) G. Baroni, G. CoRTINI and A. MAn- 
FREDINI: Nuovo Cimento, 1, 473 (1955). 

()) We. HL. “BARKAS;, IR. We SBIRGE, OW. 
W. CHupp, A. G. EKSPONG, G. GOLDHABER, 
S. GOLDHABER, H. H. HECKMAN, D. H. PERKINS, 
J. SANDWEISS, E. SEGRE, F. M. SMITH, D. H. 
STORK and L. VAN Rossum, Radiation Labora- 
tory, University of California, Berkeley, Cal. and 
E. AMALDI, G. BARONI, C. CASTAGNOLI, C. FRAN- 
ZINETTI and A. MANFREDINI, Istituto di Fisica 
dell Universita, Roma; Istituto Nazionale di Fi- 
sica Nucleare, Sezione di Roma, Italy. Phys. 
Rev., 105, 1037 (1957). 
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(0 < 15°) have been sought for a length 
of 118.26 cm track due to antiprotons 
in the energy interval between 50 and 
200 MeV. Using the same procedure as 
outlined in (*), we checked our efficiency 
in detecting small angle deflections: it 
proved to be close to 100% for angles 
having a horizontal projection of 2° or 
more. In a systematic search carried 
out independently by two observers, the 
four cases listed in table IV were found. 
These are the only p--scattering observed 
in this laboratory, apart from an inelastic 
scattering of 8° associated with Bk-Ro (1) 
at an energy of 80 MeV. In conclusion, 
summing all data we have observed only 
5 small angle scatterings over a total 
length of 126.65 em, at energies 50 to 
200 MeV. 


TABLE IV. — Independent measurements 
on five deflections observed on antiproton 


tracks. 
Event | Obser- | Obser- | Aver- 
| ver 1 ver 2 | age 
3 2° 14 117 2° 20" 18 917% 
5-7 2748 6 3 30 
5-9 2° 18 2.10, 722514 
19-15... 24522 72715/2702250/ 


Ro OK 


We have pleasure in thanking the 
Bevatron group and its leader Dr. E. J. 
LOFGREN, Prof. E. SEGRE, Prof. G. GOLD- 
HABER for their help in planning and 
carrying out the exposure. Thanks are 
due to Prof. HOUTERMANS for allowing 
the processing of the stack to be made 
in the new plant of the Bern laboratory. 
We also acknowledge the assistance of 
Drs. TEUCHER and WINZELER in the 
processing operations. 
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Nuclear Interactions of Long-Lived Neutral Strange Particles (*). 


R. Ammar, J. I. FRIEDMAN, R. Levi Seri (+) and V. L. TELEGDI 


The Enrico Fermi Institute for Nuclear Studies 
The University of Chicago - Chicago, Illinois 


(ricevuto il 16 Aprile 1957) 


Preliminary scanning of an emulsion 
stack irradiated with a beam of neutral 
particles from the Berkeley bevatron has 
provided evidence for charge-exchange 
reactions of neutral, long-lived K-mesons 
yielding charged K-mesons of both stran- 
genesses +1 and — 1, and for the pro- 
duction of hyperons of strangeness — 1. 
This evidence strongly supports the Gell- 
Mann-Pais model (1) for a long-lived, 
neutral K-meson. 

This stack, (10 x 15 x 3.5) cm? m size, 
was exposed so as to intercept only 
neutral particles emitted from a beryllium 
target at 45° with respect to the direc- 
tion of the 6.3 GeV proton beam. The 
target received a total of 3-10’? protons 
during the exposure. The setup, pro- 
ceeding from the Be target to the stack, 
comprised a channel in the wall of a 
curved section of the bevatron, a lead 
collimator, a lead converter of about 
5 radiation lengths thickness, and a 
sweeping magnet capable of deflecting a 


(*) Research supported by the Greenewalt 
Nuclear Physics Fund, the Office of Naval 
Research, and the Atomic Energy Commission. 

(+) On leave of absence from the University 
of Milan. 

(2) M. GELL-MANN and A. Pats: Phys. Rev., 
97, 1387 (1955). 


1801 


particle of momentum by 
0.12 rad. lm 
behind this magnet, at a total distance 
of 6m from the target, in a position 
chosen to minimize the number of strav 
charged particles. 

To date, about 10 cm? of emulsion 
have been area scanned, partly under 
12 (air) 10 magnification, and partly 
under 22 (oil) x10. The search was for 
decays and captures of heavy mesons 
and hyperons, as well as for hyper- 
fragments. The following strange part- 
icle events were found: 


7 GeV/e 
The stack was placed 


(a) 3 heavy mesons each decaying 
at rest into three charged pions; 


(b) 2 heavy 
rest with the emission of single relativ- 
istie secondaries; 


mesons, decaying at 


(c) 1 heavy meson, captured at rest; 


(d) 1 3° >p+7 decay at rest; 


(e) 4 double-stars, connected by 
heavily ionizing tracks (events classed 
as «GOKS »). 


A common feature of the events in 
categories (a) through (d) is that they 
originate from parent stars in the stack. 
These parent stars show no charged pri- 


SR RP ER 
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TABLE I. — Nuclear interactic 


Event Parent star Suggested production process Strange particle 
Type | uectation Mass |Range E 
(1) Energy un m..(2), mmol 
(MeV) @) 
a) +-mesons | | 
EFINS 1| 2+0n 2.2 K°+p— t++n 29° 695 + 250) 67.7 ] 
EFINS 2 2+0n 4.4 K°+p—= tt+n 86° |1015+350| 13.8 
EFINS 3 3-+0n 38.4 | K°+p— ct-+n 42° 890 +250! 50.65 | J 
b) K’-mesons 
EFINS 1 3+0n 37.7 K°-+p > K*+tn 89° |1110+300| 14.0 
EFINS 2 1+0n 0 K’+p- K*+n 45° | 1290+350| 57.5 ] 
ce) K -mesons 
EFINS 1 2+0n 8.4 K°+n > K +p 36° | 1065-+300) 41.0 
dy" 
EFINS 1 1+1n () KL = Dr) 72° |2250+850| 1.28 
| | 
erGorRs NI Type | Length of | Decay & 
ee connecting mode or ne 
() track (um) capture < 
| 
Ree Kon 2 (ri) Non- May 
EFINS = ra 0 : 
NS Lg eat OH Kos: (Ay Zs AOA INR mesonie | 2 
se Non- Pos 
EFINS 2 4+-0n == K°+(A, Z) = A®°+(A — 1, Z) 3.0 Mesa Fe 
a None Pos 
EFINS 3 | 12+0n = K°+(A, Z) > A°+(A —1, Z)| 3.3 BIRR aa 
2 
ke | | Non- Pos 
EFINS 4 | 7+0n — RH (AZ) EAN EAN) ere in 
| 
() Prongs less than 5 um have been excluded. 
(?) Lower limit, based on assumption of proton mass for evaporation particles. 
(®) Determined from constant sagitta scattering using 3rd differences. 
2 Te 


| long-lived strange particles. 
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= 


= 
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Secondary particles 


ai 


Number 
ticle of plates Range Ines) a; nes Q 
| traversed un (MeV) 1 (MeV/c) (MeV) 
1 92.445 1.59 £0.05 170° 03! 
ER 3 18860 +650 | 33.84+0.7 62° 52! 2.0 75.2+1.0 
Te, 5 24650 +800 | 39.75-40.85 127° 05! 
= 
1 Sl, SL 0.9 +0.024 | 171° 39! 
& 8 (4) (4) 36.1 (4) CC Dart (4) 73.7+1.6 
T5 9 21580 +700 | 36.68+0.78 90° 54! 
| { 
el 148 +6 2.08 £0.05 176° 657 | 
À 6 14680 +510 | 29.15+0.61 166° 25! | 2.8 74:8 + 1.0 
2 7 28620 +930 | 43.53-40.83 |: 16° 40’ 


Particle at about plateau ionization. Dip = 68°. 


Particle at about plateau ionization. Dip = 42°. 


Short recoil. 


Interacts after 6.8 mm yielding a 4+0p star with a visible energy 


release of 16 MeV. 


P 2 1 670 4-20 18.8 40.06 — — 116.4+1.5 

Visible energy 
um R, (um R, (um R, (um — — release 

(un) 2 (um) 2 (um) 1 (um) MeV) (2) 

307 3044 — — — — 63.0 

040 4327 a = = = 96.0 

| 650 18 900 short recoil short recoil u _ 94.5 

Arfa 316 107.0 = = — 36.0 


Pion leaves stack. It is assumed to be positive and its energy 


; Light track lost in tracing 


1803. 
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calculated from momentum balance. 
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maries, and involve (besides the strange 
particles) only a very low energy release 
in the form of a few evaporation tracks. 
Table I is a compilation of the results 
of measurements performed on these 
events. 

A careful cheek of momentum balance 
and coplanarity of the secondaries from 
events (a) identified the latter as 3-body 
decays. @-values of (75.2 + 1) MeV, 
(73.7 + 1.6) MeV, and (74.8 + 1) MeV 
were determined, and are all consistent 
with the identification of events (a) as 
--mesons. Fig. 1 shows mosaics of these 


events. 

Identification of events (b) as K-me- 
sons comes from direct mass determin- 
ation (constant sagitta), and from the 
observation of their decays at rest. The 
modes of decay cannot be specified 
beyond the statement that the second- 
aries give about plateau ionization, owing 
to the steepness of their tracks. The 
assumption that these events represent 
decays rather than captures, which is 
equivalent to assigning a positive charge 
to these K-mesons, relies on the empi- 
rical fact that K° captures lead rarely 
to a single relativistic particle. 

Event (c) is identified as a K” from 
mass measurement of the primary, and 
from its capture star; the latter consists 
of a single grey track and a recoil blob. 
The particle grey track 
interacts in flight giving a 4-prong star. 

Event (d) is identified as ©" by the 
range of its decay proton (1.670 +20) um 
and by mass measurement of the primary. 

Of the four events in category (e), 
event EFINS 1 probably represents the 
capture of a heavy particle (K or =), 
as the connecting track has the appea- 
rance characteristic of a singly charged 
particle. The visible energy release in 
the capture is about 65 MeV on the 
assumption that the secondary 
prongs are protons. Classification of 
this event as a hyperfragment cannot 
however be ruled out. 

The other three « GOKS », 


causing the 


two 


giving 
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visible energy releases > 36, 95, and 
96 MeV respectively, could be attributed 
either to non-mesic decays of hyper- 
fragments or to captures. 
Summarizing the results, we have 
observed 5 particles of positive stran- 
and at least 2, and possibly 6, 
of negative strangeness. The character- 
istics of the parent stars of the K* and K~ 
events strongly suggest that these part- 
originated from charge-exchange 
scatterings of neutral K-mesons. Fig. 2a 
shows the prong distribution of the indi- 
vidual parent stars, together with the 
range, 2, and the angle 6,,,,, of emission 
with respect to the incident beam direc- 
tion of the associated K-mesons. On the 
assumption of the reaction K (K )+90—> 
— K'(K )+Q97 on a free nucleon 77, and 
for a given K’ energy, the energy of the 
charged K-meson can be predicted as a 
function of the scattering angle @,,,. 
Tentatively describing our charged K 
events by this reaction, such a calculation 
was made for these events, using the 
energy of the incident particle as a 
parameter. Satisfactory correlation bet- 
ween the predicted and observed quan- 
tities is found (Fig. 2b) for a unique 
incident energy of about 140 MeV, and 
this correlation remains meaningful 
when the Fermi energy of the target 
nucleon is taken into account. From 
this computation, now interpreted to 


geness, 


icles 


describe quasi-nucleon collisions, the 
average energy transfer to the target 
nucleus can be estimated as about 


55 MeV. Such a transfer is quite con- 
sistent with the visible energy release 
from the parent stars, viz. about 30 MeV. 

The preceeding analysis provides self- 
consistent evidence that the observed 
charged K-mesons are indeed produced 
by charge-exchange scattering. In addi- 
tion, the primary neutral particles leading 
to the observed events all appear to 
have rather similar energies. This does 
not necessarily mean that the K° beam 
is monoenergetic. The effect could arise 
from the limited size of the stack and 
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a 


R. 


5,06cm 


lived neutral strange particles. 


Fig. 1. — Photomicrographs of t-mesons produced by long 
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from a possible energy dependence in 
the charge-exchange cross section. 

To strengthen our assumption that 
the neutral primaries giving rise to the 
analyzed events are indeed strange 
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shall assume that they also apply to 
neutron-induced stars, except for minor 
corrections. The threshold for the reac- 
tion n+97> K+ Y+ QV is about 1.2 GeV 
assuming a Fermi energy of 20 MeV 


& z 100 
S È 
ws +80 
a 38 
= En 
& x 466 
& ze 
S SS 340 
en u ne 
= i 1 =x 720 
cS 1 =} | 
È | 
L 1 1 L 1 0 
(0 1 6 7 
—— RANGE tem) 
4 
—— E,(9LAB) calculated for the 
K 
Fi MeV) reactions: 
140 Ke +P—K'+N 
Ko+N—>K+p 


for K° energy of 140 MeV 
© — Observed K-meson events 


100 

eo! 

So) = b) 
ok; 

sol 17) 

or 10" 200 30° 40° 50 60° 70° 80 20 @LAB 


Fig. 2. 
and prong 


— (a) Range vs. angle of emission from 
distribution of their parent stars. 


(6): — 


incident neutral beam direction of K-mesons, 


Energy vs. laboratory scattering angle of 


charged K-mesons produced in the reaction KK) + 77 — K*(K~) +9 by neutral K-particles 
of 140 MeV on free nucleons: 77; O: Pxperimental points. 


particles rather than neutrons, we have 
determined the flux of high energy neut- 
rons incident upon the stack. The prin- 
eiple underlying this determination is 
that the total prong number distribution 
of stars has, even for primaries in the 
GeV range, an upper cut-off that is a 
sensitive function of the primary energy. 
Fig. 3, compiled from the data of several 
authors (2), shows this cut-off as a func- 
tion of energy; though the experimental 
data where obtained with protons, we 
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for 97. According to Fig. 3, this threshold 
energy corresponds to a _ cut-off at 
Neo. = 16; we shall take n... = 15 for 
incoming neutrons. Let f(E) be the 
fraction of stars with n> 14 (*) [known 
approximately from experiment (?)], 1.6. 


(*) We inelude 14-prong stars to take into 
account stars produced hy neutrons at threshold. 
(@) J. I. FRIEDMAN: unpublished results; 
A. D. SPRAGUE, D. M. HASKIN, R. G. GLASSER 
and M. Schein: Phys. Rev., 94, 994 (1954); 


Pr 


ENTE 
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f(E) = nu(Ë)/N(E), where N(E) is the 
total number of stars produced by 
neutrons of energy E. Our purpose is 
to determine the sum of all N(E) for 
all H > 1.2 GeV. This sum, N,, is given 
by n,,/f, where fis a suitable average 


It has to be borne in mind that not all 
1.2 GeV neutrons are effectively above 
threshold for K° production, because: 
(1) H present in the emulsion has no 
Fermi energy; (2) the Fermi momentum 
lowers the threshold in only about half 


Neo, 
xl 
30 Threshold for associated 
28 production of K+A for 
a fermi energy of 20 MeV 
26 
24 
22} 
20} 
181 
16 Cut off in total prong 
number distribution VS primary 
14 proton energy from the data of: 
12 
A | + JI FRIEDMAN 
8 | x SPRAGUE et al. 
[ | © WO. LOCK and PV. MARCH 
6r | oO LOCK et al 
4b | A WIGDOFF et al, 
2 | © M. SCHEIN 
[ | L 1 1 E (GeV) L 
1 2 4 5 6 


Fig. 3. — Cut-off in the prong number ‘distribution of proton-induced stars in nuclear emulsion, as 
a funetion of proton energy. 


of /(E) over the neutron energy spec- 
trum, and +,, is the number of stars 
having 14 or more prongs. Assuming 
a neutron spectrum as would result at 
45° from proton-neutron scattering in a 
target nucleus with 20 MeV Fermi energy, 
one obtains f = 0.05. Scanning a vo- 
lume of 0.45 cm? in our stack, 2000 
neutron stars were found, 6 of which 
had 14 or more prongs. With the pre- 
ceeding assumptions and a geometric 
interaction Gross section, this would 
correspond to a flux of 8-10°/em? neu- 
trons of energy greater than 1.2 GeV. 


W. O. Lock and P. V. MARCH: Proc. Roy. Soc., 
A 230, 222 (1955); W. O. Lock, P. V. Marcr, 
H. MUIRHEAD and W. G. V. Rossmr: Proc. 
Roy. Soc.. A230, 215 (1955); M. WipGorr, 
C. P. LEAVITT, A. M. SHAPIRO, L. W. SMITH 
and C. E. Swartz: Phys. Rev., 92, 851 (1953); 
private communication from Professor Marcel 
SCHEIN, to whom we express our gratitude. 


the collisions. Taking these facts into 
account, we estimate that the number of 
charged strange particles directly produc- 
ed in the scanned volume by incoming 
neutrons is of the order of 1 particle/(mb 
production cross section at threshold). 
This represents an upper limit for events 
of the type described here, since a con- 
siderable fraetion of neutron-produced 
charged K’s would escape from the 
stack. We conclude that the observed 
events were not produced by high energy 
neutrons. The validity of this conclusion 
might appear to rest on the assumed 
neutron spectrum. To see that this is 
not so, we consider as an alternative an 
extreme case, viz, a uniform neutron 
spectrum extending from 1.2 to 6 GeV. 
The f for such a distribution would 
be 0.25, leading to 0.2 charged strange 
particle event/(mb production cross sec- 
tion). Obviously, the probability of 
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escape would be even greater for this 
case. 

There remains to consider the pos- 
sibility that all or some of our events 
were produced by interactions of neutral 
K’s locally produced in the stack. Such 
an origin of the events is even more 
unlikely than the one just discarded, 
because of its secondary character. 

We are led to interpret our events as 
caused by interactions of long-lived 
neutral strange particles. From the dy- 
namic arguments given above (Fig. 2) 
we conclude that they are most probably 
neutral K-mesons. From conservation 
of strangeness, they must comprise both 
K® and K°; it is most attractive to 
identify them with the coherent mixture 
proposed by GELL-MANN and Pats (1) to 
represent the long-lived 0, (?). 

Our findings concerning the pro- 
duction of particles of negative stran- 
geness by long-lived neutral K’s are 
corroboration of the results of earlier 
experiments (1%) conducted along similar 
lines. 


(®) K. LANDE, E. T. BOOTH, J. IMPEDUGLIA, 
L. M. LEDERMAN and W. CHINOWSKY: Phus. 
Rev., 103, 1901 (1956): K. LANDE, L. M. LEDER- 
MAN and W. Cuinowsky: Nevis, 38 (February, 
1957). 
(4) W. F. Pry, J. SCHNEPS and M.S. SWAMI: 
Phys. Rev., 103, 1904 (1956). 
(6) R. G. GLASSER and N. SeEeMAN: Bull, 
Am. Phys. Soe., Series II, 1, no. 7, 320 (1956). 
() Milan and Padua Groups: private com- 
munication. We are indebted to the authors for 
ce» mmunicating their results prior to publication. 
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In conformity with the ideas under- 
lying the concept of multiplets of strange 
particles, one might like to verify that 
the branching ratios of the various K° 
decay modes of partieles produced under 
the conditions of the present experiment 
agree with those observed for K° pro- 
duced in the collision of non-strange 
partieles. Various experimental biases 
must, however, be overcome before our 
experiment can yield such information. 

Although we are aware of the limit- 
ations of our statisties, we would like 
to point out that each of the three 
r-decays observed involves a positive 
pion of less than 2 MeV. From experi- 
mental decay spectra (’), it is known 
that positive pions in this energy range 
occur with a relative frequency of about 
1-10-?, and hence the probability of 
observing the present sample from a 
population of t-mesons is rather small. 


It is a pleasure to thank Professor 
G. WATAGHIN for helping with the arran- 
gements for this exposure. The latter 
was made possible through the co-oper- 
ative assistance of Dr. E. J. LOFGREN 
and his staff, to whom we wish to express 
our deepest appreciation. We thank 
Professor R. H. Daurrz for helpful 
discussions concerning the subject of 
this investigation. ; 


(7) M. BALDO-CEOLIN, A. BONETTI, W. D. B. 
GREENING, S. LIMENTANI, M. MERLIN and 
G. VANDERHAEGE: to be published. 
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On the Angular Correlation in u-e Decays 
Obsarved in Nuclear Emulsions Exposed in Magnetic Field. 


J. HEUGHEBAERT, M. RENÉ, J. SACTON (*) and G. VANDERHAEGHE (*) 


Institut de Physique de l'Université Libre de Bruxelles 
Service de Physique Nucléaire 


(ricevuto il 27 Aprile 1957) 


According to LEE and YANG (1), parity non-conservation in weak interactions 
can be tested by studying the successive decay processes: 


(1) T>u+ty, 
(2) Des Ey 


If parity is not conserved in process (1), the u-meson must be polarized along 
its initial direction of motion in the center of mass system of the z-meson; if more- 
over parity is not conserved in process (2), the distribution of the angle 9 between 
the spin of the u and the initial direction of motion of the electron must be asym- 


metric with respect to 0 = n/2. For u-mesons decaying at rest, the probability di- 
stribution of 4 is expected to be ('4) 


(3) W(0) 40 ~ (1 + a cos 0) sin 040 , 


where«a» is the asymmetry coefficient. The existence of such an asymmetry in the angular 
distribution of the u-decay electrons has already been shown by various experiments 
with counter technique (5) and with nuclear emulsions exposed to cosmic rays (6°®) 


(*) Chercheur agréé de l’Institut Interuniversitaire des Sciences Nucléaires (Belgique). 
(*) T. D. LEE and C. N. YANG: Phys. Rev., 104, 254 (1956). 
(2) D. D. LEE and C. N. YANG: Phys. Rev., 105, 1671 (1957). 
(3) C. BOUCHIAT and L. MICHEL: Phys. Rev., 106, 170 (1957). 
(4) L. LANDAU: Nuclear Physics, 3, 127 (1957). 
(6) R. L. GARWIN, B. M. LEDERMAN and M. WEINRICH: Phys. Rev., 105, 1415 (1957). 
(°) C. CASTAGNOLI, C. FRANZINETTI and A. MANFREDINI: Nuovo Cimento, 5, 684 (1957). 
() B. BHOWMIK, D. Evans and D. J. PROWSE: On the Angular Correlation in the ß-Decay of 
u-Mesons observed in Photographic Emulsion. Preprint. 
(8) P. H. FOWLER, P. S. FREIER, C. M. G. LATTES, E. P. NEY and S. J. St LORANT: Angular 
Correlation in the r-w-e Decay of Cosmic Ray Mesons. Preprint. 
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or to artificial x+ beams without external magnetic field (1). The value of the 
asymmetry coefficient might be reduced by various depolarizing factors, one of 
which is the presence of a magnetic field leading to the Larmor precession of the spin 
of the u (). 

In the present letter, we propose a me- 
thod by which the asymmetry coefficient | 
can be reached by studying r-u-e decays | 
in nuclear emulsions exposed in à uniform 
and constant magnetic field, without 
needing the determination of the preces- 
sion angle. The principle of the method 
is the following: let « be the angle between 
the initial momentum p, of the u and its 
projection Py along the magnetic field di- 
rection and let g be the angle between 
the initial momentum p, of the electron 
and Pu (Fig. 1). Assuming that the spin o 
of the u is initially orientated along p,, 
the magnetic field will make o on 
around a cone of aperture « whose axis is DEREN 
parallel to the field itself. The resulting / 
angular displacement will depend on the EN 
magnitude of the spin, on the lifetime of / 
the u and on the intensity of the magnetic / : \ 
field but the angle 0 between o and p, will 
be necessarily comprised between the fol- / 
lowing limits: 


Direction | 
magnetic 


lx—pl<0<a+p. 


In such conditions, three cases can occur: 


I oem x, which implies 0 < 7/2, i.e. the electron 


emitted fo. wid; 


is certainly 


I. p> 7/2 + a, which implies 0 > 7/2, i.e. the electron 


emitted backwud; 


is certainly 


Ill. 2/2 —a«<p <a/2+ 4, ie. the electron may be emitted either forw wd or back- 


wird. 


Let us now consider z+ mesons decaying at rest in nuclear emulsion. The angular 
distribution of the u-mes ns will be isotropic. Let us then suppose that all r-u-e 
events are completely observable whatever direction of emission of the u. and let 
us distribute the events in the three classes I, II, III defined above. Assuming the 
distribution law (3) for the decay electrons, the ratio R=B/F of the numbers of 


events belonging to classes II and I is related to the asymmetry coefficient by the 
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(°) J. L. FRIEDMAN and V. L. TELEGDI: Phys. 


(2) N. Biswas, M. CECCARELLI and J. CRUSSARD: 


(1) M. F. Kapton: private communication. 


Nuovo Cimento, 5, 


Rev., 105, 1681 (1957) and preprint. 
756 (1957). 
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expression 
4) Re 
( ee 
kta’ 


from which follows 
(5) Wk 


where the constant %k results from an integration as indicated in Appendix. 

We are giving here, in a preliminary form, the first results obtained by this 
method in a stack of 5 emulsion sheets (Ilford G-5) of 2 in. x 2 in. x 600 um exposed 
to the 37 MeV rt beam of the Rochester Synchro-cyclotron, in a magnetic field 
between 50 and 100 gauss perpendicular to the emulsion surface. 

Up to now, we-have observed 831 events: not only those entirely contained in 
the same sheet but also those contained in successive sheets, which avoids geomet- 
rical corrections. This was done by superposing the plates, two by two andworking 
with an objective 30x Koristka. 

The isotropy of the angular distribution of the u-mesons was checked. The 
electron was not observed in nine cases (~ 1%) (*); 12 other events were eli- 
minated because the end of the u. was near either surface of the emulsion. 

We first applied the method described above to 500 events, assuming suc- 
cessively a magnetic field in the direction of one of three orthogonal axes x, y and 2: 
2 being perpendicular to the plane of the emulsion, x being in the direction of the 
rt beam and y being perpendicular to the plane (x, 2). The results obtained are given 
in the three first lines of Table I. 


TABLE I. 
I a : Number e | Er 
Direction zul 183 i | = B/F | Probability (+) 

| | of events | 
| a 108 52 5 0.92 65% 
| y | 117 56 61 0.91 60 % 

2 | Bl 66 | 51 1.29 17% 

2 179 101 78 1.29 9 
| 
| (*) The number indicated is the probability to observe an asymmetry greater than R, 
| assuming an isotropic distribution. 


It appears that the asymmetry is the most important in the z direction, which 
was the effective direction of the magnetic field. 
Further, we applied the same method to 331 more events, considering only 


(*) In four of these cases we obseryed a fast electron track beginning at respective distances 
of 15, 23, 38 and 40 um from the end of the u-track; in the 3 last cases the end of the u-track 
does not lay in the prolongation of the electron track. Such cases are now submitted to a careful 
examination; a possible explanation might be the formation of mesonium (4, 9). 
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the x direction. The result obtained for the total of 831 events is given in the last 
line of Table I. The calculation of the asymmetry coefficient by formula (5) gives 


@ = — 0:22 + 0.12. 


The error quoted is the r.m.s. deviation, taking R=1.29 as a priori value. 

Looking at the different causes of errors (errors in measurements, distortion, 
shrinkage factor), we come to the conclusion that, in the present experimental con- 
ditions, they cannot introduce any bias in the classification of events between classes I 
and II. However, some errors may systematically displace events from classes I 
and II to class III or vice-versa, so that convenient corrections will allow a better 
determination of the asymmetry coefficient. 

On the basis of the present analysis, we have obtained a determination of the 
asymmetry coefficient which is in agreement with previous determinations (Ta- 
ble II) and we may conclude that the observed asymmetry is effectively corre- 


TABLE II. 
Group | Method | Number a 

| ‚of events 
= ~ = = = es = B: Le 
Columbia (°) | Counters 0.18 + 0.03 
Rome (°) | Nuclear Emulsions - Cosmic rays 1028 — 0.222 + 0.067 
Bristol (’) | ) ) ‘ | 1562 | —0.08 + 0.05 
Minneapolis (°) » » » | 2117 — 0.03 -+ 0.04 
Chicago (?) Nuclear emulsions - Machines - 2000 — 0.174 + 0.038 

| without magnetic field | 
Göttingen (1) | ) » > | 2003 | — 0.095 + 0.040 
Rochester (11) | » » » | ? PSOne) SOG 
Our results | Nuclear emulsions - Machines - 831 — 0.22 +0.12 

| with magnetic field | | 

| 


lated with the orientation of the spin of the y along its initial direction; indeed, 
as in Lederman’s experiment (‘), only this hypothesis allows a simple explanation 
of the role of the magnetic field. 

We suggest that the comparison of more accurate values of the asymmetry co- 
efficient obtained in nuclear emulsions exposed respectively w tk and w thoıt mag- 
netic field could give some indication about depolarization by various factors (Gaye 


KOK 


We wish to thank Professors J. GÉHÉNIAU and G. P. S. Occntauını for sti- 
m lating discussions and Professor L. MicHeL for pointing out to us the problem 
and helpful advice. 


(*) Note added in proof: This view is supported by a recent experiment by OREAR and 
Harris (Influence of strong magnetic field on depolarization of muons. Preprint). Using a magnetic 
field of about 10kilogauss, they find « = — 0.249 + 0.036. 
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We are indebted to Professor J. VAN ISACKER for solving the mathematical part 
of the problem. 

We wish to express our gratitude to Professor M. F. KAPLON who made possible 
the exposure of our plates to the Rochester Synchro-cyclotron. 

We thank also the microscopists of the laboratory for their helpful contribution. 


APPENDIX 


Let y be the angle between plane (5, p,) and plane (c, H), H being the ma- 
gnetic field vector. The probability to include in our statistics an event with an 
electron emitted between 0 and 0+d6 may be expressed by 


27 Te) 
p(0) df = (1 + a cos 0) sin van | ay| — dd. A(a, y, 0), 


0 


where A=1 for events in class I and II and A=0 for events in class III. 
This expression may be written: 


p(0) AO = [p9(8) + ap.(0)] 40, 


where p,(0) is the symmetric term and p,(0) the asymmetric term. The ratio 
R=B/F is then given by 


[p(o) ao lfm (0) — ap,(0)]d0 


D 2 0 LE a 
7/2 n/2 k + a 
[p(0) ao pol (0) +ap.(6)]d0 % 
0 

where 
m/ 2 
Ip() a0 
0 
i 
[pa(0) do 
0 


The numerical value of the numerator is 4(1— r/4)=0.1073. Making a change of 
variable y(x, 6,9) the integral of p,(0) can be expressed by 


nl 12 ali 0/2 
mo do 5 [sn 0 cos pa [sin adx + 
0 6 6 

n/2 mA +0/2 


+ [in 0 cos oo] sn x arcos (cosec 6 — cotg « cotg 0)dx. 


0 m/4—0/2 
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The first term asily caleulated and is equal to | 


be e 
14 


ied 2 
= (7 — 44/3) = 00224. 
eo 4/2) 


The second term has been calculated numerically and is equal to 0.0401. 
Finally, we obtain 


A 0.1073 


k = ———— = 1.72. 
0.0224 + 0.0401 
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The Electronic Absorption Spectrum of Naphtotriazines. 


M. SIMONETTA, G. FAVINI and V. PIERPAOLI 


Istituto di Chimica Industriale dell’ Universita di Milano 
Laboratorio di Chimica Fisica 


(ricevuto il 3 Maggio 1957) 


Recently (!) the ultraviolet spectra of 
benzotriazine and its derivatives were 
presented and a theoretical interpretation 
of the involved electronic transitions 
was given. 


in Tables I and II, and shown in 
Figs. 1 and 2. 

The assignment of bands was straight 
forward, also owing to the similarity of 


these spectra and the spectrum of benzo- 


= | 
= . 5 
hor oy 4 E 
ao oa 
2 © 
4.0 - 4.0 
3.55 35h 
3.07 3.07 
2.5 25h 
2.0F Ak) 20 / A (À) 
(EE aa 1 1 1 1 L Deere 1 Een 1 
5.000 4.500 4000 32500 3.000 2500 2.000 5000 4.500 4.000 3500 3000 2500 2.000 
Fig. 1. — (2,1-e)-as-naphtotriazine: Fig. 2. — (1,2-e)-as-naphtotriazine: 
in cyclohexane ; in methanol ----- E in cyclohexane ——; in methanol ----- à 
Now (1, 2-e)-as-naphtotriazine and triazine. For the (1,2-e)-as-naphtotria- 


(2,1-e)-as-naphtotriazine were prepared (?) 
and the related ultraviolet spectra were 
taken both in cyclohexane and in me- 
thanol, using a Beckmann Quartz Spec- 
trophotometer model D.U. 

The observed bands are summarized 


@?) M. 
and V. 
(1956). 

(?) R. Fusco: Gaze. 


SIMONETTA, G. 
PIERPAOLI: 


FAVINI, S. CARRÄ 


Nuovo Cimento, 4, 1364 


Chim. It., in the press. 


zine Pariser and Parr’s semi-empirical 
molecular orbital treatment was per- 
formed to calculate the excited energy 
levels and the oscillator strenghts for 
the 7 ~ x* transitions. All the necessary 
empirical parameters were taken from 
previous calculations (1). 

The results are collected in Table III, 
and compared with experiment; the 
agreement is quite satisfactory. The. 
calculations will be published in full 
elsewhere. 
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THE ELECTRONIC ABSORPTION SPECTRUM OF NAPHTOTRIAZINES 


TABLE I. — Observed bands of (2,1-e)-as-naphtotriazine. 
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Band at Wave number 
origin Eye (em-1) i 
n —>7T* cyclohexane 20 960 220 
21 740 325 
22 220 390 
23 000 405 
23 500 355 
methanol (23 810) 400 
Ist x —7* cyclohexane 27 590 7 500 
28 170 | 3 900 
29 200 | 5 150 
30 500 4450 
methanol 27 400 5 000 
(29 000) | 4 500 
2nd rx —>7r* cyclohexane 35 970 | 18 800 
37 030 16 200 
38 100 12 600 
39 600 11 000 
methanol 35 800 16 800 
3rd x —7* cyclohexane 43 900 43 300 
methanol 43 900 44 500 
TABLE Il. — Observed bands of (1,2-e)-as-naphtotriazine. 
Band Selen Wave number R 
origin (em-1) 
n—r* cyclohexane 21 050 170 
21 740 302 
22 350 420 
23 000 445 
Ist Tr —>7* cyclohexane 26 850 4200 
28 170 4050 
28 570 3 750 
methanol 27 030 3750 
2nd nr—r* cyclohexane 37 320 26 000 
methanol 36 630 24 000 
3rd r>r* cyclohexane 45 450 44 800 
methanol 45 500 34 400 
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TABLE III. — Theoretical and experimental results for (1,2-e)-as-naphtotriazine. 
An teor. energy | A exp. energy 
Transitions = teor. = exp. 
sae (eV) : (eV) Be 
first ron* 3.73 | 0.043 3.35 0.058 
second 7 —r* 4.65 | 0.13 4.54 0.36 
jesthird "un >r* | 5.54 0.20 5.58 (0.73) 
EMENDATION 


E. L. Lomon — A Soluble Model of Meson-Nucleon S-State Scattering, /! N uovo 
Cimento, 4, 106 (1956). 


It is necessary to remove an ambiguity in the notation. At the beginning of Sect. 2 
(page 116) we define operators which create a meson-nucleon system. This is only one 


of four type of «double operators » formed by combining creative (p, q. P and Q) or 


ER 4 ; i D 
destructive (p, q. P and ()) nucleon operators into creative | = Fr 1D SE V= @, ct. or 
20 is 


destructive < P+ 1 0, ct.) meson operators. The notation must distinguish 
between all four types. We thus stipulate that the presence or absence of a bar 
above an a or an « denotes respectively the creative or destructive properties of the 
operator with respect to the nucleon field. A bar or its absence below an a an x has 
a similar connotation with regard to the meson field. 

In view of these definitions, the following alteration in Sect. 2 will remove the 
ambiguities: 


on page 116 a ik) should read gz k) 
ag ke") » » a k'), 


on page 117 


in eq. (22) p(k") » » eplh") , 
in eq. (23) Gk’) » » &p'k') 
ag(k") » » ag ke"). 


In addition, in the definition of ag/k’) (page 116), pg(k) should be replaced by P(k). 
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©. KITTEL — Introduction to Solid 
State Physics. Wiley & Sons Inc., 
New York, 1956; pagg. xvIr+617, 
69 tabelle, prezzo 12 $. 


La parte della fisica che con termine 
moderno viene chiamata fisica dei solidi 
include argomenti di tipo assai diverso 
quali la conducibilità nei metalli, i cam- 
biamenti di stato, l’assorbimento nei 
cristalli, i semiconduttori. Un eriterio 
di unificazione puö essere il fatto che le 
proprietà trattate dipendono in qua che 
modo dalla disposizione periodica degli 
atomi nel reticolo. Tuttavia & assai co- 
mune che chi lavora in fisica dei solidi 
abbia una competenza specifica in aleuni 
tipi di problemi e una conoscenza spesso 
soltanto superficiale dell’intero campo. 
Di qui Vutilita di un testo semplice ed 
esteso che possa servire a completamento 
della cultura professionale del ricercatore. 

Il libro di KiTrez: Introduction to 
solid state physics, che appare ora in una 
seconda edizione arricchita di 200 pagine 
rispetto all’edizione originale del 1953, 
soddisfa pienamente questa esigenza. 

Esso @ pure raccomandabile per lo 
studente e per il giovane laureato che 
desideri orientarsi in fisica dei solidi. 

Il testo consiste di 19 capitoli non 
necessariamente collegati Puno all’altro, 
ma ordinati secondo il criterio di antici- 
pare gli argomenti di carattere più gene- 
rale e tradizionale. 

Nei primi nove capitoli l’Autore pre- 
senta una descrizione delle strutture cri- 
stalline, una classificazione dei solidi, 
tratta le proprieta elastiche, termiche, 


~ 
u 
co 
coal 


dielettriche, diamagnetiche e parama- 
onetiche. 

In seguito l’Autore descrive il com- 
portamento degli elettroni in un reticolo 
periodico sviluppando la teoria delle 
bande per passare poi alle applicazioni 
a metalli, leghe e cristalli semicondut- 
tori. 

Il modello degli elettroni liberi nei 
metalli, il ferromagnetismo, la supercon- 
duttivita, sono pure egregiamente esposti 
in altrettanti capitol. 

Gli ultimi tre capitoli riguardano i 
fenomeni dovuti alla presenza di irre- 
golarita nel reticolo cristallino. Assorbi- 
mento dovuto a centri di colore, lumi- 
nescenza e crescita dei cristalli da dislo- 
cazioni sono qui trattati. La teoria del- 
l’eccitone è pure presentata alla luce di 
recenti esperienze. 

Pregio maggiore del libro é quello di 
presentare i fenomeni in modo semplice 
e chiaro, illustrandoli con le esperienze 
che li mettono in evidenza. I concetti 
teorici vengono direttamente collegati ai 
dati sperimentali, spesso con l’aiuto di 
modelli, mentre le trattazioni matema- 
tiche di carattere più astratto sono svolte 
nelle appendici. 

Oltre ad essere chiaro ed informativo, 
il libro & meditato e molto curato nei 
dettagli. 

Lungi dall’essere incoraggiato in sem- 
plifieazioni apparenti e in imprecisioni, 
il lettore @ stimolato a pensare da se e 
ad approfondire maggiormente i vari 
argomenti. 

Sono in questo di valido aiuto i pro- 
blemi proposti alla fine di ogni capitolo 
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ed i richiami bibliografici alla letteratura 
più recente. 

L’unico serio appunto che si possa 
fare & già stato anticipato dall’Autore 
nella prefazione alla seconda edizione 
ed è il non aver trattato alcuni rami della 
fisica dei solidi in fase di intenso sviluppo 
quali la fisica delle superfici? e i fenomeni 
di anelasticita. 

F. Bassani 


Particelle pesanti instabili, fascicolo 
della «Series of Selected Papers 
in Physics» pubblicata à cura 
della Società Giapponese di Fisica 
(Physical Society of Japan, pa- 
gine 286). 


In questo fascicolo sono raccolti 31 ar- 
ticoli apparsi tra il 1947 ed il 1955 su 
riviste americane (11 articoli pubblicati 
sulla Physical Review), europee (8 arti- 
coli pubblicati sul Nuovo Cimento; 5 su 
Nature London; 4 sul Philosophical 
Magazine) e giapponesi; la scelta & stata 
limitata a quegli articoli originali nei 
quali sono deseritti o nuove particelle 
instabili, o aspetti nuovi della loro feno- 
menologia, o interpretazioni generali del 
complesso insieme di fenomeni che com- 
prende la produzione, l’interazione ed il 
decadimento dei mesoni pesanti e degli 
iperoni. 

Il fascicolo & diviso in tre parti: nella 
prima, di carattere sperimentale, l’in- 
sieme dei lavori raccolti permette di 
seguire la genesi ed il successivo rapido 
accrescimento di questo nuovo campo 
di ricerca della fisica moderna. I primi 
lavori contengono i risultati della analisi 
della radiazione cosmica mediante le 
lastre nucleari e la camera di Wilson; 
le osservazioni del gruppo di Bristol 
(1947) sul decadimento rx-u; la scoperta 
del + (Bristol 1949), del K, (Bristol 1951), 
degli iperoni carichi (Milano 1953), dei 
frammenti pesanti eceitati (DANYSZ e 
PNIEWSKI 1953), del decadimento 4 
del K (Bristol 1954); il lavoro conelu- 
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sivo del G-stack (1955) sulla natura 
delle particelle pesanti instabili che fanno 
parte della radiazione cosmica. I risultati 
ottenuti mediante la tecnica della camera 
di Wilson sono ben rappresentati dai 
lavori del gruppo di Manchester (1947) 
sulle V neutre e cariche; dalle successive 
osservazioni del gruppo di Pasadena 
(1950) e di quello di Manchester (1951); 
dalla prima osservazione del 6° (Bloo- 
mington 1953), del & (Pasadena 1954) 
e del K,, (Parigi 1954). Seguono aleuni 
importanti articoli sulla produzione di 
mesoni pesanti mediante particelle acce- 
lerate artificialmente: le prime osserva- 
zioni su la produzione associata (Brook- 
haven 1954) e le prime abbondanti sta- 
tistiche sui pesanti (Berkeley 
1955). Chiude la prima parte il lavoro 
del gruppo di Berkeley (1955) sull’anti- 
protone. 

La seconda parte contiene tre articoli 
teorici: quello di Pats sulle particelle V 
(1952); le osservazioni di GELL-MANN 
sullo spin isotopico delle particelle insta- 
bili (1953) e Varticolo di NISHIJIMA su 
una teoria indipendente dalla carica per 
i mesoni pesanti e gli iperoni (1955). La 
scelta compiuta per i lavori teorici mi 
sembra eccessivamente limitata e non 
troppo rappresentativa; sarebbe stato 
interessante trovare, in un fascicolo in 
cui la documentazione sperimentale & 
cosi accurata e completa, anche articoli 
teorici come quelli di GELL-MANN e PAIS 
(Conferenza di Glasgow 1954), di D’Espa- 
GNAT e PRENTKI (Nuclear Physics 1955), 
di Daxitz sulla indipendenza dalla carica 
nei frammenti leggeri (1956), ecc. 

La terza parte è in giapponese e mi 
é impossibile, quindi, recensirla; contiene 
due lavori, pubblicati su riviste giappo- 
nesi nel 1953 e nel 1954 che, a quanto si 
pud desumere dalla bibliografia, sono 
articoli riassuntivi sulla situazione speri- 
mentale e sulle interpretazioni teoriche 
nel campo delle particelle pesanti in- 
stabil. 

Come è facile notare, la scelta fatta — 
esclude tutti gli articoli in cui sono state 


mesoni 
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scoperte particelle nuove e strane che 
in seguito non sono sopravvissute per 
più di qualche mese; malgrado ciö, tutta 
la nomenclatura dei mesoni pesanti e 
degli iperoni è, durante gli ultimi anni, 
radicalmente mutata, e risulta talvolta 
diffieile seguire, negli articoli originali, 
il progressivo trasformarsi del nome e 
del simbolo di una stessa particella. 


B. VITALE 


H. Preuss — Integraltafeln zur Quan- 
tenchemie. Springer-Verlag, Göt- 
tingen, 1956; pagg. IV+162; ta- 
belle 92. Prezzo L. 6450. 


Il libro di Preuss, Integraltafeln zur 
Quantenchemie, affiancandosi ad _ altro 
analogo di recente pubblicazione della 
scuola giapponese, contribuisce a col- 
mare la lacuna costituita dalla man- 
canza di una sintesi unitaria del lavoro 
di numerosissimi autori che da vari anni 
cercano di alleggerire il faticoso calcolo 
numerico insito nei problemi di strut- 
turistica molecolare. 

Lo studio della struttura elettronica 
della molecola rappresenta un tipico 
esempio di problema quantomeccanico di 
molte particelle. I metodi di lavoro che 
sono stati sviluppati per affrontare questo 
studio sono necessariamente dei metodi 
di risoluzione approssimati, nei quali la 
caratteristica comune & rappresentata 
dalla scelta della funzione d’onda poli- 
elettronica nella forma di un prodotto 
di funzioni d’onda monoelettroniche 
antisimmetrizzato. La scelta, poi, della 
forma di queste ultime caratterizza i due 
metodi di approssimazione più larga- 
mente usati. Come è noto, nel primo di 
questi metodi, le funzioni monoelettro- 
niche adottate sono direttamente fun- 
zioni atomiche degli atomi che compon- 
gono la molecola (metodo degli orbitali 
atomici); mentre, nel secondo, le fun- 
zioni monoelettroniche prescelte sono 
funzioni d’onda estese a tutta la molecola 
(orbitali molecolari). 


isly 


Di solito gli orbitali molecolari adot- 
tati nel secondo metodo vengono, a loro 
volta, approssimati da combinazioni 
lineari di orbitali atomici e pertanto le 
funzioni monoelettroniche base scelte in 
ambedue i metodi per la costruzione delle 
funzioni d’onda complessive sono, in 
definitiva, sempre gli orbitali atomici 
degli atomi costituenti la molecola. 

Da lungo tempo i diversi Autori che 
si sono occupati di questi problemi hanno 
trovato conveniente adoperare, per le 
funzioni d’onda monoelettroniche ato- 
miche, le funzioni idrogenoidi senza nodi 
di Slater. 

In effetti, i risultati migliori raggiunti 
fino ad oggi nella trattazione dei pro- 
blemi atomici vengono forniti dalle fun- 
zioni numeriche ottenute da Hartree- 
Fock con il metodo del campo «self 
consistente », ma si pud dimostrare che 
esse sono descritte con sufficiente esati- 
tezza mediante una opportuna combina- 
zione lineare delle funzioni di Slater le 
quali, pertanto, sono da considerarsi 
come buone funzioni base monoelettro- 
niche atomiche, utilizzabili per lo studio 
di qualsiasi problema molecolare. 

Cid premesso, ogni calcolo numerico 
nei problemi di struttura molecolare si 
pu affrontare con l’ausilio di un certo 
numero di integrali che coinvolgono le 
funzioni di Slater e i vari addendi del- 
l’operatore Hamiltoniano: tipiei, per 
esempio, lintegrale di sovrapposizione, 
quelli di attrazione nucleare e gli inte- 
grali di Coulomb, di scambio e ibridi di 
repulsione elettronica. 

Nel manuale di Preuss il lettore 
potrà trovare formule risolutive e tabelle 
numeriche per i principali tipi di questi 
integrali monocentrici e bicentrici e per 
un certo numero di integrali ausiliari. 

I risultati traseritti sono, perd, limi- 
tati a funzioni di Slater caratterizzate 
dai soli valori 1 e 2 del parametro n che 
rappresenta il numero quantico princi- 
pale, e inoltre tutte le funzioni che com- 
paiono in uno stesso integrale bicentrico 
sono relative al medesimo valore del 


secondo parametro 2 che rappresenta la 
carica efficace del nucleo cui appartiene 
la funzione monoelettronica corrispon- 
dente. Il lettore, poi, avrebbe forse 
visto con piacere una maggiore estensione 
del campo di tabulazione. Queste limi- 
tazioni consentono di utilizzare il ma- 
nuale di PREUSS soltanto per i problemi 
relativi a molecole omonucleari. 

In realta, sulla intestazione del vo- 
lume & scritto « Erster Band», e c’è da 
sperare che l’Autore possa presto pub- 
blicare dei volumi integrativi che esten- 
dano il campo di utilizzazione delle ta- 
belle, sia raccogliendo l’abbondante ma- 
teriale sparso nella letteratura (per gli 
integrali di sovrapposizione, per esempio, 
vi sono ottime tabelle molto estese della 
scuola di Mulliken), sia eseguendo il la- 
voro di calcolo numerico sulle basi delle 
formule risolutive pubblicate in questi 
ultimi anni dai numerosi Autori citati 
dal Preuss stesso. 

E. Scrocco 


P. M. S. BLACKETT — Lectures on 
Rock Magnetism. The Weizmann 
Science Press of Israel, Jerusalem, 
1956; page. 1+129; tabelle 6; 
prezzo $ 5.00. 


Le ricerche sul magnetismo delle 
rocce hanno avuto recentemente sviluppi 
molto interessanti e promettenti; esse 
hanno aperto prospettive nuove in seno 
alla questione tanto dibattuta della ori- 
gine e della storia, attraverso i tempi 
geologici, del campo magnetico terrestre, 
e hanno altresi portato nuovi elementi 
per la soluzione del problema riguardante 
il movimento di masse continentali, le 
une rispetto alle altre, o rispetto ai poli 
geografici. 

Nel presente volumetto, Lectures on 
Rock Magnetism, di mole piuttosto limi- 
tata (pagg. 131), P. M. S. BLACKETT 
riesce à dare un’esposizione, per quanto 
molto sintetica, chiara ed acuta dei di- 
versi problemi connessi con la interpre- 
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tazione di numerosi risultati sperimentali 
su alcune rocce ignee e sedimentarie, la 
cui direzione di magnetizzazione & risul- 
tata invertita rispetto a quella dell’at- 
tuale campo magnetico terrestre. 

Nel primo capitolo viene discusso 
dall’autore questo punto fondamentale 
della trattazione: in esso, che è poi il 
più interessante dal punto di vista fisico, 
vengono esposte sotto forma critica alcune 
ipotesi avanzate, in particolare quelle 
di Néel, sulla esistenza di speciali processi 
fisici e chimici nei quali puö essere inver- 
tito il senso nella direzione di magnetiz- 
zazione delle rocce rispetto al campo 
ambientale; in seguito viene discussa la 
possibilita che il dipolo magnetico della 
terra, al quale si pensa legato il suo 
campo magnetico, sia stato attraverso 
la storia geologica pressocchè sempre 
della stessa grandezza, ma che abbia 
invertito il suo verso repentinamente una 
o più volte. 

L’Autore descrive piuttosto detta- 
gliatamente, nel cap. II, alcuni lavori 
sperimentali condotti allo scopo di stu- 
diare l’origine dell’inversione della ma- 
enetizzazione di alcune rocce: egli con- 
clude che, per quanto ci siano forti ra- 
gioni per ammettere una magnetizza- 
zione in un campo terrestre invertito, 
(questo sarebbe suffragato dal fatto di 
non aver trovato differenza di natura 
fisica o chimica tra rocce normali e rocce 
invertite), pure si & ancora lontani da 
una soluzione definitiva del problema. 

Nel cap. III sono raccolti e discussi 
recenti risultati sul movimento di masse 
terrestri interessanti parte dell’Europa, 
l’America, il Sud Africa, l’India e l’Au- 
stralia; nella seconda parte dello stesso 
capitolo sono riportati altri risultati di 
misure su numerosi campioni (rocce sedi- 
mentarie e ignee). 

Completano il volume tre appendici 
nelle quali sono trattati: un nuovo stru- 
mento di misura impiegato da P. M. S. 
BLACKETT e D. J. SUTTON, con alcuni 
risultati sperimentali ottenuti con lo 
stesso; la separazione di piccole quan- 
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tita di materiali magnetici ed infine 
Yinversione termica di materiali trattati 
magneticamente. À possibile infatti por- 
tare qualche sostanza magnetica ad uno 
stato tale che la sua magnetizzazione si 
possa invertire con una variazione di 
temperatura. Questa inversione termica 
della magnetizzazione di aleuni materiali 
puö derivare dalla esistenza in essi di 
componenti magnetici diretti in verso 
opposto: il meccanismo attraverso il 
quale si realizza questo fenomeno varia 
da caso à caso. 

Il libro € aggiornato fino ai più re- 
centi lavori: alla fine di ogni capitolo 
una larga bibliografia mette lo studioso 
che ne avesse interesse nella possibilità 
di approfondire l’argomento. 

L’Autore dichiara nella prefazione di 
avere voluto esercitare, nel redigere 
questo volumetto, uno stimolo per ulte- 
riori ricerche in questo nuovo campo di 
studi che interessano tanto la fisica che 
la geologia e la geofisica. Penso che tale 
scopo sia stato raggiunto: € certo che 
solo attraverso nuovi metodi di indagine 
ed una estensione delle ricerche a zone 
sempre più vaste della terra, sara pos- 
sibile trarre dai risultati attuali e da 
quelli che verranno, conclusioni che po- 
tranno modificare profondamente le no- 
stre idee sulla origine e la storia del cam- 
po magnetico terrestre e sui problemi 
geologici fondamentali. 

Aggiungasi a questo interesse quello 
che riguarda la conoscenza più intima 
del vasto e complesso fenomeno della 
magnetizzazione della materia. 


M. SANTANGELO 


H. RICHTER — Wahrscheinlichkeits- 
theorie. Springer-Verlag, Berlin, 
1956; page. xu+435; figg. 14; 
prezzo non indicato. 


Il calcolo delle probabilità ha subito 
negli ultimi vent’anni una profonda revi- 
sione eritica, che ha permesso anche di 
vedere i risultati classici da un punto 
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di vista unitario e di formulare i pro- 
blemi nella maggiore generalità possibile. 
Tale nuova epoca del Calcolo delle pro- 
babilita pud farsi datare nel 1933 quando 
apparve nella collezione « Ergebnisse der 
Mathematik und ihre: Grenzgebiete » il 
volumetto di A. KoLMOGOROFF, Grund- 
begriffe der Wahrscheinlichkeitsrechnung. 

Mentre un tempo la nozione di pro- 
babilità era lasciata piuttosto nel vago 
e frequenti richiami a fatti sperimentali 
e lunghi discorsi — spesso mascherati 
eircoli viziosi — pretendevano di definire 
cosa si intendeva per probabilitä, si pre- 
ferisce oggi seguire una via assiomatica. 
Il calcolo delle probabilità diviene cosi 
un capitolo della teoria della misura e 
della integrazione secondo una data 
misura: la probabilita si introduce come 
una misura normalizzata. 

Di qui la necessità per una moderna 
trattazione di calcolo delle probabilità 
di usare mezzi matematici elevati, che 
soltanto lettori molto specializzati pos- 
siedono. Bene ha fatto quindi l'A. a 
dedicare nella sua pregevole opera l’in- 
tero capitolo I ai fondamenti della teoria 
della misura e il cap. IV alla teoria del- 
l’integrazione di una funzione misurabile 
(integrazione di Lebesgue-Stieltjes) in 
una o più variabili. L’esposizione di 
questi due capitoli € piana e la lettura 
riesce agevole per chi abbia le nozioni 
matematiche del nostro primo biennio 
delle Facoltà scientifiche universitarie. 
Tale scopo puö essere raggiunto perchè 
saggiamente l'A. limita la trattazione 
solo a quei risultati che gli occorrono 
nel seguito dell’opera. 

Stabilite cosi nel cap. I le basi mate- 
matiche per poter proseguire, l'A. espone 
nel cap. II il concetto di probabilitä dal 
punto di vista intuitivo e sperimentale, 
gjustificando la necessità di una precisa- 
zione matematica. 

Nel cap. III & svolta la teoria elemen- 
tare del Calcolo delle probabilita, da un 
punto di vista assiomatico, ed è messa 
in luce l’insufficienza degli schemi usati 
e la necessità di poter disporre di una 


più larga nozione di probabilita. Perciö, 
stabiliti (come si è già detto) nel Cap. IV 
i fondamenti della teoria dell’integra- 
zione, l'A. puö finalmente passare nel 
Cap. V alla teoria generale dei campi 
di probabilita. 

Egli definisce la densita di proba- 
bilita e le funzioni di ripartizione, svi- 
luppando la teoria generale astratta delle 
probabilità. 

Nel Cap. VI egli ritrova, come caso 
particolare della teoria generale, le ripar- 
tizioni classiche, in particolare quella 
gaussiana. L’ultimo capitolo & dedicato 
alle legoi limite del Calcolo delle proba- 
bilità. 

L’opera è resa più attrente da una 
accurata scelta di esercizi proposti al 
lettore e di cui alla fine viene data la 
soluzione. 

Il rigore e la modernità dell’esposi- 
zione, lo sviluppo graduale della tratta- 
zione, il fatto che VA. ha esplicitamente 
rinunciato a soffermarsi troppo a lungo 
sull’analisi critica degli assiomi — analisi 
che sarebbe stata di alto interesse filo- 
sofico, ma che avrebbe condotto il lettore 
fuori della via maestra — rendono la 
lettura di questo trattato praticamente 
agevole a chi voglia con relativa rapidità 
rendersi conto delle moderne concezioni 
del calcolo delle probabilità. 


S. FAEDO 


Korpuskularoptik - Optics of Corpuscles, 
volume xxxIm dell’Handbuch der 
Physik, editore S. Flügge. Sprin- 
ger-Verlag, Berlino, 1956. 


E uno dei primi volumi apparsi della 
nuova edizione dell’Handbuch der Physik. 
La grande mole delle conoscenze odierne 
in fisica sarà raccolta completamente 
entro pochi anni in questa poderosa 
opera, comprendente 54 volumi, e verrä 
suddivisa, cosa caratteristica della nuova 
edizione, in un numero di capitoli molto 
elevato (oltre 300), ciaseuno dei quali & 
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affidato ad uno specialista dell’argomento. 
Secondo lo schema annunciato 1 compi- 
latori sono per il 35% fisici degli Stati 
Uniti, per il 20% tedeschi e per il 10% 
inglesi. Il testo & riportato in una delle 
tre lingue, inglese, tedesco e francese, a 
scelta dell’autore. L’autorita del direttore 
della enciclopedia, la fama della casa 
editrice, la notorieta dei collaboratori 
assicurano all’impresa un successo pari 
a quello della vecchia edizione. Nessuna 
biblioteca importante potra rinunciare 
a possedere la collezione che fara il punto 
sulla fisica generale, sulla fisica atomica 
e nucleare, sulla geofisica e sulla fisica 
stellare alla meta del secolo XX. L’orga- 
nizzazione della materia è tale da invo- 
gliare molti fisici ad acquistare i volumi 
che trattano gh argomenti a cui sono 
interessati. 

Il volume XXXIII contiene 5 capi- 
toli di Ottica elettronica, i primi quattro 
scritti in tedesco e l’ultimo in inglese. 

Il 1° capitolo, scritto dal dottor 
D. Kauxeæ dell’Universita di Marburg, 
riguarda le sorgenti di elettroni e di ioni. 
Dopo un rapido richiamo ai processi di 
emissione, l’autore descrive numerosi 
tipi di sorgenti, corredando la tratta- 
zione con molti disegni e grafici. Soprat- 
tutto utile risulta la rassegna delle sor- 
genti di ioni, perchè la presente tratta- 
zione & la prima sull’argomento. Nella 
stesura dell’articolo l’autore si & proposto 
di illustrare essenzialmente le sorgenti 
per gli spettrometri di massa. Nessun 
cenno & fatto cosi alle sorgenti parti- 
colari impiegate per gli acceleratori cicliei 
e neppure a quelle di ioni a più cariche, 
che pure presentano oggi particolare 
interesse. 

Il 2° capitolo & dedicato alla Teorica 
dell’ottica elettronica. Il prof. W. GLASER 
dell’ Università di Vienna sviluppa anzi- 
tutto l’analogia fra l’ottica e lo studio 
della traiettia degli elettroni, sofferman- 
dosi poi sulle proprietà dei campi elet- 
trici e magnetici con simmetria di rota- 
zione attorno ad un asse, usati per la 
deflessione dei fasci. Molto ampiamente 
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& trattata la teoria delle aberrazioni geo- 
metriche. Successivamente viene analiz- 
zato il comportamento dei fasci di elet- 
troni in campi deflettenti, considerando 
anche i casi di sistemi dotati di asse 
principale curvo. Particolare attenzione 
è pure rivolta al problema degli effetti 
della carica spaziale nella formazione 
delle immagini. La parte finale del capi- 
tolo svolto da GLASER si stacca dalle 
trattazioni tradizionali: con i metodi 
della meccanica ondulatoria sono affron- 
tati in modo brillante aleune questioni, 
fra eui la critica dei limiti dell’ottica 
elettronica geometrica, la soluzione di 
aleuni problemi relativi alla microscopia 
elettronica ed all’ottica fuori dell’ appros- 
simazione dei raggi parassiali. La tratta- 
zione dell’autore, ricca di contributi 
originali, & veramente felice e risulterà 
certamente fra i pit bei capitoli del- 
l’Enciclopedia. 

Sul microscopio elettronico il dottor 
S. LEISEGANG di Berlino offre nel 3° ca- 
pitolo del volume un quadro completo: 
accanto al microscopio convenzionale, 
usato in trasmissione, trovano largo 
spazio quelli per uso speciale, quali i 
microscopi ad ombra, a riflessione, ad 
emissione, ... Per ciascuno dei tipi l’autore 
descrive il principio di funzionamento, 
presenta i dati costruttivi e delinea i 
problemi pratici che si presentano nel- 
l’uso dei diversi strumenti. La lettura 
del testo & facilitata dalle numerose 
illustrazioni nitide e precise che permet- 
tono di sorprendere ogni particolare in 
schemi di apparecchi talvolta molto 
complessi. Scelti con estrema cura gli 
esemplari di fotografie ottenute con il 
microscopio elettronico. 

Il 4° e 5° capitolo trattano rispetti- 
vamente degli spettrometri di massa e 
degli spettrometri per raggi beta e sono 
svolti, il primo dal dott. H. Ewarn del 
Politecnico di Monaco, il secondo dal 
dott. T. R. GERHoLM dell Universita di 
Uppsala. Le trattazioni, riferendosi ad 
‚argomenti recentemente riassunti in altre 
brillanti rassegne (K. T. BAINBRIDGE, 
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nel 1° volume dell’ Hxperimental Nuclear 
Physics edito da SEGRE, e K. SIEGBAHN 
e J. M. W. DuMoxp nel volume Beta 
and Gamma Spectroscopy edito da SIEG- 
BAHN) non presentano particolari novità. 
L’esposizione di entrambe le trattazioni 
è chiara e completa, i disegni e le foto- 
grafie riportate sono nettamente migliori 
di quelli presentate in altre precedenti 
rassegne. 

A. Lovartı 


W.H. SULLIVAN — Trilinear Chart 
of Nuclides. January 1957. Atomic 
Energy Commission, U.S.A. 


Tra le numerose « Carte di Nuclidi » 
questa di W. H. SULLIVAN, uscita recen- 
tissimamente nella seconda edizione, 
rieca di dati e informazioni raccolti nella 
più recente letteratura (fino al luglio 1956) 
nel campo della fisica e della chimica 
nucleare, ci pare veramente utile in un 
laboratorio di ricerche nucleari. 

Non occorre ricordare come sia facile 
la consultazione di tale carta in cui sono 
allineati gli isotopi, gli isobari, gli isotoni 
e gli isodiaferi e come per ogni nuclide 
siano riportati i valori della sezione effi- 
cace, l’abbondanza relativa, 
atomica, il momento angolare, i modi di 
disintegrazione, i momenti di dipolo, ece. 

Conviene piuttosto segnalare come 
sia possibile, e con molta facilità, cono- 
scere attraverso quali reazioni nucleari 
pud ottenersi un nuclide dai nuclidi 
« confinanti ». 

Poichè le tabelle nucleari invecchiano 
rapidamente, perchè sempre nuovi dati 
si aggiungono a quelli gia noti e sempre 
più perfezionate informazioni vengono 
fornite da nuove ricerche sperimentali, 
un pregio materiale, ma notevole della 
Trilinear Chart & il seguente: francobolli 
relativi ai nuclidi nuovi o ai nuclidi che 
i nuovi risultati sperimentali hanno mo- 
dificato vengono via via inviati dal- 
l’Autore in modo che la Carta sia sempre 
«up to date ». Dicasi questo un vantaggio 
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spicciolo, ma ci pare possa risolvere uno 
dei problemi più gravi inerenti alla du- 
rata delle attuali raccolte di dati nucleari. 


F. DEMICHELIS 


A. DAUVILLIER — L'origine des Pla- 
netes. Presses Universitaires de 
France, Paris, 1956. Nouvelle 
Colleetion Scientifique, 224 pagg. 
10 tabelle. Frs. 800. 


I Pianeti hanno avuto origine in 
seguito a collisioni stellari, questa & la 
tesi dell A. che impiega una ottantina 
di pagine per illustrare la sua nuova 
teoria dei Pianeti gemelli, e le rimanenti 
pagine del libro a criticare e demolire 
le teorie fino ad ora proposte. 

La tesi dell’A. sarebbe insostenibile 
nell’universo quale noi lo osserviamo 
attualmente, poichè, data la piccola den- 
sita stellare, la probabilita di collisioni & 
praticamente nulla anche in periodi di 
tempo lunghissimi. Ecco che allora l'A. 
ha bisogno di creare l’ambiente‘ perchè 
la collisione si verifichi, e cosi egli postula 
che la nascita delle Stelle avvenga uni- 
‘amente nel centro della galassia o nel 
nucleo degli ammassi stellari. A dire il 
vero, secondo le idee dell’A. gli ammassi 
servono unicamente a raccogliere le Stelle 
sfuggite al nucleo galattico ed a ripor- 
tarle verso il centro per una specie di 
rigenerazione o di rinnovamento. 

Da questo punto di vista la galassia 
diviene un sistema autonomo funzionante 
a ciclo chiuso e nel quale le stelle assu- 
mono ruolo analogo alle molecole nella 
teoria cinetica dei gas. Si hanno cosi tre 
specie di collisioni: chiamate dall’autore 
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pseudo-collisioni, collisioni centrali e col- 
lisioni radenti. Mentre le prime servono 
a mantenere un’equipartizione dell’ener- 
gia tra le Stelle, quelle centrali dareb- 
bero origine a delle nuove Stelle giganti 
rosse mentre le ultime provocando la 
eattura di una Stella da parte di un’altra, 
porterebbero di conseguenza alla fusione 
dei due corpi celesti con l’espulsione di 
frammenti dai quali avrebbero origine 
i pianeti. L’eventuale interazione tra i 
frammenti produrrebbe a sua volta i 
Satelliti. Questa in poche parole la teoria 
deli’A. che se & notevole per la sua sem- 
plicità lascia d’altronde piuttosto per- 
plessi per la necessità di ammettere la 
formazione delle Stelle in condizioni del 
tutto particolari. 

Sappiamo ogei come per esempio la 
nebulosa di Orione sia una fucina di 
nuove Stelle senza che pertanto vi siano 
quei valori estremi di densità postulati 
dall’A. per sostenere la sua teoria. 
Appaiono anche strane le idee che lA. 
sembra avere sul ruolo della materia 
interstellare dell’universo e sul ciclo 
evolutivo delle Stelle che non & certa- 
mente conforme ai risultati acquisiti 
dalla cosmologia osservativa. 

Il libro si legge facilmente ma per le 
ragioni anzidette non & certamente rac- 
comandabile per la formazione cultu- 
rale dei giovani. Puö essere molto utile 
invece come messa a punto critica sullo 
stato del problema qualora si tenga pre- 
sente che lo smantellamento delle teorie 
precedenti viene fatto in funzione della 
nuova teoria presentata. 

La veste tipografica & decorosa e con- 
forme alle tradizioni dell’Editore. 


G. RIGHINI 
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